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Preface

One of the major open problems in theoretical physics is the lack of a unified
description of the theory of general relativity and the theory of quantum fields.
During the last decades string theory has provided a promising framework for the
investigation of this issue. The basic idea is simple and revolutionary at the same
time: by replacing the concept of a point particle with a one-dimensional string a
whole new field of research has been opened up. The consequences of this are not
yet fully conceivable today. Up to now string theory has offered a new way to view
all particles as different excitations of the same fundamental object, it has cele-
brated success by discovering the graviton in its spectrum, it has forced us to
consider space-times with more than four dimensions containing dynamical
hypermanifolds, D-branes, in their vacuum structure and it has triggered numerous
interesting developments in fields as different as condensed matter physics and
pure mathematics. Still, as a physical theory string theory is not yet fully under-
stood and remains a very active area of research.

In this book it is our aim to collect pedagogical lectures by leading experts in
string theory introducing the reader to some of the newest developments in the
field. In no way it is possible to give an overview over the whole research spectrum
of string theory. Rather we have carefully selected topics which are at the cutting
edge of research in string theory. This includes new developments in topics with
long history like for example topological strings or AdS/CFT dualities, but also
topics which appeared only recently like doubled field theory and holography in
the hydrodynamical regime.

The contributions to this book are selected in a way so that it can be considered
as a self-contained textbook. Readers with a basic familiarity with string theory
will find it possible to use these lectures to catch up with some of the latest
developments, enabling them to follow recent research articles on the subjects.

These lectures were given at the summer school ‘‘Strings and Fundamental
Physics 2010’’ in the framework of the Excellence Cluster ‘Universe’, Munich,
Germany, and was attended by numerous students and postdoctoral researchers.
Videos of the lectures and additional material like exercises can be found on the
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webpage of the school: www.theorie.physik.uni-muenchen.de/activities/schools/
archiv/sfp10

We want to thank all those who contributed to the success of this summer school
and helped in one way or another to compose this book. Primarily we want to thank
the contributors Ralph Blumenhagen, Atish Dabholkar, Johanna Erdmenger, Neil
Lambert, Suresh Nampuri, Hirosi Ooguri, Dam Thanh Son and Barton Zwiebach.

In addition, we are most grateful to Rosa-Anna Friedl-Gründler for her
invaluable support in all organizational matters before as well as during the school.
Finally, we would like to thank Martin Ammon, Michael Kay, Nicolas Moeller
and Daniel Plencner for their help in typing up some of the lectures and Stefan
Theisen for giving us the opportunity to publish this set of tutorials in the Lecture
Notes in Physics.

We acknowledge financial support by the Cluster of Excellence for Funda-
mental Physics ‘‘Origin and Structure of the Universe,’’ the German Academic
Exchange Service DAAD, the Elite Master Course Theoretical and Mathematical
Physics TMP (at the Ludwig-Maximilians-University of Munich LMU) and the
Arnold Sommerfeld Cernter for Theoretical Physics ASC (LMU). Finally we
thank the Technical University of Munich TUM for providing the lecture hall and
the TUM and LMU for providing the necessary infrastructure.

Hamburg, Munich, August 2011 Marco Baumgartl
Ilka Brunner

Michael Haack
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Chapter 1
String Theory 101

Neil Lambert

1.1 Introduction: Why String Theory?

The so-called Standard Model of Particle Physics is the most successful scientific
theory of Nature in the sense that no other theory has such a high level of accuracy
over such a complete range of physical phenomena using such a modest number of
assumptions and parameters. It is unreasonably good and was never intended to be
so successful. Since its formulation around 1970 there has not been a single exper-
imental result that has produced even the slightest disagreement. Nothing, despite
an enormous amount of effort. But there are skeletons in the closet. Let me mention
just three.

The first is the following: Where does the Standard Model come from? For
example it has quite a few parameters which are only fixed by experimental observa-
tion. What fixes these? It postulates a certain spectrum of fundamental particle states
but why these? In particular these particle states form three families, each of which
is a copy of the others, differing only in their masses. Furthermore only the lightest
family seems to have much to do with life in the universe as we know it, so why the
repetition? It is somewhat analogous to Mendelev’s periodic table of the elements.
There is clearly a discernible structure but this wasn’t understood until the discovery
of quantum mechanics. We are looking for the underlying principle that gives the
somewhat bizarre and apparently ad hoc structure of the Standard Model. Moreover
the Standard Model also doesn’t contain Dark Matter that constitutes most of the
‘stuff’ in the observable universe.

The second problem is that, for all its strengths, the Standard Model does not
include gravity. For that we must use General Relativity which is a classical theory
and as such is incompatible with the rules of quantum mechanics. Observationally
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2 N. Lambert

this is not a problem since the effect of gravity, at the energy scales which we probe,
is smaller by a factor of 10−40 than the effects of the subnuclear forces which the
Standard Model describes. You can experimentally test this assertion by lifting up
a piece of paper with your little finger. You will see that the electromagnetic forces
at work in your little finger can easily overcome the gravitational force of the entire
earth which acts to pull the paper to the floor.

However this is clearly a problem theoretically. We can’t claim to understand the
universe physically until we can provide one theory which consistently describes
gravity and the subnuclear forces. If we do try to include gravity into QFT then we
encounter problems. A serious one is that the result is non-renormalizable, apparently
producing an infinite series of divergences which must be subtracted by inventing an
infinite series of new interactions, thereby removing any predictive power. Thus we
cannot use the methods of QFT as a fundamental principle for gravity.

The third problem I want to mention is more technical. Quantum field theories
generically only make mathematical sense if they are viewed as a low energy theory.
Due to the effects of renormalization the Standard Model cannot be valid up to all
energy scales, even if gravity was not a problem. Mathematically we know that there
must be something else which will manifest itself at some higher energy scale. All
we can say is that such new physics must arise before we reach the quantum gravity
scale, which is some 1017 orders of magnitude above the energy scales that we have
tested to date. To the physicists who developed the Standard Model the surprise is
that we have not already seen such new physics many years ago. And we are all
hoping to see it soon at the LHC.

With these comments in mind this course will introduce string theory, which,
for good or bad, has become the dominant, and arguably only, framework for a
complete theory of all known physical phenomena. As such it is in some sense a
course to introduce the modern view of particle physics at its most fundamental
level. Whether or not string theory is ultimately relevant to our physical universe is
unknown, and indeed may never be known. However it has provided many deep and
powerful ideas. Certainly it has had a profound effect upon pure mathematics. But
an important feature of string theory is that it naturally includes gravitational and
subnuclear-type forces consistently in a manner consistent with quantum mechanics
and relativity (as far as anyone knows). Thus it seems fair to say that there is a
mathematical framework which is capable of describing all of the physics that we
know to be true. This is no small achievement.

However it is also fair to say that no one actually knows what string theory
really is. In any event this course can only attempt to be a modest introduction that is
aimed at students with no previous knowledge of string theory. There will be much
that we will not have time to discuss: most notably the Veneziano amplitude, anomaly
cancellation and compactification. The reader will undoubtedly benefit from the other
courses in the School, in particular the notes of Ralph Blumenhagen on D-branes.
Furthermore much more extensive and detailed discussions can be found in ref. [1–4]

We will first discuss the bosonic string in some detail. Although this theory is
unphysical in several ways (it has a tachyon and no fermions) it is simpler to study
than the superstring but has all the main ideas built-in. We then add worldsheet
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fermions and supersymmetry to obtain the superstring theories that are used in current
research but our discussion will be relatively brief.

1.2 Classical and Quantum Dynamics of Point Particles

1.2.1 Classical Action

We want to describe a single particle moving in spacetime. For now we simply
consider flat D-dimensional Minkowski space

ds2 = −(dx0)2 + (dx1)2 + (dx2)2 + . . .+ (dx D−1)2 (1.2.1)

A particle has no spatial extent but it does trace out a curve—its worldline—in
spacetime. Furthermore in the absence of external forces this will be a straight line
(geodesic if you know GR). In other words the equation of motion should be that the
length of the worldline is extremized. Thus we take

Spp = −m
∫

ds

= −m
∫ √

−ημv Ẋμ Ẋ vdτ (1.2.2)

where τ parameterizes the points along the worldline and Xμ(τ) gives the location
of the particle in spacetime, i.e. the embedding coordinates of the worldline into
spacetime.

Let us note some features of this action. Firstly it is manifestly invariant under
spacetime Lorentz transformations Xμ → �

μ
v Xv where �T η� = η. Secondly it is

reparameterization invariant under τ → τ ′(τ ) for any invertible change of worldline
coordinate

dτ = dτ

dτ ′ dτ
′, Ẋμ = d Xμ

dτ
= dτ ′

dτ

d Xμ

dτ ′ (1.2.3)

thus

Spp = −m
∫ √

−ημv
d Xμ

dτ

d Xv

dτ
dτ

= −m
∫ √

−ημv

(
dτ ′
dτ

)2 d Xμ

dτ ′
d Xv

dτ ′
dτ

dτ ′ dτ ′

= −m
∫ √

−ημv
d Xμ

dτ ′
d Xv

dτ ′ dτ ′ (1.2.4)
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Thirdly we can see why the m appears in front and with a minus sign by looking at
the non-relativistic limit. In this case we choose a gauge for the worldline reparame-
terization invariance such that τ = X0 i.e. worldline ‘time’ is the same as spacetime
‘time’. This is known as static gauge. It is a gauge choice since, as we have seen, we
are free to take any parameterization we like. The nonrelativistic limit corresponds
to assuming that Ẋ i� 1. In this case we can expand

Spp = −m
∫ √

1 − δi j Ẋ i Ẋ j dτ =
∫

−m + 1

2
mδi j Ẋ i Ẋ j dτ + . . . (1.2.5)

where the ellipses denotes terms with higher powers of the velocities Ẋ i . The second
term is just the familiar kinetic energy 1

2 mv2. The first term is simply a constant and
doesn’t affect the equations of motion. However it can be interpreted as a constant
potential energy equal to the rest mass of the particle. Thus we see that the m and
minus signs are correct.

Moving on let us consider the equations of motion and conservation laws
that follow from this action. The equations of motion follow from the usual
Euler-Lagrange equations applied to Spp :

d

dτ

⎛
⎝ Ẋ v√

−ηλρ Ẋλ Ẋρ

⎞
⎠ = 0 (1.2.6)

These equations can be understood as conservation laws since the Lagrangian is
invariant under constant shifts Xμ → Xμ + bμ. The associated charge is

pμ = m Ẋμ√
−ηλρ Ẋλ Ẋρ

(1.2.7)

so that indeed the equation of motion is just ṗμ = 0. Note that I have called this a
charge and not a current. In this case it doesn’t matter because the Lagrangian theory
we are talking about, the worldline theory of the point particle, is in zero spatial
dimensions. So I could just as well called pμ a conserved current with the conserved
charge being obtained by integrating the temporal component of pμ over space. Here
there is no space pμ only has temporal components.

Warning: We are thinking in terms of the worldline theory where the index μ
labels the different scalar fields Xμ, it does not label the coordinates of the worldline.
In particular p0 is not the temporal component of pμ from the worldline point of
view. This confusion between worldvolume coordinates and spacetime coordinates
arises throughout string theory.

If we go to static gauge again, where τ = X0 and write vi = Ẋ i then we have the
equations of motion

d

dτ

vi√
1 − v2

= 0 (1.2.8)
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and conserved charge

pi = m
vi

√
1 − v2

(1.2.9)

which is simply the spatial momentum. These are the standard relativistic expres-
sions.

We can solve the equation of motion in terms of the constant of motion pi by
writing

vi

√
1 − v2

= pi/m ⇐⇒ p2/m2 = v2

1 − v2 ⇐⇒ v2 = p2

p2 + m2 (1.2.10)

hence

Xi (τ ) = Xi (0)+ piτ√
p2 + m2

(1.2.11)

and we see that vi is constant with v2<1.

1.2.2 Electromagnetic Field

Next we can consider a particle interacting with an external electromagnetic field.
An electromagnetic field is described by a vector potential Aμ and its field strength
Fμv = ∂μAv − ∂v Aμ. The natural action of a point particle of mass m and charge q
in the presence of such an electromagnetic field is

Spp = −m
∫ √

−ημv Ẋμ Ẋ vdτ + q
∫

Aμ(X)Ẋ
μdτ (1.2.12)

For those who know differential geometry the vector potential is a connection one-
form on spacetime and Aμ Ẋμdτ is simply the pull-back of Aμ to the worldline of
the particle.

The equation of motion is now

−m
d

dτ

⎛
⎝ ημv Ẋ v√

−ηλρ Ẋλ Ẋρ

⎞
⎠ − q

d

dτ
Aμ + q∂μAv Ẋv = 0 (1.2.13)

which we rewrite as

m
d

dτ

⎛
⎝ ημv Ẋ v√

−ηλρ Ẋλ Ẋρ

⎞
⎠ = q Fμv Ẋ v (1.2.14)
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To be more concrete we could choose static gauge again and we find

m
d

dτ

(
vi

√
1 − v2

)
= q Fi0 + q Fi j v

j (1.2.15)

Here we see the Lorentz force magnetic law arising as it should from the second term
on the right hand side. The first term on the right hand side shows that an electric
field provides a driving force.

At this point we should pause to mention a subtlety. In addition to (1.2.15) there
is also the equation of motion for X0 = τ. However the reparameterization gauge
symmetry implies that this equation is automatically satisfied. In particular the X0

equation of motion is

−m
d

dτ

(
1√

1 − v2

)
= q F0i v

i (1.2.16)

Exercise 1 Show that if (1.2.15) is satisfied then so is (1.2.16)

Exercise 2 Show that, in static gauge X0 = τ, the Hamiltonian for a charged
particle is

H =
√

m2 + (pi − q Ai )(pi − q Ai )− q A0. (1.2.17)

1.2.3 Quantization

Next we’d like to quantize the point particle. This is made difficult by the highly
non-linear form of the action. To this end we will consider a new action which is
classically equivalent to the old one. In particular consider

SH T = −1

2

∫
dτe

(
− 1

e2 Ẋμ Ẋ vημv + m2
)

(1.2.18)

Here we have introduced a new field e(τ )which is non-dynamical, i.e. has no kinetic
term. This action is now just quadratic in the fields Xμ. The point of it is that
it reproduces the same equations of motion as before. To see this consider the e
equation of motion:

1

e2 Ẋμ Ẋ vημv + m2 = 0 (1.2.19)

we can solve this to find e = m−1
√

−Ẋμ Ẋ vημv. We now compute the Xμ equation
of motion
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0 = d

dτ

(
1

e
Ẋμ

)

= m
d

dτ

⎛
⎝ Ẋμ√

−Ẋλ Ẋρηλρ

⎞
⎠ (1.2.20)

This is exactly what we want. Thus we conclude that SH T is classically equivalent
to Spp.

One way to think about this action is that we have introduced a worldline metric
γττ = −e2 and its inverse γ ττ = −1/e2 so that infinitesimal distances along the
worldline have length

ds2 = γττdτ 2 (1.2.21)

Note that previously we never said that dτ represented the physical length of a piece
of worldline, just that τ labeled points along the worldline.

There is another advantage to this form of the action; we can smoothly set m2 = 0
and describe massless particles, which was impossible with the original form of the
action.

Now the action is quadratic in the fields Xμ we calculate the Hamiltonian and
quantize more easily. The first step here is to obtain the momentum conjugate to each
of the Xμ

pμ = ∂L

∂ Ẋμ

= 1

e
ημv Ẋ v

(1.2.22)

There is no conjugate momentum to e, it acts as a constraint and we will deal with
it later. The Hamiltonian is

H = pμ Ẋμ − L

= e

2

(
ημv pμ pv + m2

)
(1.2.23)

To quantize this system we consider wavefunctionsΨ (X, τ ) and promote Xμ and
pμ to the operators

X̂μΨ = XμΨ p̂μΨ = −i
∂Ψ

∂Xμ
(1.2.24)

We then arrive at the Schrödinger equation

i
∂Ψ

∂τ
= e

2

(
−ημv ∂2Ψ

∂Xμ∂Xv
− m2Ψ

)
(1.2.25)
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Lastly we must deal with e which we saw has no conjugate momentum. Classically
its equation of motion imposes the constraint

pμ pμ + m2 = 0 (1.2.26)

which is the mass-shell condition for the particle. Quantum mechanically we realize
this by restricting our physical wavefunctions to those that satisfy the corresponding
constraint

−ημv ∂2Ψ

∂Xμ∂Xv
+ m2Ψ = 0 (1.2.27)

However this is just the condition that ĤΨ = 0 so that the wavefunctions are τ
independent. If you trace back the origin of this time-independence it arises as a
consequence of the reparameterization invariance of the worldline theory. It simply
states that wavefunctions must also be reparameterization invariant, i.e. they can’t
depend on τ. This is deep issue in quantum gravity. In effect it says that there is no
such thing as time in the quantum theory.

This equation should be familiar if you have learnt quantum field theory. In partic-
ular if we consider a free scalar field Ψ in D-dimensional spacetime the action is

S = −
∫

d Dx

(
1

2
∂μΨ

∗∂μΨ + 1

2
m2Ψ ∗Ψ

)
(1.2.28)

and the corresponding equation of motion is

∂2Ψ − m2Ψ = 0 (1.2.29)

which is the same as our Schrodinger equation (when restricted to the physical Hilbert
space).

Thus we see that there is a natural identification of a free scalar field with a
quantum point particle. In particular the quantum states of the point particle are in a
one-to-one correspondence with the classical solutions of the free spacetime effective
action. However one important difference should be stressed. The quantum point
particle gave a Schrodinger equation which could be identified with the classical
equation of motion for the scalar field. In quantum field theory one performs a
second quantization whereby particles are allowed to be created and destroyed. This
is beyond the quantization of the point particle that we considered since by default
we studied the effective action on the worldline of a single particle: it would have
made no sense to create or destroy particles. Thus the second quantized spacetime
action provides a more complete physical theory.

Here we also can see that the quantum description of a point particle in one
dimension leads to a classical spacetime effective action in D-dimensions. This is
an important concept in string theory where the quantum dynamics of the two-
dimensional worldvolume theory, with interactions included, leads to interesting
and non-trivial spacetime effective actions.
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Exercise 3 Find the Schödinger equation, constraint and effective action for a quan-
tized particle in the background of a classical electromagnetic field using the action

Spp = −
∫

1

2
e

(
− 1

e2 Ẋμ Ẋ vημv + m2
)

− Aμ Ẋμ. (1.2.30)

1.3 Classical and Quantum Dynamics of Strings

1.3.1 Classical Action

Having studied point particles from their worldline perspective we now turn to our
main subject: strings. Our starting point will be the action the worldvolume of a
string, which is two-dimensional. The natural starting point is to consider the action

Sstring = 1

2πα′

∫
d2σ

√
− det(∂αXμ∂βXvημv) (1.3.1)

which is simply the area of the two-dimensional worldvolume that the string sweeps
out. Here σα, α = 0, 1 labels the spatial and temporal coordinates of the string: τ, σ.
Here

√
α′ is a length scale that determines the size of the string.

Again we don’t want to work directly with such a highly non-linear action. We
saw above that we could change this by coupling to an auxiliary worldvolume metric
γαβ.

Exercise 4 Show that by solving the equation of motion for the metric γαβ on a
d-dimensional worldsheet the action

SH T = −1

2

∫
ddσ

√−γ
(
γ αβ∂αXμ∂βXvημv + m2(d − 2)

)
(1.3.2)

one finds the action

SN G = m2−d
∫

ddσ

√
− det

(
∂αXμ∂βXvημv

)
(1.3.3)

for the remaining fields Xμ, i.e. calculate and solve the γαβ equation of motion and
then substitute the solution back into SH T to obtain SN G . Note that the action SH T

is often referred to as the Howe-Tucker form for the action whereas SN G is the
Nambu-Goto form. (Hint: You will need to use the fact that δ

√−γ /δγ αβ =
− 1

2γαβ
√−γ ). If you have not yet learnt much about metrics just consider the case

of d = 1 where γαβ just has a single component γττ .
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So we might instead start with

Sstring = − 1

4πα′

∫
d2σ

√−γ γ αβ∂αXμ∂βXvημv (1.3.4)

where we have taken d = 2 in (1.3.2).

Exercise 5 What transformation law must γαβ have to ensure that Sstring is repara-
meterization invariant? Hint: Use the fact that

∂σ ′γ

∂σα

∂σβ

∂σ ′γ = δβα . (1.3.5)

However this case is very special. If we evaluate the γαβ equation of motion we
find

Tαβ = ∂αXμ∂βXvημv − 1

2
γαβγ

γ δ∂γ Xμ∂δXvημv = 0 (1.3.6)

Once again we see that γαβ = b∂αXμ∂βXvημv for some b. However in this case
nothing fixes b, it is arbitrary. This occurs because there is an addition symmetry of
the action that is unique to two-dimensions: it is conformally invariant. That means
that under a worldvolume conformal transformation

γαβ → e2ϕγαβ (1.3.7)

(here ϕ is any function of the worldvolume coordinates) the action is invariant.
There are other features that are unique to two-dimensions. The first is that, up

to a reparameterization, we can always choose the metric γαβ = e2ρηαβ. To see this
we note that under a reparameterization we have

γ ′
αβ = ∂σγ

∂σ ′α
∂σ δ

∂σ ′β γγ δ (1.3.8)

Thus we simply choose our new coordinates to fix γ ′
01 = 0 and γ ′

00 = −γ ′
11. This

requires that

∂σγ

∂σ ′0
∂σ δ

∂σ ′1 γγ δ = 0 (1.3.9)

and

∂σγ

∂σ ′1
∂σ δ

∂σ ′1 γγ δ + ∂σγ

∂σ ′0
∂σ δ

∂σ ′0 γγ δ = 0 (1.3.10)

These are two (complicated) differential equation for two functions σ 0(σ ′0, σ ′1) and
σ 1(σ ′0, σ ′1). Hence there will be a solution (at least locally).
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The second feature is that in two dimensions the Einstein equation

Rαβ − 1

2
γαβ R = 0 (1.3.11)

vanishes identically. The reason for this is that in two dimensions there is only one
independent component for the Riemann tensor: R0101 = −R0110 = −R1001 =
R1010. Therefore R00 = R0101γ

11, R11 = R0101γ
00 and R01 = −R0101γ

01. Thus
we see that

R = 2R0101(γ
00γ 11 − γ 01γ 01)

= 2R0101 det(γ−1)

= 2

det(γ )
R0101 (1.3.12)

Now we note that (
γ 00 γ 01

γ 01 γ 11

)
= 1

det(γ )

(
γ11 −γ01

−γ01 γ00

)
(1.3.13)

and the result follows.
Thus Einstein’s equation

Rαβ − 1

2
γαβ R = Tαβ (1.3.14)

will imply that Tαβ = 0. Hence even if we include two-dimensional gravity the
γαβ equation of motion imposes the constraint that the energy-momentum tensor
vanishes

Tαβ = ∂L

∂γ αβ
= 0 (1.3.15)

Thus we can use worldsheet diffeomorphisms to set γαβ = e2ρηαβ and then use
worldsheet conformal invariance to set ρ = 0, i.e. γαβ = ηαβ. This means that
the worldvolume metric γαβ actually decouples from the fields Xμ. This conformal
invariance of two-dimensional gravity coupled to the embedding coordinates (viewed
as scalar fields) will be our fundamental principle. It allows us to simply set
γαβ = ηαβ. Thus to consider strings propagating in flat spacetime we use the action
(known as the Polyakov action)

Sstring = − 1

4πα′

∫
d2σηαβ∂αXμ∂βXvημv (1.3.16)

subject to the constraint (1.3.15) which becomes

∂αXμ∂βXvημv − 1

2
ηαβη

γ δ∂γ Xμ∂δXvημv = 0 (1.3.17)
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1.3.2 Spacetime Symmetries and Conserved Charges

We should also pause to outline how the spacetime symmetries lead to conserved
currents and hence conserved charges in the worldsheet theory.

First we summarize Noether’s theorem. Suppose that a Lagrangian L (ΦA,

∂αΦA), where we denoted the fields by ΦA, has a symmetry: L (ΦA) = L (ΦA +
δΦA). This implies that

∂L

∂ΦA
δΦA + ∂L

∂(∂αΦA)
δ∂αΦA = 0 (1.3.18)

This allows us to construct a current:

Jα = ∂L

∂(∂αΦA)
δΦA (1.3.19)

which is conserved

∂α Jα = ∂α

(
∂L

∂(∂αΦA)

)
δΦA + ∂L

∂(∂αΦA)
∂αδΦA

= ∂α

(
∂L

∂(∂αΦA)

)
δΦA − ∂L

∂ΦA
δΦA

= 0 (1.3.20)

by the equation of motion. This means that the integral over space of J 0 is a constant
defines a charge

Q =
∫

space
σ J 0 (1.3.21)

which is conserved

d Q

dt
=

∫
space

∂0 J 0

= −
∫

space
∂i J i

= 0

Let us now consider the action

Sstring = − 1

4πα′

∫
d2σηαβ∂αXμ∂βXvημv (1.3.22)

This has the spacetime Poincare symmetries: translations δXμ = aμ and Lorentz
transformations δXμ = Λ

μ
v Xv. In the first case the conserved current is
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Pαaμ = − 1

2πα′ ∂
αXμaμ (1.3.23)

The associated conserved charge is just the total momentum along the direction aμ

and in particular there are D independent choices

pμ = 1

2πα′

∫
dσ Ẋμ (1.3.24)

We can also consider the spacetime Lorentz transformations which lead to the
conserved currents

JαΛ = − 1

2πα′ ∂
αXμΛ

μ
v Xv (1.3.25)

The independent conserved charges are therefore given by (here QΛ = ∫
dσ J 0

Λ =
Mμ

v�
v
μ)

Mμ
v = 1

4πα′

∫
dσ ẊμXv − Xμ Ẋv (1.3.26)

The Poisson brackets of these worldsheet charges will, at least at the classical level,
satisfy the algebra Poincare algebra. In the quantum theory they are lifted to operators
that commute with the Hamiltonian.

1.3.3 Quantization

Next we wish to quantize this action. Unlike the point particle this action is a field
theory in (1 + 1)-dimensions. As such we must use the quantization techniques of
quantum field theory rather than simply constructing a Schrodinger equation. There
are several ways to do this. The most modern way is the path integral formulation
and Fadeev-Popov ghosts. However this requires some techniques that are possibly
unfamiliar. So here we will use the method of canonical quantization.

Canonical quantization is essentially the Heisenberg picture of quantum mechanics
where the fields Xμ and their conjugate momenta Pμ are promoted to operators which
satisfy the equal time commutation relations

[X̂μ(τ, σ ), P̂v(τ, σ
′)] = iδ(σ − σ ′)δμv

[X̂μ(τ, σ ), X̂ v(τ, σ ′)] = 0

[P̂μ(τ, σ ), P̂v(τ, σ
′)] = 0 (1.3.27)

as well as the Heisenberg equation

d X̂μ

dτ
= i[Ĥ , X̂μ] d P̂μ

dτ
= i[Ĥ , P̂μ] (1.3.28)
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In the case at hand we have

L̂ = 1

4πα′

∫
dσημv

˙̂Xμ ˙̂Xv − ημv X̂ ′μ X̂ ′v (1.3.29)

hence

P̂μ = 1

2πα′ ημv
˙̂Xv

(1.3.30)

and

Ĥ =
∫

dσ P̂μ
˙̂Xμ − L̂

=
∫

dσ2πα′ημv P̂μ P̂v −
∫

dσ
1

4πα′ (2πα
′)2ημv P̂μ P̂v + 1

4πα′ ημv X̂ ′μ X̂ ′v

=
∫

dσπα′ημv P̂μ P̂v + 1

4πα′ ημv X̂ ′μ X̂ ′v

(1.3.31)
We can now calculate

˙̂Xμ(σ ) = i[Ĥ , X̂μ(σ )]
= πα′i

∫
dσ ′ηλv[P̂λ(σ

′)P̂v(σ
′), X̂μ(σ )]

= 2πα′i
∫

dσ ′ηλv P̂λ(σ
′)[P̂v(σ

′), X̂μ(σ )]

= 2πα′
∫

dσ ′ηλv P̂λ(σ
′)δμv δ(σ − σ ′)

= 2πα′ημv P̂v(σ ) (1.3.32)

which we already knew. But also we can now calculate

˙̂Pμ(σ ) = i[Ĥ , X̂μ(σ )]
= i

4πα′

∫
dσ ′ηλv[X̂ ′λ(σ ′)X̂ ′v(σ ′), P̂μ(σ )]

= i

2πα′

∫
dσ ′ηλv X̂ ′λ(σ ′)[X̂ ′v(σ ′), P̂μ(σ )]

= i

2πα′

∫
dσ ′ηλv X̂ ′λ(σ ′) ∂

∂σ ′ [X̂ v(σ ′), P̂μ(σ )]

= − i

2πα′

∫
dσ ′ηλv X̂ ′′λ(σ ′)[X̂ v(σ ′), P̂μ(σ )]

= 1

2πα′

∫
dσ ′ηλv X̂ ′′λ(σ ′)δv

μδ(σ − σ ′)

= 1

2πα′ ημv X̂ ′′v(σ ) (1.3.33)
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or equivalently

− ¨̂Xμ + X̂ ′′μ = 0 (1.3.34)

Of course this is just the classical equation of motion reinterpreted in the quantum
theory as an operator equation. In two-dimensions the solution to this is simply that

X̂μ = X̂μL (τ + σ)+ X̂μR(τ − σ) (1.3.35)

i.e. we can split X̂μ into a left and right moving part.
To proceed we expand the string in a Fourier series

X̂μ = xμ + α′ pμτ +
√
α′
2

i
∑
n	=0

(
aμn
n

e−in(τ+σ) + ãμn
n

e−in(τ−σ)
)

(1.3.36)

The various factors of n and α′ will turn out to be useful later on. We have also
included linear terms since X̂μ need not be periodic (more on this later). Or if you
prefer

X̂μL = xμL + 1

2
α′ pμ(τ + σ)+

√
α′
2

i
∑
n	=0

aμn
n

e−in(τ+σ)

X̂μR = xμR + 1

2
α′ pμ(τ − σ)+

√
α′
2

i
∑
n	=0

ãμn
n

e−in(τ−σ) (1.3.37)

Note that we have dropped the hat on the operators aμ and ãμ since they will appear
frequently. But don’t forget that they are operators! Note also that we haven’t yet
said what n is, e.g. whether or not it is an integer, we will be more specific later.
The aμn and ãμn have the interpretation as left and right moving oscillators. Just as in
quantum mechanics and quantum field theory these will be related to particle creation
and annihilation operators.

Since Xμ is an observable we require that it is Hermitian in the quantum theory.
This in turn implies that

(aμn )
† = aμ−n, (ãμn )

† = ãμ−n (1.3.38)

and (xμ)† = xμ, (pμ)† = pμ. In this basis

P̂μ = 1

2πα′
˙̂Xμ

= 1

2πα′

⎛
⎝α′ pμ +

√
α′
2

∑
−n	=0

aμn e−in(τ+σ) +
√
α′
2

∑
n	=0

ãμn e−in(τ−σ)
⎞
⎠

(1.3.39)
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We can work out the commutator. First we take xμ = pμ = 0

[X̂μ(τ, σ ), P̂v(τ, σ
′)] = i

4π

∑
n

∑
m

1

n
e−i(n+m)τ e−i(nσ+mσ ′)[aμn , av

m]

+ i

4π

∑
n

∑
m

1

n
e−i(n+m)τ ei(nσ+mσ ′)[ãμn , ãv

m]

+ i

4π

∑
n

∑
m

1

n
e−i(n+m)τ ei(nσ−mσ ′)[ãμn , av

m]

+ i

4π

∑
n

∑
m

1

n
e−i(n+m)τ e−i(nσ−mσ ′)[aμn , ãv

m] (1.3.40)

In order for the τ -dependent terms to cancel we see that we need the commutators
to vanish if n 	= −m. The sum now reduces to

[X̂μ(τ, σ ), P̂v(τ, σ ′)] = i

4π

∑
n

1

n
e−in(σ−σ ′)[aμn , av−n]

+ i

4π

∑
n

1

n
ein(σ−σ ′)[ãμn , ãv−n]

+ i

4π

∑
n

1

n
ein(σ+σ ′)[ãμn , av−n]

+ i

4π

∑
n

1

n
e−in(σ+σ ′)[aμn , ãv−n] (1.3.41)

Next translational invariance implies that the σ + σ ′ terms vanish and hence

[aμn , ãv
m] = 0 (1.3.42)

A slight rearrangement of indices shows that we are left with

[X̂μ(τ, σ ), P̂v(τ, σ ′)] = i

4π

∑
n

1

n
e−in(σ−σ ′)([aμn , av−n] + [ãμn , ãv−n]) (1.3.43)

In a Fourier basis

δ(σ − σ ′) = 1

2π

∑
n

e−in(σ−σ ′) (1.3.44)

Note that there is a contribution from n = 0 here that doesn’t come from the oscilla-
tors, we’ll deal with it in a moment. Therefore we see that we must take

[aμn , av
m] = nημvδn,−m, [ãμn , ãv

m] = nημvδn,−m (1.3.45)

Next it remains to consider the zero-modes (including the n = 0 contribution in
(1.3.44)).
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Exercise 6 Show that if xμ, pμ 	= 0 then we also have

[xμ, pv] = iημv (1.3.46)

with the other commutators vanishing.

We also have to consider the constraint T̂αβ = 0. Its components are

T̂00 = 1

2
˙̂Xμ ˙̂Xvημv + 1

2
X̂ ′μ X̂ ′vημv

T̂11 = 1

2
X̂ ′μP X̂ ′vημv + 1

2
˙̂Xμ ˙̂Xvημv

T̂01 = ˙̂Xμ X̂ ′vημv (1.3.47)

It is helpful to change coordinates to

(
σ+ = τ + σ

σ− = τ − σ

)
⇐⇒

(
τ = σ++σ−

2
σ = σ+−σ−

2

)
(1.3.48)

Exercise 7 Show that in these coordinates

T̂++ = ∂+ X̂μ∂+ X̂ vημv

T̂−− = ∂− X̂μ∂− X̂ vημv

T̂+− = T−+ = 0

(1.3.49)

Let us now calculate T++ in terms of oscillators. We have

∂+ X̂μ =
√
α′
2

∞∑
n=−∞

aμn e−in(τ+σ) (1.3.50)

where we have introduced

aμ0 =
√
α′
2

pμ +
√

1

2α′ w
μ (1.3.51)

thus

T̂++ = α′

2

∑
nm

aμn av
me−i(n+m)(τ+σ)ημv

= α′ ∑
n

Lne−in(τ+σ) (1.3.52)

with

Ln = 1

2

∑
m

aμn−mav
mημv (1.3.53)
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where again we’ve dropped a hat on Ln, even though it is an operator. Similarly we
find

T−− = α′ ∑
n

L̃ne−in(τ−σ) (1.3.54)

with

L̃n = 1

2

∑
m

ãμn−mãv
mημv (1.3.55)

and

ãμ0 =
√
α′
2

pμ −
√

2

α′ w
μ (1.3.56)

We can rewrite the commutators (1.3.45) using (1.3.38) as

[aμn , av†

n ] = nημv [ãμn , ãv
n

†] = nημv (1.3.57)

with n > 0. Thus we can think of aμn and ãμn annihilation operators and aμ
†

n and

ãμn
†

as creation operators. Following the standard practice of QFT we consider the
ground state |0〉 to be annihilated by an and ãn :

an|0〉 = 0, ãn|0〉 = 0, n > 0 (1.3.58)

The zero modes also act on the ground state. Since xμ and pμ don’t commute we
can only chose |0〉 to be an eigenstate of one, we take

p̂μ|0〉 = pμ|0〉 (1.3.59)

when we want to be precise we label the ground state |0; p〉.You will have to excuse
the clumsy notion where I have reintroduce a hat on an operator to distinguish it
from its eigenvalue acting on a state. We can now construct a Fock space of multi-
particle states by acting on the ground state with the creation operators aμ−n and ãμ−n .

For example

aμ−1ãv−1|0〉, aμ−2ãλ−1ãρ−1|0〉, etc. (1.3.60)

These elements should be familiar from the study of the harmonic oscillator. In a
string theory each classical vibrational mode is mapped in the quantum theory to an
individual harmonic oscillator with the same frequency.

Note that we really should considering normal ordered operators, where the anni-
hilation operators always appear to the right of the creation operators. For Ln and
L̃n with n 	= 0 there is no ambiguity as aμm and av

n−m will commute. However for L0

and L̃0 one finds
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L0 = 1

2
aμ0 av

0ημv +
∑
m>0

aμ−mav
mημv − 1

2

∑
m>0

[aμ−m, av
m]ημv (1.3.61)

The last term is an infinite divergent sum

D

2

∑
m>0

m (1.3.62)

This can be thought of as sum over the zero-point energies of the infinite number of
harmonic oscillators. We must renormalize. Clearly L̃0 has the same problem and
this introduces the same sum. Since this is just a number the end result is that we
define the normal ordered L0 and L̃0 to be

: L0 : = 1

2
aμ0 av

0ημv + α′ ∑
m>0

aμ−mav
mημv

: L̃0 : = 1

2
ãμ0 ãv

0ημv + α′ ∑
m>0

ãμ−mãv
mημv (1.3.63)

In string theory : Ln : and : L̃n : play a central role.
How do we deal with constraints in the quantum theory? We should proceed by

reducing to the so-called physical Hilbert space of states which are those states that
are animated by : T̂αβ :.However this turns out to be too strong a condition and would
remove all states. Instead we impose that the positive frequency components of : T̂αβ :
annihilates any physical state

: Ln : |phys〉 =: L̃n : |phys〉 = 0, n> 0 (: L0 : −a)|phys〉 = (: L̃0 : −a)|phys〉 = 0
(1.3.64)

Here we have introduced a parameter a since : L0 : differs from L0 by an infinite
constant that we must regularize to the finite value a. For historical reasons the
parameter a is called the intercept (and α′ the slope). However it is not a parameter
but rather is fixed by consistency conditions. Indeed it can be calculated by a variety
of methods (such as ζ -function regularization or by using the modern BRST approach
to quantization). We will see that the correct value is a = 1.

This is then sufficient to show that the expectation value of : T̂αβ : vanishes

〈phys| : Ln : |phys〉 = 〈phys| : L̃n : |phys〉 = 0 ∀n 	= 0 (1.3.65)

since the state on the right is annihilated by the postiche frequency parts where as
by taking the Hermitian conjugates one sees that the state on the left is annihilated
by the negative frequency part.

It is helpful to calculate the commutator [: Lm :, : Ln :]. There will be a similar
expression for [: L̃m :, : L̃m :] and clearly one has [: Lm :, : L̃n :] = 0. To do this
we first consider the case without worrying about normal orderings
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[Lm, Ln] = 1

4

∑
pq

[aμm−pav
p, aλn−qaρq ]ημvηλρ

= 1

4

∑
pq

ημvηλρ

(
[aμm−pav

p, aλn−q ]aρq + aλn−q [aμm−pav
p, aρq ]

)

= 1

4

∑
pq

ημvηλρ

(
aμm−p[av

p, aλn−q ]aρq + [aμm−p, aλn−q ]av
paρq

+ aλn−qaμm−p[av
p, aρq ] + aλn−q [aμm−p, aρq ]av

p

)

= 1

4

∑
p

ημρ

(
paμm−paρn+p + (m − p)aμp aρn+m−p

+ paρn+paμm−p + (m − p)aρn+m−paμp
)

= 1

2

∑
p

ημρ

(
(p − n)aμm+n−paρp + (m − p)aμp aρn+m−pημρ

)
(1.3.66)

Here we have used the identities

[A, BC] = [A, B]C + B[A,C], [AB,C] = A[B,C] + [A,C]B (1.3.67)

and shifted the p = variable in the sum. Thus we find

[Lm, Ln] = (m − n)Lm+n (1.3.68)

This is called the classical Virasoro algebra and is of crucial importance in string
theory and conformal field theory in general. Recall that it is the algebra of constraints
that arose from the condition T̂αβ = 0 which is the statement of conformal invariance.

In the quantum theory we must consider the issues associated with normal
ordering. We saw that this only affected : L0 :. It follows that the only effect this
can have on the Virasoro algebra is in terms with an : L0 :. Since the effect on : L0:
is a shift by an infinite constant it won’t appear in the commutator on the left hand
side. Thus any new terms can only appear with : L0 : on the right hand side. Thus
the general form is

[: Lm :, : Ln :] = (m − n) : Lm+n : +C(n)δm−n (1.3.69)

The easiest way to determine the C(n) is to note the following (one can also perform
a direct calculation but it is notoriously complicated and messy). First one imposes
the Jacobi identity

[: Lk :, [: Lm :, : Ln :]] + [: Lm :, [: Ln :, : Lk :]] + [: Lm :, [: Ln :, : Lk :]] = 0
(1.3.70)

If we impose that k + m + n = 0 with k,m, n 	= 0 (so that no pair of them adds up
to zero) then this reduces to
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(m − n)C(k)+ (n − k)C(m)+ (k − m)C(n) = 0 (1.3.71)

If we pick k = 1 and m = −n − 1 one finds

−(2n + 1)C(1)+ (n − 1)C(−n − 1)+ (n + 2)C(n) = 0 (1.3.72)

Now we note that C(−n) = −C(n) by definition. Hence we learn that C(0) = 0 and

C(n + 1) = (n + 2)C(n)− (2n + 1)C(1)

n − 1
(1.3.73)

This is just a difference equation and given C(2) it will determine C(n) for n>1
(note that it can’t determine C(2) given C(1)). We can look for a solution to this by
considering polynomials. Since it must be odd in n the simplest guess is

c(n) = c1n3 + c2n (1.3.74)

In this case the right hand side becomes

(n + 1)(c1n3 + c2n)− (2n + 1)(c1 + c2)

n − 1

= c1n4 + 2c1n3 + c2n2 − 2c1n − (c1 + c2)

n − 1

= (n − 1)(c1n3 + 3c1n2 + (3c1 + c2)n + c1 + c2)

n − 1
(1.3.75)

Expanding out the left hand side gives

c1(n + 1)3 + c2(n + 1) = c1n3 + 3c1n2 + (3c1 + c2)n + c1 + c2 (1.3.76)

and hence they agree.
Note that if we shift L0 by a constant l then C(n) is shifted by 2nl (note that in so

doing we’d have to shift a as well). This means that we can change the value of c2.

Therefore we will fix it to be c1 = −c2. Finally we must calculate c1. To do this we
consider the ground state with no momentum |0; 0, 0〉 This state is annihilated by
: Ln : for all n ≥ 0. Thus we have

〈0, 0; 0| : L2 :: L−2 : |0; 0, 0〉 = 〈0, 0; 0|[: L2 :, : L−2 :]|0; 0, 0〉
= 4〈0, 0; 0| : L0 : |0; 0, 0〉 + 6c1〈0, 0; 0|0; 0, 0〉
= 6c1 (1.3.77)

where we assume that the ground state has unit norm.

Exercise 8 Show that

〈0, 0; 0| : L2 :: L−2 : |0; 0, 0〉 = D

2
(1.3.78)



22 N. Lambert

So we deduce that

[: Lm :, : Ln :] = (m − n) : Lm+n : + D

12
(m3 − m)δm−n (1.3.79)

Of course there is a similar expression for [: L̃m :, : L̃m :]. This is called the central
extension of the Virasoro algebra and D is the central charge which has arisen as a
quantum effect. From now on we will always take operators to be normal ordered
and we will drop the :: symbol, unless otherwise stated.

Let us return to our Fock space of states. It is built up out of the ground state which
we take to have unit norm 〈0|0〉 = 1. One sees that the one-particle state aμ−1|0〉
has norm

〈0|aμ1 aμ−1|0〉 = 〈0|[aμ1 , aμ−1]|0〉 = ημμ (1.3.80)

where we do not sum over μ. Thus the state a0−1|0〉 has negative norm!

Problem Show that the state (a0−1 + a1−1)|0〉 has zero norm.

Thus the natural inner product on the Fock space is not positive definite because
the time-like oscillators come with the wrong sign. This also occurs in other quantum
theories such as QED and doesn’t necessarily represent any kind of sickness.

There are stranger states still. A physical state |χ〉 that satisfies 〈χ |phys〉 = 0 for
all physical states is called null (or spurious if it only satisfies the n = 0 physical state
condition). It then follows that a null state has zero norm (as it must be orthogonal
to itself).

There are many such states. To construct an example just consider

|χ〉 = L−1|0; p〉 with p2 = 0 (1.3.81)

Note that the zero-momentum ground state satisfies Ln|0; 0〉 = 0 and for all n ≥ 0
and this remains true if for |0; p〉 if p2 = 0. First we verify that |χ〉 is physical.
We have for m ≥ 0

Lm |χ〉 = Lm L−1|0; p〉
= [Lm, L−1]|0; p〉
= (m + 1)Lm−1|0; p〉 + D

12
(m3 − m)δm1|0; p〉 (1.3.82)

The last term will vanish automatically whereas the first term can only be non-zero
for m = 0 (since Ln|0; p〉 = 0 for all n ≥ 0). Here we find L0|χ〉 = |χ〉 which is
the physical state condition for a =1 which will turn out to be the case. Next we see
that 〈χ |phys〉 = 〈0|L1|phys〉 = 0. Note that we could have used any state instead
of |0; p〉 that was annihilated by Ln for all n ≥ 0 to construct a null state.

Thus if we calculate some amplitude between two physical states 〈phys′|phys〉
we can shift |phys〉 → |phys〉 + |χ〉 where |χ〉 is a null state. The new state
|phys〉 + |χ〉 is still physical but the amplitude will remain the same—for any other
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choice of physical state |phys′〉. Thus we have a stringy gauge symmetry whereby
two physical states are equivalent if their difference is a null state. This will turn
out to be the origin of Yang-Mills and other gauge symmetries within string theory.
And furthermore one can prove a no-ghost theorem which asserts that there are no
physical states with negative norm (at least for a=1 and D = 26).

1.3.4 Open Strings

Strings come in two varieties: open and closed. To date we have tried to develop
as many formulae and results as possible which apply to both. However now we
must make a decision and proceed along slightly different but analogous roots. Open
strings have two end points which traditionally arise at σ = 0 and σ = π. We must
be careful to ensure that the correct boundary conditions are imposed. In particular
we must choose boundary conditions so that the boundary value problem is well
defined. This requires that

ημvδXμ∂σ Xv = 0 (1.3.83)

at σ = 0, π.

Problem Show this!

There are essentially two boundary conditions that one can impose. The first
is Dirichlet: we hold Xμ fixed at the end points so that δXμ = 0. The second
is Neumann: we set ∂σ Xμ = 0 at the end points. The first condition implies that
somehow the end points of the string are fixed in spacetime, like a flag to a flag
pole. At first glance this seems unphysical and we will ignore it for now, although
such boundary conditions turn out to be profoundly important. So we will start by
considering second boundary condition, which states that no momentum leaks off
the ends of the string.

The condition that ∂σ X̂μ(τ, 0) = 0 implies that

aμn = ãμn (1.3.84)

i.e. the left and right oscillators are not independent. If we look at the boundary
condition at σ = π then we determine that

∑
n	=0

aμn einτ sin(nπ) = 0 (1.3.85)

Thus n is indeed an integer. The mode expansion is therefore

Xμ = xμ + 2α′ pμτ + √
2α′i

∑
n	=0

aμn
n

einτ cos(nσ) (1.3.86)

(Note the slightly redefined value of pμ as compared to before.)
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For the open string the physical states are constrained to satisfy

Ln|phys〉 = 0, n > 0 and (L0 − 1)|phys〉 = 0 (1.3.87)

in particular there is only one copy of the constraints required since the L̃n constraints
will automatically be satisfied. The second condition is the most illuminating as
it gives the spacetime mass shell condition. To see this we note that translational
invariance Xμ → Xμ + xμ gives rise to the conserved current P̂μ = 1

2πα′ Ẋμ. This
is a worldsheet current and hence the conserved charge (from the worldsheet point
of view) is

pμ = 1

2πα′

∫ π

0
dσ Ẋμ

= 1

2πα′

∫ π

0
dσ2pμ + √

2α′ ∑
n	=0

aμn einτ cos(nσ)

= pμ (1.3.88)

where again we have abused notation and confused the operator p̂μ that appears in
the mode expansion of Xμ with its eigenvalue pμ which we have now identified
with the conserved charge. In any case we do this because we have shown that pμ is
indeed the spacetime momentum of the string. Note that this also explains why we
put in the extra factor of 2 in front of pμτ in the mode expansion.

Next we let

N =
∑
n>0

ημvaμ−nav
n (1.3.89)

Which is the analogue of the number operator that appears in the Harmonic oscillator.
Again this is an operator even though we are being lazy and dropping the hat. It is
easy to see that for m > 0

[N , aλ−m] =
∑
n>0

ημvaμ−n[av
n, aλ−m]

= maλ−m (1.3.90)

Thus if |n〉 is a state with N |n〉 = n|n〉 then

Naλ−m |n〉 = ([N , aλ−m] + aλ−m N )|n〉
= (maλ−m + aλ−mn)|n〉
= (m + n)aλ−m |n〉 (1.3.91)

Therefore aλ−m |n〉 is a state with N-eigenvalue n +m . You can think of N as counting
the number of oscillator modes in a given state.



1 String Theory 101 25

With this definition we can write the physical state condition (L0 −1)|phys〉 = 0
as

(pμ pμ + 1

α′ (N − 1))|phys〉 = 0 (1.3.92)

Thus we can identify the spacetime mass-squared of a physical state to be the eigen-
value of

M2 = 1

α′ (N − 1) (1.3.93)

We call the eigenvalue of N the level of the state. In other words the higher oscillator
modes give more and more massive states in spacetime. In practice one takes a−1/2

to be a very high mass scale so that only the massless modes are physically relevant.
Note that the number of states at level n grows exponentially in n as the number of
possible oscillations will be of order of the number of partitions of n into smaller
integers. This exponentially growing tower of massive modes a unique feature of
strings as opposed to point particles.

Of course we must not forget the other physical state condition Ln|phys〉 = 0
for n > 0. This constraint will take the form of a gauge fixing condition . Let us
consider the lowest lying states.

At level zero we have the vacuum |0; p〉.We see that the mass-shell condition is

p2 − α′−1 = 0 (1.3.94)

The other constraint, Ln|0; p〉 = 0 with n > 0, is automatically satisfied. This has
a negative mass-squared! Such a mode is called a tachyon. Tachyons arise in field
theory if rather than expanding a scalar field about a minimum of the potential one
expands about a maximum. Thus they are interpreted as instabilities. The problem
is that no one knows in general whether or not the instability associated to this open
string tachyon is ever stabilized. We will simply ignore the tachyon. Our reason for
doing this is that it naturally disappears once one includes worldsheet fermions and
considers the superstring theories. However the rest of the physics of bosonic strings
remains useful in the superstring. Hence we continue to study it.

Next consider level 1. Here we have

|Aμ〉 = Aμ(p)a
μ
−1|0; p〉 (1.3.95)

Since these modes have N = 1 it follows from the mass shell condition that they are
massless (for a = 1!), i.e. the L0 constraint implies that p2 Aμ = 0. Note that this
depends crucially on the fact that a = 1. If a > 1 then |Aμ〉 would be tachyonic
whereas if a〈1 |Aμ〉 would be massive. In either case there is no known constituent
theory of a massive (or tachyonic) vector field.
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But we must also check that Ln|A〉 = 0 for n > 0. Thus

Ln|Aμ〉 = 1

2
Aμ

∑
m

ηvλav
n−maλmaμ−1|0; p〉

= 1

2
Aμηvλ

∑
m≤1

av
n−maλmaμ−1|0; p〉

= 1

2
Aμηvλ

∑
n−1≤m≤1

av
n−maλmaμ−1|0; p〉 (1.3.96)

In the second line we’ve noted that if m > 1 we can safely commute aλm past aμ−1
where it annihilates the vacuum. In the third line we’ve observed that if n − m > 1
then we can safely commute av

n−m through the other two oscillators to annihilate the
vacuum (recall that for n > 0 av

n−m always commutes through aλm). Thus for n > 1
we automatically have Ln|Aμ〉 = 0. For n =1 we find just two terms

L1|A〉 = 1

2
Aμηvλ(a

v
1aλ0 aμ−1 + av

0aλ1 aμ−1)|0; p〉
= Aμaμ0 |0; p〉
= √

2α′ pμAμ|0; p〉 (1.3.97)

Thus we see that |Aμ〉 is represent a massless vector mode with pμAμ = 0. In
position space this is just ∂μAμ = 0 and this looks like the Lorentz gauge condition
for an electromagnetic potential.

Indeed recall that before we found the null state, with p2 = 0,

|Λ〉 = iΛ(p)L−1|0; p〉
= iημvΛaμ0 av−1|0; p〉
= i

√
2α′ pμΛaμ−1|0; p〉 (1.3.98)

provided that p2 = 0. Thus we must identify Aμ ≡ Aμ + i
√

2α′ pμΛ which in
position space is the electromagnetic gauge symmetry Aμ ≡ Aμ+√

2α′∂μΛ.Again
this occurs precisely when a = 1, otherwise L−1|0; p〉 is not a null state and their
would not be a gauge symmetry.

There is one more thing that can be done. Since and open string has two preferred
points, its end points, we can attach discrete labels to the end points so that the ground
state, of the open string carries two indices

|0; p, ab〉 (1.3.99)

where a = 1, .., N refers the σ = 0 end and b = 1, . . . , N refers to the σ = π

end. It then follows that all the Fock space elements built out of |0; p, ab〉 will carry
these indices. These are called Chan–Paton indices. The level one states now have
the form
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|Aab
μ 〉 = Aab

μ aμ−1|0; p, ab〉 (1.3.100)

The null states take the form

|Λab〉 = iΛab L−1|0; p, ab〉 (1.3.101)

and the gauge symmetry is

Aab
μ ≡ Aab

μ + √
2α′∂μΛab (1.3.102)

These are the gauge symmetries of a non-Abelian Yang–Mills field with gauge group
U(N) (at lowest order in the fields). Thus we see that we can obtain non-Abelian gauge
field dynamics from open strings.

1.3.5 Closed Strings

Let us now consider a closed string, so that σ ∼ σ + 2π. The resulting “boundary
condition” is more simple: we simply demand that X̂μ(τ, σ +2π) = X̂μ(τ, σ ). This
is achieved by again taking n to be an integer. However we now have two independent
sets of left and right moving oscillators. Thus the mode expansion is given by

Xμ = xμ + α′ pμτ +
√
α′
2

i
∑
n	=0

(
aμn
n

e−in(τ+σ) + ãμn
n

e−in(τ−σ)
)

(1.3.103)

note the absence of the factor of 2 in front of pμτ. The total momentum of such a
string is calculated as before to give

pμ = 1

2πα′

∫ 2π

0
dσ Ẋμ

= 1

2πα′

∫ 2π

0
dσ pμ +

√
α′
2

∑
n	=0

aμn e−in(τ+σ) + ãμn e−in(τ−σ)

= pμ (1.3.104)

so again pμ is the spacetime momentum of the string.
We now have double the constraints:

(L0 − 1)|phys〉 = (L̃0 − 1)|phys〉 = 0

Ln|phys = L̃n|phys〉 = 0
(1.3.105)

with n > 0. If we introduce the right-moving number operator Ñ

Ñ =
∑
n>0

ημvãμ−nãv
n (1.3.106)
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then the first conditions can be rewritten as

(pμ pμ + 4

α′ (N − 1))|phys〉 = 0 (N − Ñ )|phys〉 = 0 (1.3.107)

where we have recalled that, if wμ = 0, aμ0 = ãμ0 =
√
α′
2 pμ and L0 = 1

2ημvaμ0 av
0 +

N , L0 = 1
2ημvãμ0 ãv

0 + Ñ . The second condition is called level matching. It simply
says that any physical state must be made up out of an equal number of left and right
moving oscillators. Again the remaining constraints will give gauge fixing conditions.

Let us consider the lowest modes of the closed string. At level 0 (which means
level 0 on both the left and right moving sectors by level matching) we simply have
the ground state |0; p〉. This is automatically annihilated by both Ln and L̃n with
n > 0. For n = 0 we find

p2 − 4

α
= 0 (1.3.108)

Thus we again find a tachyonic ground state. No one knows what to do with this
instability. It turns out to be much more serious than the open string tachyon that
we saw, which can sometimes be dealt with. Most people today would say that the
bosonic string is inconsistent although this hasn’t been demonstrated. However for
us the cure is the same as for the open string: in the superstring this mode is projected
out. So we continuing by simply ignoring it, as our discussion of the other modes
still holds in the superstring.

ext we have level 1. Here the states are of the form

|Gμv〉 = Gμvaμ−1ãv−1|0; p〉 (1.3.109)

Just as for the open string these will be massless, i.e. p2 = 0 (again only if a = 1).
Next we consider the constraints Lm |Gμv〉 = L̃m |Gμv〉 = 0 with m > 0.

Exercise 9 Show that these constraints imply that pμGμv = pvGμv = 0

The matrix Gμv is a spacetime tensor. Under the Lorentz group SO(1, D − 1) it
will decompose into a symmetric traceless, anti-symmetric and trace part. What this
means is that under spacetime Lorentz transformations the tensors gμv, bμv and φ
will transform into themselves. Here

gμv = G(μv) − 1

D
ηλρGλρημv

bμv = G[μv]
φ = ηλρGλρ (1.3.110)

i.e. Gμv = gμv + bμv + 1
Dημvφ.
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Exercise 10 Show this.

Thus from the spacetime point of view there are three independent modes labelled
by gμv, bμv and φ. Just as for the open string there is a gauge symmetry

|Gμv〉 → |Gμv〉 + iξμL−1ãμ−1|0; p〉 + iζμ L̃−1aμ−1|0; p〉 (1.3.111)

where we have used the fact that ξμL−1ãμ−1|0; p〉 and ζμ L̃−1aμ−1|0; p〉 are null states,
provided that p2 = 0. The proof of this is essentially the same as it was for the open
string. We need only ensure that the level matching condition is satisfied, which is
clear, and that L̃n L−1ã−1|0; p〉 = Ln L̃−1a−1|0; p〉 = 0 for n > 0. Thus we need
only check that

Ln L̃−1aμ−1|0; p〉 = 1

2
L̃−1

∑
m

ηλρaλn+maρ−maμ−1|0; p〉 = 0 (1.3.112)

Just as before the n > 1 terms will vanish automatically. So we need only check

L1 L̃−1aμ−1|0; p〉 = 1

2
L̃−1

∑
m

ηλρaλ1+maρ−maμ−1|0; p〉

= L̃−1ηλρaλ0 aρ1 aμ−1|0; p〉
= L̃−1ηλρaλ0 [aρ1 , aμ−1]|0; p〉
= L̃−1aμ0 |0; p〉

=
√
α′
2

L̃−1 pμ|0; p〉 (1.3.113)

Similarly for L̃n L−1ãμ−1|0; p〉. Thus we also find that pμξμ = pμζμ = 0. This of
course is required to preserve the condition pμGμv = pvGμv = 0.

In terms of Gμv this implies that

Gμv → Gμv + i

√
α′
2

pμξv + i

√
α′
2

pvζμ (1.3.114)

or, switching to coordinate space representations and the individual tensor modes,
we find

gμv →gμv + 1

2

√
α′
2
∂μ(ξv + ζv)+ 1

2

√
α′
2
∂v(ξμ + ζμ)

bμv →Bμv + 1

2

√
α′
2
∂μ(ξv − ζv)− 1

2

√
α′
2
∂v(ξμ − ζμ)

φ →φ + 2

√
α′
2
∂μ(ξ

μ + ζμ) (1.3.115)

If we let vμ = 1
2

√
α′
2 (ξμ+ζμ) andΛμ = 1

2

√
α′
2 (ξμ−ζμ) and use ∂μξμ = pμζμ = 0

then we find
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gμv →gμv + ∂μvv + ∂vvμ
bμv →bμv + ∂μΛv − ∂vΛμ

φ →φ (1.3.116)

The first term line gives the infinitesimal form of a diffeomorphism, xμ → xμ −
vμ and thus we can identify gμv to be a metric tensor. The second line gives a
generalization of and electromagnetic gauge transformation. The analogue of the
gauge invariant field strength is

Hλμv = ∂λbμv + ∂μbvλ + ∂vbλμ (1.3.117)

Thus the massless field content at level 1 consists of a graviton mode gμv, an
anti-symmetric tensor field bμv and a scalar φ, subject to the gauge transformations
(1.3.115). Finally the massless condition p2Gμv = 0 leads to

∂2gμv = 0

∂2bμv = 0

∂2φ = 0 (1.3.118)

The conditions pμGμv = pvGμv = 0 now reduce to the linearized equations

∂μgμv + ∂vφ = 0

∂μbμv = 0 (1.3.119)

These equations can be viewed as gauge fixing conditions (in effect φ = 1
D gλσ ηλσ ).

The fields gμv, bμv and φ are known as the graviton (metric), Kalb–Ramond (b-field)
and dilaton respectively.

1.4 Light-Cone Gauge

So far we have quantized a string in flat D-dimensional spacetime. Apart from D
we have the parameters a and α′. In fact α′ is not a parameter, it is a dimensional
quantity—it has the dimensions of length-squared—and simply sets the scale. What
is important are unitless quantities such as p2α′. For example small momentum
means p2α′ � 1.

We are left with D and a but actually these are fixed: quantum consistency demands
that D = 26 and a = 1. We have seen that things would go horribly wrong if a 	= 1.

The easiest way to see this is to introduce light-cone gauge. Recall that the action
we started with had diffeomorphism symmetry. We used this symmetry to fix γαβ =
e2ρηαβ. However there is still a residual symmetry. In particular in terms of the
coordinates σ± then under a transformation

σ ′+ = σ ′+(σ+) σ ′− = σ ′−(σ−) (1.4.120)
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we see that γ ′
αβ = e2ρ′

ηαβ with

ρ′ = ρ + 1

2
ln

(
∂σ+

∂σ ′+
∂σ−

∂σ ′−
)

(1.4.121)

i.e. this preserves the conformal gauge. In terms of the worldsheet coordinates σ, τ
we see that

τ ′ = 1

2
(σ ′+ + σ ′−) (1.4.122)

and since σ ′± are arbitrary functions of σ± we see that any τ that solves the two-
dimensional wave equation can be obtained by such a diffeomorphism. Therefore,
without loss of generality, we can choose the worldsheet ‘time’ coordinate τ to be any
of the spacetime coordinates (since these solve the two-dimensional wave-equation).
Of course there are many choices but the usual one is to define

X̂+ = 1

2
(X0 + X D−1) X̂− = 1

2
(X0 − X D−1) (1.4.123)

and then take

X̂+ = x+ + α′ p+τ (1.4.124)

This is called light cone gauge.
Next we evaluate the conformal symmetry constraints (1.3.15). We observe that

in these coordinates the spacetime ημv is

η−+ = η+− = −2 ηi j = δi j (1.4.125)

Thus we find that

T00 = T11 = −2α′ p+ Ẋ− + 1

2
Ẋ i Ẋ jδi j + 1

2
X ′i X ′ j

δi j = 0

T01 = T10 = −2α′ p+ X̂ ′− + Ẋ i X ′ j
δi j = 0 (1.4.126)

where i, j = 1, 2, 3, . . . , D − 2. This allows one to explicitly solve for X− in term
of the mode expansions for Xi .

Problem Show that with our conventions

X− = x− + α′ p−τ + i

⎛
⎝∑

n	=0

a−
n

n
e−inσ+ + ã−

n

n
e−inσ−

⎞
⎠ (1.4.127)

where

a−
n = 1

2p+
∑

m

ai
n−ma j

mδi j (1.4.128)
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and the massshell constraint is

−4α′ p+ p− + α′ pi p jδi j + 2(N + Ñ ) = 0 (1.4.129)

with

N + Ñ = 1

2
δi j

∑
n	=0

ai
na j

−n + ãi
nã j

−n (1.4.130)

To continue we note that in the quantum theory there is a normal ordering ambi-
guity in the definition of N + Ñ and we must include our constant a again into the
definition. Hence we must take (temporarily putting in the :: symbols for normal
ordering)

: N + Ñ := δi j

∞∑
n=1

αi−nα
j
n + α̃i−nα̃

j
n (1.4.131)

However since we have dropped an infinite constant, the intercept a will now show
up in the mass shell constraint as

−4α′ p+ p− + α′ pi p jδi j + 2(N + Ñ − 2a) = 0 (1.4.132)

Note that −4p+ p− + pi p jδi j = ημv pμ pv so this really just tells us that the mass
of a state is

M2 = 2

α′ (N + Ñ − 2a) (1.4.133)

Where we have dropped the :: to indicate normal ordering.
We still have a level matching condition for closed strings

N = Ñ (1.4.134)

This arises because we only have one spacetime momentum pμ (not separate ones
for left and right moving modes).

Note that this breaks the SO(1, D −1) symmetry of our flat target space since we
choose X0 and X D−1 whereas any pair will do (so long as one is timelike). Thus we
will not see a manifest SO(1, D − 1) symmetry but just an SO(D − 2) symmetry
from rotations of the X̃ i . However it is important to realize that the SO(1, D − 1)
symmetry is not really broken, we have merely performed a kind of gauge fixing
(recall there was this underlying gauge symmetry of the string spectrum). It is just
no longer manifest.
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1.4.1 D = 26, a = 1

On the other hand the benefit of this procedure is that the physical Hilbert space is
manifestly postive definite because we remove the oscillators a0

n , ã0
n , aD−1

n , ãD−1
n .

This is often a helpful way to determine the physical spectrum of the theory.
For example we can reconsider the low lying states that we constructed above.

The ground states are unchanged as they do not involve any oscillators. For the open
string we find the D − 2 states at level one

|Ai 〉 = ai−1|0; p〉 (1.4.135)

These are the transverse components of a massless gauge field. For the closed string
we find, at level one,

|Gi j 〉 = Gi j a
i−1ã j

−1|0; p〉 (1.4.136)

These correspond to the physical components, in a certain gauge, of the metric,
Kalb-Ramond field and dilaton Note however that there is no remnant at all of gauge
symmetry which is a crucial feature of dynamics

Now formally a is given by

a = −1

2

∞∑
m=1

[ai
m, a j

−m]δi j

= − D − 2

2

∞∑
m=1

m (1.4.137)

This is divergent however it can be regularized in the following manner. We note that

a = − D − 2

2
ζ(−1) (1.4.138)

where ζ(s) is the Riemann ζ -function

ζ(s) =
∞∑

m=1

1

ms
(1.4.139)

This is analytic for complex s with Re(s) > 1. Thus it can be extended to a holo-
morphic function of the complex plane, with poles at a discrete number of points.
Analytically continuing to s = −1 one finds ζ(−1) = −1/12 and hence

a = D − 2

24
(1.4.140)

We have seen that in order to have a sensible theory we must take a = 1 (otherwise
there are no massless states or nice gauge invariances). Hence we must take D = 26.
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This is not a very satisfactory derivation of the dimension of spacetime. A more
convincing argument is the following. Light cone gauge is just a gauge. Therefore
although the manifest spacetime Lorentz symmetry is no longer present there is still
an SO(1, D − 1) Lorentz symmetry, even though only an SO(D − 2) subgroup is
manifest in light cone gauge. In light cone gauge the spacetime Lorentz generators
Mμ

v split into

Mi ′
j M+

j , M−
j , M+− (1.4.141)

The quantization procedure preserves SO(D − 2) so the commutators [Mi
j ,Mk

l ]
are as they should be. However problems can arise with [Mi

j ,M+
k] etc. It is too

lengthy a calculation to do here, but one can show that the full SO(1, D −1) Lorentz
symmetry, generated by the charges (1.3.26), is preserved in the quantum theory, i.e.
once normal ordering is taken into account, if and only if a = 1 and D = 26. You are
urged to read the Sect. 2.3 of [1] and Witten or Sect. 12.5 of [3] where this is shown
more detail.

1.4.2 Partition Function

A useful concept is the notion of a partition function which ‘counts’ the phys-
ical states. Since light cone gauge only contains physical states this is most easily
computed here.

Let us start with an open string and define

Z =
∑

q L0−1 (1.4.142)

where the sum is over states (at zero momentum) and q = e−2π t is ‘place-holder’.
First note that for a string in flat spacetime L0 is a sum of 24 independent free bosons.
Thus

Z = (Z1)
24 (1.4.143)

where

Z1 =
∑

q
∑

l a−l al− 1
24

=
∑

q− 1
24

∏
l

qa−l al (1.4.144)

For a single boson we have the oscillators a−1, a−2, . . . . Each oscillator a−l can be
used k times in which case a−lal contributes k to the exponent. We need to sum over
all k and using

∑∞
k=0 qkl = (1 − ql)−1 we find
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Z1 = q− 1
24

∞∏
l=1

(1 − ql)−1 (1.4.145)

and hence

Z = q−1
∞∏

l=1

(1 − ql)−24 = η(t) (1.4.146)

where η(t) is known as the Dedekind eta-function. It can be extended to the upper
half complex plane τ = θ+ i t, t > 0 and is known to posses the following property:

η(−τ−1) = η(τ) (1.4.147)

In particular it is invariant under t → 1/t when θ = 0. This property is known as
modular invariance. This is a crucial feature of strings (and requires that we have 24
physical oscillators—another important feature of D = 26).

We can provide a physical interpretation of Z by noting that

∫ ∞

0
dte−2π t (L0−1) = 1

2π

1

L0 − 1
(1.4.148)

and 1/(L0 −1) is the propagator. Thus Z has the interpretation of a vacuum one-loop
diagram:

Z = Tr〈0|
(

1

2π

1

L0 − 1

)
|0〉 (1.4.149)

(hence the restriction to zero momentum). The variable t arises in the Schwinger
proper time formalism. The worldsheet of an open string is a cylinder of radius R
and length L. By conformal invariance the only parameter that matters is t = R/L .
In the large t limit the open string is relatively short compared to the size of the loop.
In this case the important states that propagate around the loop are the light modes,
corresponding to the IR limit of open strings. Indeed here we see, taking q → 0

Z ∼ q−1 + 24q0 + O(q) (1.4.150)

here we see the tachyon dominants, followed by the 24 massless modes and then the
massive spectrum gives ever vanishing corrections.

What about the t → 0 limit? In this case the the cylinder has a very short radius
compared to its length. This corresponds to the UV behaviour of the open string and
the massive states dominate. Here we can use modular invariance to evaluate

lim
t→0

η(e−2π t ) = lim
t→0

η(e−2π/t ) = lim
t̃→∞

η(e−2π t̃ ) ∼ q̃−1 + 24q̃0 + O(q̃) (1.4.151)
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where q̃ = e−2π t̃ . An alternative interpretation of such a diagram is that it can be
viewed as a closed string of radius R propagating at tree-level along a distance L, i.e.
no loops. Again Z dominated by the closed string tachyon and then the 24 (left-right
symmetric) massless closed string modes.

This is one of the most important features of string theory. The UV description of
open strings has a dual interpretation in terms of an IR propagation of closed strings
and vice-versa.

Exercise 11 Show that for a periodic fermion, where L0 = ∑
l d−ldl + 1

24 and
{dn, dm} = nδn,−m, one has

Z1 = q
1

24

∞∏
l=1

(1 + ql) (1.4.152)

and for an anti-periodic fermion, where L0 = ∑
r b−r br − 1

48 , {br , bs} = rδr,−s

and r, s ∈ Z + 1
2 , one has

Z1 = q− 1
48

∞∏
l=1

(1 + ql− 1
2 ) (1.4.153)

1.5 Curved Spacetime and an Effective Action

1.5.1 Strings in Curved Spacetime

We have considered quantized strings propagating in flat spacetime. This lead to a
spectrum of states that included the graviton as well as other modes. More generally a
string should be allowed to propagate in a curved background with non-trivial values
for the metric and other fields. Our ansatz will be to consider the most general two-
dimensional action for the embedding coordinates Xμ coupled to two-dimensional
gravity subject to the constraint of conformal invariance. This later condition is
required so that the two-dimensional worldvolume metric decouples from the other
fields. We will consider only closed strings in this section. The reason for this is
that these days one views open strings as description soliton like objects, called
Dp-branes, that naturally sit inside the closed string theory.

Before proceeding we note that

SE H = 1

4π

∫
d2σ

√−γ R = χ (1.5.1)

is a topological invariant called the Euler number, i.e. the integrand is locally a total
derivative. Thus we could add the term SE H to the action and not change the equations
of motion.
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With this in mind the most general action we can write down for a closed string is

Sclosed = − 1

4πα′

∫
d2σα′√−γφ(X)R + √−γ γ αβ∂αXμ∂βXvgμv(X)

+ εαβ∂αXμ∂βXvbμv(X) (1.5.2)

where φ is a scalar, gμv symmetric and bμv antisymmetric. These are precisely the
correct degrees of freedom to be identified with the massless modes of the string.
One can think of this worldsheet theory as two-dimensional quantum gravity coupled
to some matter in the form of scalar fields. More generally one can think of and
conformal field theory (with central charge equal to 26) as defining the action for a
string.

Furthermore this action has the diffeomorphism symmetry Xμ → X ′μ(X)

∂αX ′μ = ∂X ′μ

∂Xv
∂αXv φ′ = φ

g′
μv = ∂Xλ

∂X ′μ
∂Xρ

∂X ′v gλρ b′
μv = ∂Xλ

∂X ′μ
∂Xρ

∂X ′v bλρ (1.5.3)

automatically built in. It also incorporates the b-field gauge symmetry

b′
μv = bμv + ∂μλv − ∂μλv (1.5.4)

however to see this we note that

δSclosed = − 1

2πα′

∫
d2σεαβ∂αXμ∂βXv∂μλv

= − 1

2πα′

∫
d2σ∂α(ε

αβ∂βXvλv)

= 0 (1.5.5)

where we used the fact that εαβ∂α∂βXv = 0 in the second to last line and the fact
that the worldsheet is a closed manifold in the last line, i.e. the periodic boundary
conditions.

Notice something important. If the dilaton φ is constant then the first term in the
action is a topological invariant, the Euler number. In the path integral formulation
the partition function for the full theory is defined by summing over all worldsheet
topologies

Z =
∞∑

g=0

∫
Dγ DXe−S (1.5.6)

Here the path integral is over the worldsheet fields γαβ and Xμ. Now each genus g
worldsheet will appear suppressed by the factor e−φχg = e−2φ(g−1). Thus gs = eφ

can be thought of as the string coupling constant which counts which genus surface
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is contributing to a calculation. In particular for gs → 0 one can just consider the
leading order term where the worldsheet is a sphere.

However if one wants to consider the splitting and joining of strings then one must
take gs>0 and include higher genus surfaces. In particular the first non-trivial string
interactions arise when the worldsheet is a torus. To see the analogy with quantum
field theory note that a torus can be thought of as the worldvolume of a closed string
that has gone around in a loop. Thus it is analogous to 1-loop processes in quantum
field theory. Similarly higher genus surfaces incorporate higher loop processes. One
of the great features of string theory is that each of these contributions is finite. So this
defines a finite perturbative expansion of a quantum theory which includes gravity!

As stated above our general principle is the conformal invariance of the world-
sheet theory, which ensures that the worldsheet metric γαβ decouples. The action
we just wrote down is conformal as a classical action. However this will not generi-
cally be the case in the quantum theory. Divergences in the quantum theory require
regularization and renormalization and these effects will break conformal invari-
ance by introducing an explicit scale: the renormalization group scale. It turns out
that conformal invariance is more or less equivalent to finiteness of the quantum
field theory. This restriction leads to equations of motions for the spacetime fields
φ, gμv and bμv (which from the worldvolume point of view are just fancy coupling
constants). It is beyond the scope of these lectures to show this but the constraints of
conformal invariance at the one loop level give equations of motion

0 = Rμv + 1

4
HμλρHλρ

v − 2DμDvφ + O(α′)

0 = DλHλμv − 2DλφHλμv + O(α′)

0 = 4D2φ + 4(Dφ)2 − R − 1

12
H2 + O(α′) (1.5.7)

where Hμvλ = 3∂[μbvλ]. In general there will be corrections to these equations
coming from all orders in perturbation theory, i.e. higher powers of α′. However
such terms will be higher order spacetime derivatives and can be safely ignored at
energy scales below the string scale.

1.5.2 A Spacetime Effective Action

A string propagating in spacetime has an infinite tower of massive excitations.
However all but the lightest (massless) modes will be too heavy to observe in any
experiment that we do. Thus in many cases one really just wants to consider the
dynamics of the massless modes. This introduces the concept of an effective action.
This is a very general concept (ubiquitous in quantum field theory) whereby we
introduce an action for the light modes that we are interested in (below some scale
M). The action is constructed so that it has all the correct symmetries of the full
theory and its equations of motion reproduce the correct scattering amplitudes of
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the light modes that the full theory predicts. In general effective actions need not
be renormalizable and they are not expected to be valid at energy scales above the
scale M where the massive modes we’ve ignored can be excited and can no longer be
ignored. Often one says that the massive modes have been integrated out. Meaning
that one has performed the path integral over modes with momenta larger than M
and is just left with a path integral over the low momentum modes.

In our case we have considered a string propagating in a curved spacetime that can
be thought of as a background coming from a non-trivial configuration of its massless
modes. In particular in our discussion we implicitly assumed that the massive modes
were set to zero. The result was that quantum conformal invariance predicted the
equations of motion (1.5.7). These are the on-shell conditions for a string to propagate
in spacetime as derived in the full quantum theory. Note that they pick up an infinite
series of α′ corrections and also an infinite series of gs corrections (where we allow
the splitting an joining of strings). In other words, at lowest order in α′ and gs these
are the equations of motion for the spacetime fields. Furthermore these equations of
motion can be derived from the spacetime action

Seffective = − 1

2α′12

∫
d26x

√−ge−2φ
(

R − 4(∂φ)2 + 1

12
HμvλHμvλ

)
+ . . .

(1.5.8)

Exercise 12 Show that the equations of motion of (1.5.8) are indeed (1.5.7). You
may need to recall that δ

√−g = − 1
2
√−ggμvδgμv and gμvδRμv = DμDvδgμv −

gμv D2δgμv.

This is therefore the effective action for the massless modes of a closed string. It
plays the same role that the free scalar equation played for the point particle (although
Seffective does not include the infinite tower of string states which isn’t there for
the point particle). The ellipsis denotes contributions from higher loops which will
contain higher numbers of derivatives and which are suppressed by higher powers
of α′. Note that string theory also predicts corrections to the effective action from
string loops, that is from higher genus Riemann surfaces. These terms will come with
factors of e−2gφ where g = 0,−1,−2, . . . and can be ignored if the string coupling
gs = eφ is small.

1.6 Superstrings

In the final section let us try to extend the pervious sections to the superstring.
Conceptually not much changes but there are several additional bells and whistles
that need to be considered.
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1.6.1 Type II Strings

The starting point for the superstring is include fermions ψμ on the worldsheet so
as to construct a supersymmetric action

S = − 1

4πα′

∫
d2σ∂αXμ∂βXvημvη

αβ + iψ̄μγ α∂αψ
vημv (1.6.9)

where ψ̄ = ψT γ0 and γ α are real 2 × 2 matrices that satisfy {γα, γβ} = 2ηαβ.
A convenient choice is γ 0 = iσ 2 and γ 1 = σ 1. This action is also conformally
invariant and in addition has the supersymmetry

δXμ = i ε̄ψμ, δψμ = γ α∂αXμε (1.6.10)

for any constant ε.

Exercise 13 Show this.

The mode expansion for the Xμ remains as before with the aμn and ãμn oscilla-
tors. When we expand the fermionic fields we can allow for two types of boundary
conditions (let us just consider boundary conditions consistent with a closed string
where σ ∼ σ + 2π and Xμ(τ, σ ) = Xμ(τ, σ + 2π) :

R : ψμ(τ, σ + 2π) = ψμ(τ, σ )

NS : ψμ(τ, σ + 2π) = −ψμ(τ, σ ) (1.6.11)

these are known as the Ramond and Neveu-Schwarz sectors respectively. Thus
we find

R : ψμ(τ, σ + 2π) =
∑
n∈Z

dne−inσ+ + d̃ne−inσ−

NS : ψμ(τ, σ + 2π) =
∑

r∈Z+ 1
2

br e−irσ+ + b̃r e−irσ−
(1.6.12)

One finds that these satisfy the anti-commutation relations

{dμm, dv
n} = ημvδm,−n {bμr , bv

s } = ημvδr,−s

{d̃μm, d̃v
n} = ημvδm,−n {b̃μr , b̃v

s } = ημvδr,−s (1.6.13)

with all other anti-commutators vanishing.
One important consequence of supersymmetry is that the algebra of constraints

generated by Ln is enhanced to a super-Virasoro algebra with odd generators Gr

and Fn (depending on whether or not one is in the NS or R sector respectively). The
super-Virasoro algebra turns out to be (see references [1–4])
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[Lm, Ln] = (m − n)Lm+n + D

8
m(m2 − 1)δm,−n

[Lm,Gr ] =
(m

2
− r

)
Gm+r

{Gr ,Gs} = 2Lr+s + D

2

(
r2 − 1

4

)
δr,−s (1.6.14)

in the NS sector and

[Lm, Ln] = (m − n)Lm+n + D

8
m3δm,−n

[Lm, Fn] =
(m

2
− n

)
Fm+n

{Fn, Fm} = 2Lm+n + D

2
m2δm,−n (1.6.15)

in the R sector. Here all operators are normal ordered. Just as before this only affects
L0 and F0 however there is no associated intercept a for F0 since it is fermionic
(and in addition this is not allowed by the {F0, F0} anti-commutator). Note that
the fermionic generators are in effect the ‘square-root’ of Ln, as we expect in a
supersymmetric theory. We won’t go into more details here but we must impose the
physical constraints for the positive modded generators. Just as L0 gives a spacetime
Klein–Gordon equation, F0 gives a spacetime Dirac equation.

Let us compute the intercept a. As before we go to light-cone gauge where we fix
two of the coordinates Xμ and their superpartnersψμ.We then compute the vacuum
energy of the remaining D −2 bosonic and fermionic oscillators. The result depends
on the boundary conditions we use. Noting that the sign of the fermionic contribution
is opposite to that of a boson one finds

aR = − D − 2

2

∞∑
n=1

n + D − 2

2

∞∑
n=1

n

= − D − 2

2

(
− 1

12
+ 1

12

)

= 0 (1.6.16)

The vanishing of aR is a direct consequence of the fact that there is a Bose–Fermi
degeneracy in the R-sector. In particular each periodic fermion contributes − 1

24
to a. In the NS sector we find

aN S = − D − 2

2

∞∑
n=1

n + D − 2

2

∞∑
r=0

(
r + 1

2

)

= − D − 2

2

∞∑
n=1

n + D − 2

4

∞∑
n=odd

n
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= − D − 2

2

∞∑
n=1

n + D − 2

4

( ∞∑
n=1

n −
∞∑

n=even

n

)

= − D − 2

2

∞∑
n=1

n + D − 2

4

( ∞∑
n=1

n −
∞∑

m=1

2m

)

= − D − 2

2

∞∑
n=1

n − D − 2

4

∞∑
n=1

n

= (D − 2)

(
1

24
+ 1

48

)

= D − 2

16
(1.6.17)

Note that this shows that each anti-periodic fermion contributes 1
48 to a. Having

determined the incepts we can now go out of Light cone gauge and consider the
covariant theory.

Let us now look at the lightest states. There is a different ground state for each
sector which we denote by |R; p〉 and |N S; p〉 where pμ labels the spacetime
momentum. As before we assume that these states are annihilated by any oscillator
with positive frequency.

We see that |R; p〉 is massless and hence all the higher level states created from
it by the action of a creation operator will be massive with a mass of order the
string scale. However the Ramond ground state |R; p〉 is degenerate. In particular
we see that there are fermion zero-modes dμ0 which satisfy {dμ0 , dv

0} = ημv, μ, v =
0, . . . , D −1 in light cone gauge. This is a Clifford algebra and it is known that there

is a unique representation and it is 2[ D
2 ]-dimensional. Thus the Ramond ground state

is in fact a spinor with 2[ D
2 ] independent components.

Let us look at the Neveu–Schwarz ground state |N S, p〉. It is clear that since
aN S > 0 this state is a tachyon. We can then consider the higher level states (for
simplicity we just consider open strings)

aμ−1|N S, p〉 M2 = 1 − D − 2

16

bμ− 1
2
|N S, p〉 M2 = 1

2
− D − 2

16

Thus the next lightest state is bμ− 1
2
|N S, p〉 and its mass-squared is M2 = − D−10

16 .

Thus if D<10 then these states are also tachyonic. However as before the magic
(that is gauge symmetries from null states) happens when these states are massless,
i.e. D = 10. In this case the states aμ−1|N S, p〉 are massive. Thus we take D = 10 and
aN S = 1/2. Indeed as before this is forced upon us if we want the SO(1, D − 1)
Lorentz symmetry of spacetime to be preserved in the quantum theory.

Nevertheless we are still left with some bad features. For one the Neveu–Schwarz
ground state is still a tachyon. There is also another puzzling feature: |N S, p〉 is a
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spacetime scalar and hence it must be a boson. We can then construct the spacetime
vector bμ− 1

2
|N S, p〉. From the spacetime point of view this state should be a boson

since it transforms under Lorentz transformations as a vector. However it is created
from |N S, p〉 by a fermionic operator and thus will obey Fermi-statistics. This is
contradictory.

The solution to both these problems is to project out the odd states and in particular
|N S, p〉. This is known as the GSO projection. More specifically we declare that
|N S, p〉 is a fermionic state. Mathematically we introduce the operator (−1)F which
acts as (−1)F |N S, p〉 = −|N S, p〉 and {ψμ, (−1)F } = 0, [Xμ, (−1)F ] = 0. We
then project out all fermionic states, i.e. states in the eigenspace (−1)F = −1. Thus
|N S, p〉 and aμ−1|N S, p〉 are removed from the spectrum but the massless states
bμ− 1

2
|N S, p〉 remain.

Let us now consider the Ramond sector states. We already saw that the ground
state here is massless but degenerate. Indeed it is a spinor of SO(1,9), that is to say
it can be represented by a vector in the 32-dimensional vector space that furnishes
a representation of the Clifford algebra relation {dμ0 , dv

0} = ημv, μ, v = 0, . . . , 9.
We need to discuss how (−1)F acts here. There is a natural candidate where we
take (−1)F = ±Γ11 = ±Γ0Γ1 . . . Γ9, the chirality operator in the 10-dimensional
Clifford algebra. Thus after the GSO projection |R, p〉 is a chiral spinor with 16
independent components. More generally in the Ramond sector we project out states
with (−1)F = −1.The GSO projection is also required to ensure modular invariance.

In the Ramond sector of the open superstring either choice of sign is equivalent to
the other, it is just a convention. Thus for the open superstring the lightest states are
massless and consist of a spacetime vector (and hence a boson) bμ− 1

2
|N S, p〉 along

with a spacetime fermion |R, p〉 which can be identified with a chiral spinor. Note
that there is a Bose-Fermi degeneracy: on-shell, and gauged fixed we find 8 bosonic
and 8 fermionic states (Why?—you can see this in lightcone gauge).

Let us consider closed strings. Here the states are essentially obtained by taking a
tensor product of left and right moving modes and hence there are four possibilities:

|N S〉L⊗|N S〉R

|R〉L⊗|R〉R

|N S〉L⊗|R〉R

|R〉L⊗|N S〉L (1.6.18)

In this case the relative sign taken in the GSO projection is important. There are two
choices: either we chose the same chirality projector for the left and right moving
modes or the opposite. This leads to two distinction theories known as the type IIB
and type IIA superstring respectively. The states one find are of the form
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|N S〉L⊗|N S〉R

|R + 〉L⊗|R − 〉R

|N S〉L⊗|R − 〉R

|R + 〉L⊗|N S〉L (1.6.19)

for type IIA and

|N S〉L⊗|N S〉R

|R + 〉L⊗|R + 〉R

|N S〉L⊗|R + 〉R

|R + 〉L⊗|N S〉L (1.6.20)

for type IIB. Here the ± sign corresponds to the different choice of GSO projector
for the left and right moving modes.

The spacetime bosons come from either the NS-NS or R-R sectors whereas the
spacetime fermions from the NS-R or R-NS sectors. One sees that in the type IIA
theory there are fermionic states with both spacetime chiralities but in the type IIB
theory only one chirality appears.

Let us look more closely at the massless bosonic states. The NS-NS sector is
essentially the same as the spectrum of the bosonic string only now they are created
from the vacuum by bμ− 1

2
and b̃μ− 1

2
rather than aμ−1 and ãμ−1. In particular we still find

a graviton, Kalb-Ramond field and a dilaton. This sector is universal to all closed
string theories.

However we also have R-R fields. These arise as a tensor product of a left and
right spinor ground state. As such they form a ‘bi-spinor’:

Fαβ = |R ± 〉Lα ⊗ |R ± 〉Rβ (1.6.21)

Any bi-spinor can be expanded in terms of the associated Γ -matrices:

Fαβ =
10∑

p=0

Fμ1...μp (Γ
μ1...μpΓ 0)αβ (1.6.22)

Here we have used the fact that {1, Γ μ, Γ μ1μ2 , . . . , Γ μ1...μ10} form a basis of 32×32
matrices and used C−1 = Γ 0 to lower the spinor index. Next we note that

Γ 11Γ μ1...μp = 1

(10 − p)!ε
μ1...μpv1...v10−pΓv1...v10−p (1.6.23)

Using the GSO projection on the left movers implies that (Γ 11)γ
αFαβ = Fγβ and

hence we see that
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Fμ1...μp = 1

(10 − p)!ε
μ1...μpv1...v10−p Fv1...v10−p (1.6.24)

This implies that only the fields with p ≤ 5 are independent of each other. In
addition Fμ1...μ5 is self-dual. Finally the GSO projection on the right movers tells
us that Fαγ (Γ 11)γ β = ±Fαβ where the sign is—for type IIA and + for type IIB.
This implies that p =even for type IIA and p =odd for type IIB. The physical state
conditions, in particular the vanishing of F0 and F̃0, imply that ∂[μp+1 Fμ1...μp] = 0
and ∂μ1 Fμ1...μp = 0.

We motivated superstrings by considering a worldsheet action that was super-
symmetric. However it turns out that, after the GSO projection, these theories also
have spacetime supersymmetry with 32 supersymmetry generators, the maximum
possible. In particular the massless fermionic states arising from the NS-R and R-NS
sectors give two gravitini and a dilatino.

1.6.2 Type I and Heterotic String

There are three other possibilities. For example one can introduce open strings. Since
open strings can combine into a closed string this theory must also contain closed
strings but the presence of open strings leads to SO(32) gauge fields in spacetime.
This is known as the type I string. It is further complicated by the fact that the
worldsheets of the strings are not oriented. The resulting theory has half as much
spacetime supersymmetry as the type II theories. Indeed these days the type I string is
generally viewed as an ‘orientifold’ of the type IIB string in the presence of so-called
D9-branes. It is also thought to be dual to the heterotic SO(32) string.

A more bizarre construction is to exploit the fact the left and right moving modes
sectors of the string worldsheet do not talk to each other (in a closed string). Thus one
could take the left moving modes of a superstring living in 10 dimensions and tensor
them with the right moving modes of a bosonic string, which live in 26 dimensions.
Remarkably this can be made to work and leads to two types of string theories known
as the heterotic strings. These theories contain E8 × E8 or SO(32) spacetime gauge
fields.

Thus the right moving sector contains 16 extra bosons. A fact about two-
dimensions is that a right moving boson is the same as a pair of right moving fermions
(since the Lorentz group in two dimension splits into two commuting, Abelian, parts
that act on left and right movers respectively). This is known as bosonization (or
sometimes fermionization, depending on your point of view). Since a right moving
fermion is more natural than a right moving boson we will work with 10 scalars Xμ

and left-moving fermionsψμ−, μ = 0, 1, . . . , 9 along with 32 right moving fermions
λA+, A = 1, . . . , 32. In this case left and right moving means:

γ01ψ
μ
− = −ψμ− γ01λ

A+ = λA+ (1.6.25)
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The worldsheet action of a heterotic string is now given by

S = − 1

4πα′

∫
d2σ∂αXμ∂βXvημv + iψ̄μ−γ α∂αψv−ημv (1.6.26)

+ i λ̄A+γ α∂αλB+δAB (1.6.27)

This has (1,0) supersymmetry:

Exercise 14 Show that this action is invariant under

δXμ = i ε̄+ψμ−
δψ

μ
+ = γ α∂αXμε+

δλA− = 0 (1.6.28)

provided that γ01ε+ = ε+.

Exercise 15 Show that the action can be written as

S = − 1

4πα′

∫
d2σ∂αXμ∂βXvημv + i(ψμ−)T (∂τ − ∂σ )ψ

v−ημv (1.6.29)

+ i(λA+)T (∂τ + ∂σ )λ
B+δAB (1.6.30)

So that ψμ− and λA+ are indeed left and right-moving respectively.

Quantization proceeds much as before, but with all the bells and whistles turned
on. The scalars are expanded in terms left and right moving oscillators aμn and ãμn .
The ψμ− have NS and R sectors with left moving oscillators bμr and dμn . And λA+ has
an expansion in terms of right moving oscillators b̃A

r and d̃ A
n for NS and R sectors

respectively. In the left moving sector we have aN S = 1/2 and aR = 0, just as for the
type II superstrings. In the right moving sector we have (going to light cone gauge
removes two Xμ fields but none of the λA+ fields)

ãN S = 8 · 1

24
+ 32 · 1

48
= 1

ãR = 8 · 1

24
− 32 · 1

24
= −1 (1.6.31)

In particular we see that the right moving Ramond vacuum is massive.
Again the GSO projection is need to give modular invariance and to get rid of the

tachyons. Let us look at the massless modes. For the left moving sector again we
must take states of the form bμ− 1

2
|N S〉L and |R〉L , where again |R〉L is a degenerate

spinor ground state with 8 physical states. However in the right moving sector we
need only consider the NS states of the form ãμ−1|N S〉R and bA

− 1
2
bB
− 1

2
|N S〉R .
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Looking at the massless spacetime bosons we find the metric, dilaton and
Kalb-Ramond field from bμ− 1

2
|N S〉L ⊗ ãμ−1|N S〉R . However we also obtain a vector

state bμ− 1
2
|N S〉L ⊗ bA

− 1
2
bB
− 1

2
|N S〉R . This vector state has index structure AμAB and

can indeed be identified with a 10-dimensional gauge field. The fermionic states
then give gravitini, dilatinio and gauginos. The resulting theory has 16 spacetime
supersymmetries: half of the maximum of 32 that the type II theories enjoy.

Finally modular invariance and anomaly cancelation (the spacetime spectrum is
chiral and for a general gauge group has anomalies) fixes the possible gauge groups
to be either E8 × E8 or SO(32).

1.6.3 The Spacetime Effective Action

The superstrings have a spacetime supersymmetry and include gravity. Therefore
their low energy effective actions are those of a supergravity. Such theories are so
tightly constrained by their symmetries that, at least to lowest order in derivatives,
their action is unique and known. In particular the bosonic section of these theories
is given by

SIIA = 1

α′4

∫
d10x

√−g

(
e−2φ(R + 4(∂φ)2 − 1

12
H2

3 )− 1

4
F2

2 − 1

48
F2

4

)
+ . . .

SIIB = 1

α′4

∫
d10x

√−g

(
e−2φ(R + 4(∂φ)2 − 1

12
H2

3 )− 1

2
F2

1 − 1

12
F2

3 − 1

240
F2

5

)
+ . . .

where the ellipsis denotes additional terms (known as Chern–Simons terms) and the
subscript n = 1, 2, 3, 4, 5 indicates the number of anti-symmetric indices of the field
strength Fn = Fμ1...μn . Note that in the SIIB case there is field strength Fμ = ∂μa
which can be thought of as arising from an additional scalar. In addition the equation
of motion that arises from SIIB must be supplemented by the constraint that the
five-index field strength Fμ1μ2μ3μ4μ5 is self-dual:

Fμ1μ2μ3μ4μ5 = 1

5!
√−gεμ1μ2μ3μ4μ5v1v2v3v4v5 Fv1v2v3v4v5 (1.6.32)

We can also construct (in limited detail) the effective action for the heterotic and
type I superstrings. These are fixed by supersymmetry and gauge symmetry to be of
the form

SI = 1

α′4

∫
d10x

√−ge−2φ
(

R + 4(∂φ)2 − 1

12
H2

3 − 1

4
tr(F)2 + . . .

)
(1.6.33)

where again the ellipsis denotes fermionic and Green–Schwarz terms that are crucial
for anomaly cancelation.

When compactified on a circle the bosonic string admits a new duality known as
T-duality. In the superstring case one finds that type IIA string theory on a circle of
radius R is equivalent to type IIB string theory on a circle of radius α′/R. However
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one finds more remarkable dualities. It turns out that the type IIB supergravity has
a symmetry φ ↔ −φ.1 From the point of view of the string theory this is suggests
a duality between strongly coupled strings with gs large and weakly coupled stings
with gs small. This self-duality of the type IIB string is known as S-duality.

What happens in the strong coupling limit, gs → ∞ of the type IIA superstring?
Well is it conjectured that

√
α′e2φ/3 can be interpreted as the radius of an extra,

eleventh, dimension. There is a unique supergravity theory in eleven dimensions and
indeed the type IIA string effective action comes from dimensional reduction of this
theory on a circle. However there is now a great deal of evidence that the whole of
type IIA string theory arises as an expansion of an eleven-dimensional theory about
zero-radius (in on of its dimensions). This theory is known as M-theory and is rather
poorly understood. However it’s existence does seem be justified. The lowest order
term is in a derivative expansion is fixed by supersymmetry to be

SM = 1

κ9

∫
d11x

√−g(R − 1

48
G2

4)+ . . . (1.6.34)

where again the ellipsis denotes Chern-Simons and fermionic terms. One also finds
the heterotic E8 × E8 string by compactification of M-theory on a line interval.

Furthermore it promises to be very powerful as it controls not only the strong
coupling limit of the type IIA string but, as a consequence of duality, the strong
coupling limit of all the five known string theories. Thus one no longer thinks of there
being five separate string theories but instead one unique theory, M-theory, which
contains five different perturbative descriptions depending on what one considers to
be a small parameter.
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Chapter 2
D-Branes and Orientifolds

Ralph Blumenhagen

2.1 The Free Boson with Boundaries

2.1.1 Boundary Conditions

We start by discussing the Boundary Conformal Field Theory of the free boson theory
in order to illustrate the appearance of boundaries from a Lagrangian and geometrical
point of view.1

Conditions for the Fields

The two-dimensional action for a free boson X(τ, σ ) is given by

S = 1

4π

∫
dσ dτ

((
∂σ X

)2 + (∂τ X
)2)

. (2.1)

Note that we fixed the overall normalisation constant and we slightly changed our
notation such that τ ∈ (−∞,+∞) denotes the two-dimensional time coordinate and
σ ∈ [0, π ] is the coordinate parametrising the distance between the boundaries.

The variation of the action (2.1) is obtained in the usual way, but now with the
boundary terms taken into account. More specifically, we compute the variation as
follows

R. Blumenhagen (B)
Max-Planck-Institut für Physik (Werner-Heisenberg-Institut),
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1 This lecture is based on one chapter in the lecture notes [1]. Some relevant general references
can be found in there. For a good guide through the vast literature we refer to the review article [2].
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δX S = 1

π

∫
dσ dτ

((
∂σ X

) (
∂σ δX

)+ (∂τ X
) (

∂τ δX
) )

= 1

π

∫
dσ dτ

(
−(∂2

σ + ∂2
τ

)
X · δX + ∂τ

(
∂τ X · δX

)+ ∂σ

(
∂σ X · δX

))
.

(2.2)
The equation of motion is obtained by requiring this expression to vanish for all
variations δX. The vanishing of the first term in the last line leads to ��X = 0 which
we already obtained previously. The remaining two terms can be written as follows

1

π

∫
dσ dτ

(
∂τ

(
∂τ X · δX

)+ ∂σ

(
∂σ X · δX

))

= 1

π

∫
dσ dτ ∇ ·

(
∇X δX

)

= 1

π

∫
B

dlB
(∇X · n) δX

where we introduced ∇ = (∂τ , ∂σ )T and used Stokes theorem to rewrite the integral∫
dσdτ as an integral over the boundary B. Furthermore, dlB denotes the line

element along the boundary and n is a unit vector normal to B. In our case, the
boundary is specified by σ = 0 and σ = π so that n = (0,±1)T as well as
dlB = dτ. The vanishing of the last two terms in (2.2) can therefore be expressed as

0 = 1

π

∫
dτ
(
∂σ X

)
δX
∣∣∣σ=π

σ=0
.

This equation allows for two different solutions and hence for two different boundary
conditions. The first possibility is a Neumann boundary condition given by
∂σ X|σ=0,π = 0. The second possibility is a Dirichlet condition δX|σ=0,π = 0 for all
τ which implies ∂τ X|σ=0,π = 0. In summary, the two different boundary condition
for the free boson theory read as follows

∂σ X|σ=0,π = 0 Neumann condition,

δX|σ=0,π = 0 = ∂τ X|σ=0,π Dirichlet condition.
(2.3)

Remark

Let us remark that in string theory, a hypersurface in space-time where open strings
can end is called a D-brane. In order to explain this point, let us consider a theory
of N free bosons Xμ(τ, σ ) with μ = 0, . . ., N − 1 which describe the motion of a
string in an N-dimensional space-time. We organise the fields in the following way

⎛
⎝X0, X1, . . ., Xr−1︸ ︷︷ ︸

Neumann conditions

, Xr, . . ., XN−1︸ ︷︷ ︸
Dirichlet conditions

⎞
⎠ ,
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Fig. 2.1 Two-dimensional
surface with boundaries
which can be interpreted as
an open string world-sheet
stretched between two
D-branes

where r denotes the number of bosons with Neumann boundary conditions leaving
(N − r) bosons with Dirichlet conditions.

Let us now focus on one endpoint of the open string, say at σ = 0. A Dirichlet
boundary condition for Xμ reads δXμ|σ=0 = 0 which means that the endpoint
of the open string is fixed to a particular value xμ

0 = const. However, in case of
Neumann boundary conditions, there is no restriction on the position of the string
endpoint which can therefore take any value. Clearly, since the string moves in time,
there are Neumann conditions for the time coordinate X0. Then, the r-dimensional
hypersurface in space-time described by Xμ = xμ

0 = const. for μ = r, . . ., N − 1 is
called a D(r − 1)-brane where D stands for Dirichlet.

As an example, take N = 3 and consider Fig. 2.1 where we see a world-sheet of
an open string stretched between two D1-branes.

Conditions for the Laurent Modes

Above, we have considered the BCFT in terms of the real variables (τ, σ ) which was
convenient in order to arrive at (2.3). However, for more advanced studies a descrip-
tion in terms of complex variables is very useful. Similarly as before, a mapping
from the infinite strip described by the real variables (τ, σ ) to the complex upper
half plane H+ is achieved by z = exp(τ + iσ). Note in particular, as illustrated in
Fig. 2.2, the boundary σ = 0, π is mapped to the real axis z = z.

Having this map in mind, we can express the boundary conditions (2.3) for
the field X(σ, τ ) in terms of the corresponding Laurent modes. Recalling that
j(z) = i ∂X(z, z), we find

∂σ X = i
(
∂ − ∂

)
X = j(z)− j(z) =

∑
n∈Z

(
jn z−n−1 − jn z−n−1 ),

i · ∂τ X = i
(
∂ + ∂

)
X = j(z)+ j(z) =

∑
n∈Z

(
jn z−n−1 + jn z−n−1 ),
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=0

=0= z=0 z=1

e + i

Fig. 2.2 Illustration of the map z = exp(τ + iσ) from the infinite strip to the complex upper half
plane H+

where we used ∂ = 1
2 (∂0 − i∂1) and ∂ = 1

2 (∂0 + i∂1). For transforming the right-
hand side of these equations as z �→ ew with w = τ + iσ, we employ that j(z) is a
primary field of conformal dimension h = 1. In particular, recalling that conformal
transformations act on primary fields of dimension (h, h) as

φ(z, z) �→ φ′(z, z) =
(∂f

∂z

)h(∂ f̄

∂z

)h̄
φ
(
f (z), f̄ (z)

)
, (2.4)

we have j(z) = ( ∂z
∂w

)1
j(w) = z j(w) leading to

∂σ X =
∑
n∈Z

(
jn e−n(τ+iσ) − jn e−n(τ−iσ)

)
,

i · ∂τ X =
∑
n∈Z

(
jn e−n(τ+iσ) + jn e−n(τ−iσ)

)
.

(2.5)

The Neumann as well as the Dirichlet boundary conditions at σ = 0 are then easily
obtained as

∂σ X
∣∣
σ=0 =

∑
n∈Z

(
jn − jn

)
e−n τ = 0,

∂τ X
∣∣
σ=0 =

∑
n∈Z

(
jn + jn

)
e−n τ = 0.

Since for generic τ the summands above are linearly independent, these two equations
are respectively solved by jn± jn = 0 for all n. In summary, we note that boundaries
introduce relations between the chiral and anti-chiral modes of the conformal fields
which read

jn − jn = 0 Neumann condition,

jn + jn = 0, (π0 = 0) Dirichlet condition.
(2.6)

From a string theory point of view, (2.6) implies that an open string has only half the
degrees of freedom of a closed string.
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A computation of the center of mass for the open string gives

π0 = 1

2
j0 = 1

2
j0. (2.7)

In view of (2.6), we thus see that there are no restrictions on π0 for Neumann boundary
conditions and so the endpoints of the string are free to move along the D-brane. For
Dirichlet conditions on the other hand, we have π0 = 0 implying that the endpoints
are fixed.

Combined Boundary Condition

In the previous paragraph, we have considered the boundary at σ = 0. Let us now
turn to the other boundary at σ = π. Performing the same steps as before, we see
that Neumann–Neumann as well as Dirichlet–Dirichlet conditions are characterised
by the constraints found in (2.6).

However, mixed boundary conditions, e.g. Neumann-Dirichlet, require a modifi-
cation. In particular, jn − jn = 0 at σ = 0 and jn + jne−2inσ = 0 at σ = π can only
be solved for n ∈ Z+ 1

2 . All possible combinations of boundary conditions are then
summarised as

jn − jn = 0, n ∈ Z Neumann–Neumann,

jn − jn = 0, n ∈ Z+ 1

2
Neumann–Dirichlet,

jn + jn = 0, n ∈ Z+ 1

2
Dirichlet–Neumann,

jn + jn = 0, n ∈ Z Dirichlet–Dirichlet.

Solutions to the Boundary Condition

Next, let us determine the solutions to the boundary conditions stated above. First,
we integrate equations (2.5) to obtain X(τ, σ ) in the closed sector

X
(
τ, σ

) = x0 − i
(
τ + iσ

)
j0 − i

(
τ − iσ

)
j0 +

∑
n
= 0

i

n

(
jne−n(τ+iσ) + jne−n(τ−iσ)

)

(2.8)

where x0 is an integration constant. We then implement the boundary conditions to
project onto the open sector. For the Neumann–Neumann case we find

X(N,N)
(
τ, σ

) = x0 − 2iτ j0 + 2i
∑
n
= 0

jn
n

e−n τ cos
(
nσ
)
,
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and for the Dirichlet–Dirichlet case we obtain along the same lines

X(D,D)
(
τ, σ

) = x0 + 2σ j0 + 2
∑
n
=0

jn
n

e−n τ sin
(
nσ
)
.

Having arrived at this solution, we can become more concrete about the Dirichlet–
Dirichlet boundary conditions. We impose that X(τ, σ = 0) = xa

0 and X(τ, σ =
π) = xb

0, which means that the endpoints of the string are fixed at positions xa
0 and

xb
0 . Using the explicit solution for X(D,D)(τ, σ ), we obtain the relation

j0 = xb
0 − xa

0

2π
. (2.9)

Finally, for completeness, the solutions for the case of mixed Neumann–Dirichlet
boundary conditions read as follows

X(N,D)
(
τ, σ

) = x0 + 2 i
∑

n∈Z+ 1
2

jn
n

e−n τ cos
(
nσ
)
,

X(D,N)
(
τ, σ

) = x0 + 2
∑

n∈Z+ 1
2

jn
n

e−n τ sin
(
nσ
)

.

Conformal Symmetry

Let us remark that equations (2.6) apply to the Laurent modes of the two U(1)

currents j(z) and j(z) of the free boson theory leaving only a diagonal U(1) symmetry.
However, in addition there is always the conformal symmetry generated by the
energy-momentum tensor. Since boundaries in general break certain symmetries,
we expect also restrictions on the Laurent modes of energy-momentum tensor.

Indeed, recalling that T(z) and T(z) can be expressed in terms of the currents j(z)
and j(z) in the following way

T(z) = 1

2
N
(
jj
)
(z), T(z) = 1

2
N
(
j j
)
(z),

we find that the Neumann as well as the Dirichlet boundary conditions (2.6) imply
for Ln = 1

2 N(jj)n that

Ln − Ln = 0 . (2.10)

Let us emphasise that this condition can be expressed as T(z) = T(z) which in
particular means the central charges of the holomorphic and anti-holomorphic theo-
ries have to be equal, i.e. c = c. For string theory, this observation has the immediate
implication that boundaries, that is D-branes, can only be defined for the Type II
Superstring Theories, as opposed to the heterotic string theories.
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Fig. 2.3 Illustration how the cylinder partition function is obtained from the infinite strip by cutting
out a finite piece and identifying the ends

2.1.2 Partition Function

Definition

Let us now consider the one-loop partition function for BCFTs. To do so, we first
review the construction for the case without boundaries and then compare to the
present situation.

• The one-loop partition function for CFTs without boundaries is defined as follows.
We start from a theory defined on the infinite cylinder described by (τ, σ ) where
σ is periodic and τ ∈ (−∞,+∞). Next, we impose periodicity conditions also
on the time coordinate τ yielding the topology of a torus. The partition function is
then determined as

Z (τ, τ ) = TrH
(
qL0− c

24 qL̄0− c
24
)
. (2.11)

• In the present case, the space coordinate σ is not periodic and thus we start from a
theory defined on the infinite strip given by σ ∈ [0, π ] and τ ∈ (−∞,+∞). For
the definition of the one-loop partition function, we again make the time coordinate
τ periodic leaving us with the topology of a cylinder instead of a torus. This is
illustrated in Fig. 2.3.

• Similarly to the modular parameter of the torus, there is a modular parameter t
with 0 ≤ t <∞ parametrising different cylinders. The inequivalent cylinders are
described by {(τ, σ ) : 0 ≤ σ ≤ π, 0 ≤ τ ≤ t}.
For the partition function, we need to determine the operator generating transla-

tions in time circling the cylinder once along the τ direction. Because boundaries
lead to an identification of the left- and right-moving sector as required by (2.10),
we see that this operator is the Hamiltonian say in the open sector

Hopen = (Lcyl.)0 = L0 − c

24
,
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which we inferred from the closed sector Hamiltonian Hclosed = (Lcyl.)0 + (Lcyl.)0.

In analogy to the case of the torus partition function, we then define the cylinder parti-
tion function as Z = Trexp(−2π tHopen) which can be brought into the following
form

Z C (t) = TrHB

(
qL0− c

24

)
where q = e−2π t .

Here, the superscript C on Z indicates the cylinder partition function and HB
denotes the Hilbert space of all states satisfying one of the boundary conditions
(2.6). Clearly, from a string theory point of view, this is just the Hilbert space of an
open string.

Free Boson I: Cylinder Partition Function (Loop-Channel)

We close this section by determining the cylinder partition function for the free boson.
For the free boson, the Laurent modes of the energy-momentum tensor are written
using the modes of the current j(z) = i ∂X(z). In particular, we have

L0 = 1

2
j0 j0 +

∑
k≥1

j−k jk .

Since the current j(z) is a field of conformal dimension one, we find that jn|0
〉 = 0

for n > −1 and that states in the Hilbert space have the following form

∣∣n1, n2, n3, . . .
〉 = jn1−1 jn2−2 jn3−3. . .

∣∣0〉 with ni ≥ 0 (2.12)

and ni ∈ Z. The current algebra for the Laurent modes reads

[
jm, jn

] = m δm,−n.

Next, let us compute the action of L0 on a state (2.12). Clearly, j0 commutes with
all j−k and let is first assume that it annihilates the vacuum. For the other terms we
calculate

[
j−kjk, jnk

−k

] = nk k jnk
−k, (2.13)

and so we find for the zero Laurent mode of the energy-momentum tensor that

L0
∣∣n1, n2, n3, . . .

〉 =∑
k≥1

jn1−1 jn2−2 . . .
(
j−kjk

)
jnk−k . . .

∣∣0〉 =∑
k≥1

k nk
∣∣n1, n2, n3, . . .

〉
.

We will utilize this last result in the calculation of the partition function where for
simplicity we only focus on the holomorphic part. We compute
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Tr
(

qL0− c
24

)

= q− 1
24

∞∑
n1=0

∞∑
n2=0

∞∑
n3=0

. . .
〈
n1, n2, n3, . . .

∣∣ ∞∑
p=0

1

p!
(
2πτ

)p (L0
)p ∣∣n1, n2, n3, . . .

〉

= q− 1
24

∞∑
n1=0

∞∑
n2=0

∞∑
n3=0

. . .
〈
n1, n2, n3, . . .

∣∣ ∞∑
p=0

1

p!
(
2πτ

)p ( ∞∑
k=1

k nk

)p ∣∣n1, n2, n3, . . .
〉

= q− 1
24

∞∑
n1=0

∞∑
n2=0

∞∑
n3=0

. . .

(
q1·n1 · q2·n2 · q3·n3 · . . .

)

= q− 1
24

⎛
⎝ ∞∑

n1=0

q1 n1

⎞
⎠ ·
⎛
⎝ ∞∑

n2=0

q2 n2

⎞
⎠ ·
⎛
⎝ ∞∑

n3=0

q3 n3

⎞
⎠ · . . .

= q− 1
24

∞∏
k=1

∞∑
nk=0

qk nk = q− 1
24

∞∏
k=1

1

1− qk

where in the last step we employed the result for the infinite geometric series and the
ellipsis indicate that the structure extends to infinity. We then define the Dedekind
η-function as

η(τ) = q
1

24

∞∏
n=1

(
1− qn) (2.14)

so that

TrHB

(
qL0− c

24

)∣∣∣∣
without j0

= 1

η (it)
.

However, recall that we have assumed the action of j0 on the vacuum to vanish
which is in general not applicable. Taking into account the effect of j0, we now study
the three different cases of boundary conditions in turn.

• For the case of Neumann–Neumann boundary conditions, the momentum mode
π0 = 1

2 j0 is unconstrained and in principle contributes to the trace. Since it is a
continuous variable, the sum is replaced by an integral

TrHB

(
q

1
2 j20
)
=
∑
n0

〈
n0
∣∣ e−π t j20

∣∣n0
〉 =∑

n0

e−π t n2
0 −→

∫ ∞
−∞

dπ0 e−4π t π2
0 ,

where we utilised n0 = 2π0. Evaluating this Gaussian integral leads to the
following additional factor for the partition function

1

2
√

t
. (2.15)



58 R. Blumenhagen

• For the Dirichlet–Dirichlet case, we have seen in equation (2.9) that j0 is related
to the positions of the string endpoints. Therefore, we have a contribution to the
partition function of the form

q
1
2 j20 = exp

⎛
⎝−2π t

1

2

(
xb

0 − xa
0

2π

)2
⎞
⎠ = exp

(
− t

4π

(
xb

0 − xa
0

)2
)

.

• Finally, for the case of mixed Neumann–Dirichlet boundary conditions, the Laurent
modes jn take half-integer values for n. We do not present a detailed calculation for
this case. We just mention that there is a twisted sector where the Laurent modes jn
also take half-integer values for n. It is then possible to extract Trn∈Z+ 1

2

(
qL0− c

24

)
giving us the partition function in the present case.

In summary, the cylinder partition functions for the example of the free boson read

Z C (D,D)
bos. (t) = exp

(
− t

4π

(
xb

0 − xa
0

)2) 1

η (it)
,

Z C (N,N)
bos. (t) = 1

2
√

t

1

η (it)
,

Z C (mixed)
bos. (t) =

√
η (it)

ϑ4(it)
.

(2.16)

2.2 Boundary States for the Free Boson

In the last section, we have described the boundaries for the free boson CFT implicitly
via the boundary conditions for the fields. However, in an abstract CFT usually there
is no Lagrangian formulation available and no boundary terms will arise from a
variational principle. Therefore, to proceed, we need a more inherent formulation of
a boundary.

In the following, we first illustrate the construction of so-called boundary states
for the example of the free boson and in the next section, we generalise the structure
to Rational Conformal Field Theories with boundaries.

2.2.1 Boundary Conditions

Boundary States

Let us start with the following observation. As it is illustrated in Fig. 2.4, by inter-
changing τ and σ, we can interpret the cylinder partition function of the Boundary
Conformal Field Theory on the left-hand side as a tree-level amplitude of the under-
lying theory shown on the right-hand side. From a string theory point of view, the
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Fig. 2.4 Illustration of world-sheet duality relating the cylinder amplitude in the open and closed
sector

tree-level amplitude describes the emission of a closed string at boundary A which
propagates to boundary B and is absorbed there. Thus, a boundary can be interpreted
as an object, which couples to closed strings. Note that in order to simplify our
notation, we call the sector of the BCFT open and the sector of the underlying CFT
closed. The relation above then reads

(σ, τ )open ←→ (τ, σ )closed, (2.17)

which in string theory is known as the world-sheet duality between open and closed
strings.

The boundary for the closed sector can be described by a coherent state in the
Hilbert space H ⊗H which takes the general form

∣∣B〉 = ∑
i,j∈H ⊗H

αij

∣∣i, j
〉
.

Here i, j label the states in the holomorphic and anti-holomorphic sector of H ⊗H ,

and the coefficients αij encode the strength of how the closed string mode |i, j〉 couples
to the boundary |B〉. Such a coherent state is called a boundary state and provides
the CFT description of a D-brane in string theory.

Boundary Conditions

Let us now translate the boundary conditions (2.3) into the picture of boundary states.
By using relation (2.17), we readily obtain

∂τ Xclosed|τ=0
∣∣BN
〉 = 0 Neumann condition,

∂σ Xclosed|τ=0
∣∣BD
〉 = 0 Dirichlet condition.

(2.18)

Next, for the free boson theory we would like to express the boundary conditions
(2.18) of a boundary state in terms of the Laurent modes. To do so, we recall (2.5)
and set τ = 0 to obtain
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i · ∂τ Xclosed
∣∣
τ=0 =

∑
n∈Z

(
jn e−inσ + jn e+inσ

)
,

∂σ Xclosed
∣∣
τ=0 =

∑
n∈Z

(
jn e−inσ − jn e+inσ

)
.

(2.19)

We then relabel n→ −n in the second term of each line and observe again that for
generic σ, the summands are linearly independent. Therefore, the boundary condi-
tions (2.18) expressed in terms of the Laurent modes read

(
jn + j−n

) ∣∣BN
〉 = 0,

(
π0 |BN〉 = 0

)
Neumann condition,(

jn − j−n

) ∣∣BD
〉 = 0 Dirichlet condition,

(2.20)

for each n. Such conditions relating the chiral and anti-chiral modes acting on the
boundary state are called gluing conditions. Note that for the case of Neumann
boundary conditions, in the string theory picture the relation π0 = 0 means that
there is no momentum transfer through the boundary. On the other hand, for Dirichlet
conditions there is no restriction on π0.

Solutions to the Gluing Conditions

Next, we are going to state the solutions for the gluing conditions for the example of
the free boson and verify them thereafter. For now, let us ignore the constraints on
j0. We will come back to this issue later.

The boundary states for Neumann and Dirichlet conditions in terms of the Laurent
modes jn and jn read

∣∣BN
〉 = 1

NN
exp

(
−
∞∑

k=1

1

k
j−k j−k

)∣∣ 0
〉

Neumann condition,

∣∣BD
〉 = 1

ND
exp

(
+
∞∑

k=1

1

k
j−k j−k

)∣∣ 0
〉

Dirichlet condition,

(2.21)

where NN and ND are normalisation constants to be fixed later. One possibility
to verify the boundary states is to straightforwardly evaluate the gluing conditions
(2.20) for the solutions (2.21) explicitly. However, in order to highlight the underlying
structure, we will take a slightly different approach.

Construction of Boundary States

In the following, we focus on a boundary state with Neumann conditions but comment
on the Dirichlet case at the end. To start, we rewrite the Neumann boundary state in
(2.21) as



2 D-Branes and Orientifolds 61

∣∣BN
〉 = 1

NN
exp

(
−
∞∑

k=1

1

k
j−k j−k

)∣∣0〉

= 1

NN

∞∏
k=1

∞∑
m=0

1√
m!
(

j−k√
k

)m∣∣0〉 ⊗ 1√
m!
(−j−k√

k

)m∣∣0〉

= 1

NN

∞∑
m1=0

∞∑
m2=0

. . .

∞∏
k=1

1√
mk !

(
j−k√

k

)mk ∣∣0〉 ⊗ 1√
mk !

(−j−k√
k

)mk ∣∣0〉,
(2.22)

where we first have written the sum in the exponential as a product and then we
expressed the exponential as an infinite series. Next, we note that the following
states form a complete orthonormal basis for all states constructed out of the Laurent
modes j−k

∣∣m〉 = ∣∣m1, m2, . . .
〉 =

∞∏
k=1

1√
mk !

(
j−k√

k

)mk ∣∣0〉. (2.23)

The orthonormal property can be seen by computing

〈
n
∣∣ m
〉 =

∞∏
k=1

1√
nk ! mk !

1√
k

nk+mk

〈
0
∣∣ jnk
+k jmk
−k

∣∣0〉k =
∞∏

k=1

δnk ,mk ,

where we used that
〈
0
∣∣ jn
+k jm
−k

∣∣0〉 = k n
〈
0
∣∣ jn−1
+k jm−1

−k

∣∣0〉 = δm,n kn n!.
We now introduce an operator U mapping the chiral Hilbert space to its charge
conjugate U : H → H + and similarly for the anti-chiral sector. In particular, the
action of U reads

U jk U−1 = −jk = −
(
j−k
)†

, U jk U−1 = −jk = −
(
j−k
)†

, U c U−1 = c∗,

where c is a constant and ∗ denotes complex conjugation. In the present example,
the ground state |0〉 is non-degenerate and is left invariant by U.2 Knowing these
properties, we can show that U is anti-unitary. For this purpose, we expand a general
state as |a〉 =∑m Am|m〉 and compute

U
∣∣a〉 =∑

m

U Am U−1
∞∏

k=1

1√
mk !

(
U j−k U−1

√
k

)mk

U
∣∣0〉

=
∑

m

A∗m
∞∏

k=1

(−1
)mk
∣∣m〉, (2.24)

where m denotes the multi-index {m1, m2, . . .}. By using that |m〉 and |n〉 form an
orthonormal basis, we can now show that U is anti-unitary

2 For degenerate ground states a non-trivial action on the ground state might need to be defined.
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〈
Ub
∣∣ Ua

〉 =∑
n,m

〈
n
∣∣ Bn

∞∏
k=1

(−1
)nk+mk A∗m

∣∣m〉 =∑
m

A∗m Bm =
〈

a
∣∣ b
〉
.

After introducing an orthonormal basis and the anti-unitary operator U, we now
express (2.22) in a more general way which will simplify and generalise the following
calculations

∣∣B〉 = 1

N

∑
m

∣∣m〉⊗ ∣∣U m
〉
.

Verification of the Gluing Conditions

In order to verify the gluing conditions (2.20) for Neumann boundary states, we note
that these have to be satisfied also when an arbitrary state 〈 a | ⊗ 〈 b | is multiplied
from the left. We then calculate

〈
a
∣∣⊗ 〈 b

∣∣ jn + j−n
∣∣B〉 = 1

N

∑
m

〈
a
∣∣⊗ 〈 b

∣∣ jn + j−n
∣∣m〉⊗ ∣∣U m

〉

= 1

N

∑
m

〈
b
∣∣ jn
∣∣m〉 〈 a

∣∣U m
〉+ 〈 b

∣∣m〉 〈 a
∣∣ j−n

∣∣U m
〉
.

Next, due to the identifications on the boundary, the holomorphic and the anti-
holomorphic algebra are identical. We can therefore replace matrix elements in
the anti-holomorphic sector by those in the holomorphic sector. Using finally the
anti-unitarity of U and that

∑
m |m〉〈m| = 1, we find

〈
a
∣∣⊗ 〈b ∣∣ jn + j−n

∣∣B〉

= 1

N

∑
m

〈
b
∣∣ jn
∣∣m〉 〈 a

∣∣U m
〉+ 〈 b

∣∣m〉 〈 a
∣∣ j−n

∣∣U m
〉

= 1

N

∑
m

〈
b
∣∣ jn
∣∣m〉 〈 m

∣∣U−1a
〉+ 〈 b

∣∣m〉 〈 m
∣∣ (−jn

) ∣∣U−1a
〉

= 1

N

(〈
b
∣∣ jn
∣∣U−1a

〉− 〈 b
∣∣ jn
∣∣U−1a

〉) = 0.

Therefore, we have verified that the Neumann boundary state in (2.21) is indeed a
solution to the corresponding gluing condition in (2.20).

For the case of Dirichlet boundary conditions, the action of U on the Laurent
modes jn and jn is chosen with a + sign while we still require U to be anti-unitary, i.e.
U c U−1 = c∗. The calculation is then very similar to the Neumann case presented
here. Note furthermore, the construction of boundary states and the verification of
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the gluing conditions is also applicable for more general CFTs, for instance RCFTs,
which we will consider in Sect. 2.3.

Momentum Dependence of Boundary States

In (2.7) we gave the result for the center of mass for an open string. This differs
from the closed string case by a factor 1

2 due to the fact that open strings have by
convention length π while closed string have length 2π. In the following, the relation
between j0, j0 and π0 should be clear from the context, but let us summarise that

(
π0
)

closed = j0 = j0,
(
π0
)

open =
1

2
j0 = 1

2
j0. (2.25)

From a string theory point of view, in addition to the boundary conditions (2.20)
there is a further natural constraint on a boundary state with Dirichlet conditions.
Namely, the closed string at time τ = 0 is located at the boundary at position xa

0 . We
therefore impose

Xclosed
(
τ = 0, σ

) ∣∣BD
〉 = xa

0

∣∣BD
〉

and similarly for τ = π. An easy way to realise this constraint is to perform a Fourier
transformation from momentum space |BD, π0〉 to the position space. Concretely, this
reads

∣∣BD, xa
0

〉 =
∫

dπ0 eiπ0xa
0
∣∣BD, π0

〉
.

For the boundary state with Neumann conditions, we have π0 = 0 and in position
space, there is no definite value for x0. We thus omit this label.

Conformal Symmetry

In studying the example of the free boson, we have expressed all important quantities
in terms of the U(1) current modes jn and jn. However, in more general CFTs such
additional symmetries may not be present but the conformal symmetry generated by
the energy-momentum tensors always is. In view of generalisations of our present
example, let us therefore determine the boundary conditions of the boundary states
in terms of the Laurent modes Ln and Ln.

Mainly guided by the final result, let us compute the following expression
by employing that T(z) = 1

2 N(jj)(z) which implies Ln = 1
2

∑
k>−1 jn−kjk +

1
2

∑
k≤−1 jkjn−k
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(
Ln − L−n

) ∣∣BN,D
〉

= 1

2

⎛
⎝∑

k>−1

(
jn−kjk − j−n−kjk

)+ ∑
k≤−1

(
jkjn−k − jkj−n−k

)
⎞
⎠ ∣∣BN,D

〉

= 1

2

⎛
⎝jnj0 − j−nj0 +

∑
k≥1

(
jn−kjk − j−n−kjk + j−kjn+k − j−kj−n+k

)
⎞
⎠ ∣∣BN,D

〉
.

Note that here we changed the summation index k → −k in the second sum. Next,
we recall (2.20) and j0 = j0 to observe that the terms involving j0 and j0 vanish when
applied to |BN,D〉. The remaining terms can be rewritten as

1

2

∑
k≥1

(
jn−k

(
jk ± j−k

)∓ jn−kj−k ∓ j−n−k

(
j−k ± jk

)± j−n−kj−k

+ j−k
(
jn+k ± j−n−k

)∓ j−kj−n−k ∓ j−k

(
jn−k ± j−n+k

)± j−kjn−k

)∣∣BN,D
〉
.

By again employing the boundary conditions (2.20), we see that half of these terms
vanish when acting on the boundary state while the other half cancels among them-
selves. In summary, we have shown that

(
Ln − L−n

) ∣∣BN,D
〉 = 0 .

2.2.2 Tree-Level Amplitudes

Cylinder Diagram in General

We now turn to the cylinder diagram which we compute in the closed sector. Referring
again to Fig. 2.4, in string theory we can interpret this diagram as a closed string
which is emitted at the boundary A, propagating via the closed sector Hamiltonian
Hclosed = L0 + L0 − c+c

24 for a time τ = l until it reaches the boundary B where it
gets absorbed. In analogy to Quantum Mechanics, such an amplitude is given by the
overlap

Z̃ C (l) = 〈ΘB| e
−2π l

(
L0+L0− c+c

24

)
|B〉 , (2.26)

where the tilde indicates that the computation is performed in the closed sector (or
at tree-level) and l is the length of the cylinder connecting the two boundaries.

Let us now explain the notation 〈ΘB|. This bra-vector is understood as the
hermitian conjugate of the ket-vector |ΘB〉. Furthermore, we have introduced the
CPT operator Θ which acts as charge conjugation (C), parity transformation (P)
σ �→ −σ and time reversal (T) τ �→ −τ for the two-dimensional CFT. The reason
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for considering this operator can roughly be explained by the fact that the orientation
of the boundary a closed string is emitted at is opposite to the orientation of the
boundary where the closed string gets absorbed. For the momentum dependence of
a boundary state |B, π0〉, this implies in particular that

〈
πa

0

∣∣ πb
0

〉 = δ
(
πa

0 + πb
0

)
. (2.27)

Without a detailed derivation, we finally note that the theory of the free boson is
CPT invariant and so the action of Θ on the boundary states (2.21) of the free boson
theory (and on ordinary numbers c ∈ C) reads

Θ
∣∣B, π0

〉 = 1

N ∗
∣∣B, π0

〉
, Θ c Θ−1 = c∗, (2.28)

where ∗ denotes complex conjugation.

Free Boson II: Cylinder Diagram (Tree-Channel)

Let us now be more concrete and compute the overlap of two boundary states (2.26)
for the example of the free boson. To do so, we note that for the free boson CFT we
have c = c = 1 and that

L0 = 1

2
j0 j0 +

∑
k≥1

j−k jk,

and similarly for L0. Next, we perform the following calculation in order to evaluate
(2.26). In particular, we use j−kjk jmk

−k|0〉 = mk k jmk
−k|0〉 to find

q
∑

k≥1 j−k jk
∣∣m〉 =

∞∏
k=1

∞∑
p=0

(−2π iτ
)p

p!
(
j−kjk

)p ∞∏
l=1

1√
ml!

(
j−l√

l

)ml ∣∣0〉

=
∞∏

k=1

∞∑
p=0

(−2π iτ
)p

p!
(
mk k

)p ∞∏
l=1

1√
ml!

(
j−l√

l

)ml ∣∣0〉

=
∞∏

k=1

q mk k
∣∣m〉. (2.29)

The cylinder diagram for the three possible combinations of boundary conditions is
then computed as follows.

• For the case of Neumann–Neumann boundary conditions, we have j0|BN〉 =
j0|BN〉 = 0 and so the momentum contribution vanishes. For the remaining part,
we calculate using (2.29) and (2.24)
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Z̃
C (N,N)

bos. (l) = e
−2π l

(
− 2

24

)

N 2
N

∑
m

〈
m
∣∣ e−2π l

∑
k≥1 j−k jk

∣∣m〉×

× 〈Um
∣∣ e−2π l

∑
k≥1 j−k jk

∣∣Um
〉

= e
−2π l

(
− 2

24

)

N 2
N

∑
m

∞∏
k=1

e−2π l mkk (−1
)∑∞

l=1 ml e−2π l mkk (−1
)∑∞

l=1 ml

= e
π l
6

N 2
N

∞∏
k=1

∞∑
mk=0

(
e−4π l k

)mk = 1

N 2
N

e
π l
6

∞∏
k=1

1

1− e−4π l k

where in the last step we performed a summation of the geometric series. Let us
emphasise that due to the action of the CPT operator Θ shown in (2.28), N 2 is
just the square of N and not the absolute value squared. Then, with q = e2π iτ

and τ = 2il we find that the cylinder diagram for Neumann–Neumann boundary
conditions is expressed as

Z̃ C (N,N)
bos. (l) = 1

N 2
N

1

η
(
2il
) . (2.30)

• Next, we consider the case of Dirichlet–Dirichlet boundary conditions. Noting that
U now acts trivially on the basis states, we see that apart from the momentum contri-
bution the calculation is similar to the case with Neumann–Neumann conditions.
However, for the momentum dependence we compute using (2.27) and (2.28)

∫ ∞
−∞

dπa
0 dπb

0 e+ixa
0πa

0 e+ixb
0πb

0
〈
πa

0

∣∣e−2π l(j0)2 ∣∣πb
0

〉

=
∫ ∞
−∞

dπa
0 dπb

0 e+ixa
0πa

0 e+ixb
0πb

0 e
−2π l

(
πb

0

)2

δ
(
πa

0 + πb
0

)

=
∫ ∞
−∞

dπa
0 e
−2π l

(
πa

0+i
xb
0−xa

0
4π l

)2

e−
(

xb
0−xa

0

)2

8π l = 1√
2l

e−
(

xb
0−xa

0

)2

8π l

where we completed a perfect square and performed the Gaussian integration.
In order to arrive at the result above, we also employed that in the closed sector
π0 = j0 = j0. The cylinder diagram with Dirichlet–Dirichlet boundary conditions
therefore reads

Z̃ C (D,D)
bos. (l) = 1

N 2
D

exp

(
−
(
xb

0 − xa
0

)2
8π l

)
1√
2l

1

η
(
2il
) .

• Finally, for mixed Neumann–Dirichlet conditions, the boundary state satisfies
j0|BD〉 = j0|BD〉 = π0|BD〉 which leads us to
∫

dπ0 eiπ0x0
〈
π0 = 0

∣∣ e−2π l j20
∣∣π0
〉 =
∫

dπ0 eiπ0x0 e−2π l π2
0 δ
(
π0
) = 1.
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In the anti-holomorphic sector of the Dirichlet boundary state, the action of U on
the basis states |m〉 is trivial and so we obtain a single factor of (−1)

∑
k mk . For the

full cylinder diagram, this implies

Z̃ C (mixed)
bos. (l) = e

π l
6

NNND

∞∏
k=1

∞∑
mk=0

(
−e−4π l k

)mk = e
π l
6

NNND

∞∏
k=1

1

1+ e−4π l k
.

One defines the ϑ
[
α

β

]
(τ, z)-functions as

ϑ
[
α

β

]
(τ, z) =

∑
n∈Z

q
1
2 (n+α)2

e2π i(n+α)(z+β),

which can be shown to also have a representation as an infinite product

ϑ
[
α

β

]
(τ, z)

η(τ )
= e2π iα(z+β) q

α2
2 − 1

24

∞∏
n=1

(
1+ qn+α− 1

2 e2π i(z+β)
)

×
(

1+ qn−α− 1
2 e−2π i(z+β)

)
.

In particular one can write

ϑ2(τ ) ≡ ϑ
[1/2

0

]
(τ, 0) =

∞∑
n=−∞

q(n+ 1
2 )2

(2.31)

so that we can express the cylinder diagram for mixed boundary conditions as

Z̃ C (mixed)
bos. (l) =

√
2

NNND

√
η (2il)

ϑ2(2il)
.

Loop-Channel—Tree-Channel Equivalence

Let us come back to Fig. 2.4. As it is illustrated there and motivated at the beginning of
this section, we expect the cylinder diagram in the closed and open sector to be related.
More specifically, this relation is established by (σ, τ )open ↔ (τ, σ )closed where σ is
the world-sheet space coordinate and τ is world-sheet time. However, this mapping
does not change the cylinder, in particular, it does not change the modular parameter τ.
In the open sector, the cylinder has length 1

2 and circumference t when measured
in units of 2π, while in the closed sector we have length l and circumference 1.
Then, the modular parameter in the open and closed sector are

τopen = α2

α1
= it

1/2
= 2it, τclosed = α2

α1
= i

l
.
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As we have emphasised, the modular parameters in the open and closed sector have
to be equal which leads us to the relation

t = 1

2l
.

This is the formal expression for the pictorial loop-channel–tree-channel equivalence
of the cylinder diagram illustrated in Fig. 2.4.

We now verify this relation for the example of the free boson explicitly which
will allow us to fix the normalisation constants ND and NN of the boundary states.
Recalling the cylinder partition function (2.16) in the open sector, we compute

Z
C (N,N)

bos.

(
t
) = 1

2
√

t

1

η(it)

t= 1
2l−−−−−→

√
l

2

1

η
(
− 1

2il

) = 1

2 η(2il)
= N 2

N
2

Z̃ C (N,N)
bos.

(
l
)
,

where we used the modular properties of the Dedekind η function

η
(
−τ−1

)
= √−iτη(τ). (2.32)

Therefore, requiring the results in the loop- and tree-channel to be related, we can fix

NN =
√

2 . (2.33)

Next, for Dirichlet–Dirichlet boundary conditions, we find

Z C (D,D)
bos.

(
t
) = exp

(
− t

4π

(
xb

0 − xa
0

)2) 1

η (it)

t= 1
2l−−−−→ exp

(
− 1

8π l

(
xb

0 − xa
0

)2) 1

η
(− 1

2il

) = N 2
D Z̃ C (D,D)

bos.

(
l
)
,

which allows us to fix the normalisation constant as

ND = 1 .

Finally, the loop-channel–tree-channel equivalence for mixed Neumann–Dirichlet
boundary conditions can be verified along similar lines. This discussion shows that
indeed the cylinder partition function for the free boson in the open and closed
sector are related via a modular transformation, more concretely via a modular
S-transformation.

Summary and Remark

Let us now briefly summarise our findings of this section and close with some
remarks.
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• By performing the so-called world-sheet duality (σ, τ )open ↔ (τ, σ )closed, we
translated the Neumann and Dirichlet boundary conditions from the open sector to
the closed sector. In string theory, the boundary in the closed sector is interpreted
as an object which absorbs or emits closed strings.

• Working out the boundary conditions in terms of the Laurent modes of the free
boson theory, we obtained the gluing conditions(

jn ± j−n

)∣∣BN,D
〉 = 0

which imply that the two U(1) symmetries generated by j(z) and j(z) are broken
to a diagonal U(1).

• For the example of the free boson theory, we stated the solution |B〉 to the
gluing conditions and verified them. Along the way, we also outlined the idea
for constructing boundary states for more general theories.

• The cylinder amplitude in the closed sector (tree-level) is computed from the
overlap of two boundary states

Z̃ C (l) = 〈ΘB| e
−2π l

(
L0+L0− c+c

24

)
|B〉 .

We performed this calculation for the free boson and checked that it is related to the
cylinder partition function in the open sector via world-sheet duality. In particular,
this transformation is a modular S-transformation.

• Finally, the BCFT also has to preserve the conformal symmetry generated by
T(z). The boundary states respect this symmetry in the sense that the following
conditions have to be satisfied(

Ln − L−n
)∣∣BN,D

〉 = 0 ,

which we checked for the example of the free boson theory.
• Very similarly, one can generalise the concept of boundaries and boundary states to

the CFT of a free fermion which is very important for applications in Superstring
Theory.
As we mentioned already, in string theory boundary states are called D-branes to
emphasise the space-time point of view of such objects. They are higher dimen-
sional generalisations of strings and membranes, and indeed they play a very
important role in understanding the non-perturbative sector of string theory. It was
one of the big insights at the end of the last millennium that such higher dimen-
sional objects are naturally contained in string theory (which started as a theory
of only one-dimensional objects) and gave rise to various surprising dualities, the
most famous surely being the celebrated AdS/CFT correspondence.

2.3 Boundary States for RCFTs

After having studied the Boundary CFT of the free boson in great detail, let us now
generalise our findings to theories without a Lagrangian description. In particular,
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we focus on RCFTs and we will formulate the corresponding Boundary RCFT just
in terms of gluing conditions for the theory on the sphere.

Boundary Conditions

We consider Rational Conformal Field Theories with chiral and anti-chiral symmetry
algebras A respectively A . For the theory on the sphere the Hilbert space splits into
irreducible representations of A ⊗A as

H =
⊕

i,j

Mij Hi ⊗H j

where Mij are the same multiplicities of the highest weight representation appearing
in the modular invariant torus partition function. Note that for the case of RCFTs we
are considering, there is only a finite number of irreducible representations and that
the modular invariant torus partition function is given by a combination of chiral and
anti-chiral characters as follows

Z (τ, τ ) =
∑
i,j

Mij χi(τ ) χ j(τ ).

Generalising the results from the free boson theory, we state without derivation
that a boundary state |B〉 in the RCFT preserving the symmetry algebra A = A has
to satisfy the following gluing conditions

(
Ln − L−n

) ∣∣B〉 = 0 conformal symmetry,(
W i

n − (−1)hi
W

i
−n

) ∣∣B〉 = 0 extended symmetries,
(2.34)

where W i
n is the holomorphic Laurent mode of the extended symmetry generator

W i with conformal weight hi = h(W i), and W
i

denotes the generator in the anti-
holomorphic sector. However, the condition for the extended symmetries can be
relaxed, so that also Dirichlet boundary conditions similar to the example of a free
boson are included

(
W i

n − (−1)hi
Ω
(
W

i
−n

)) ∣∣B〉 = 0,

where Ω : A → A is an automorphism of the chiral algebra A . Such an automor-
phism Ω is also called a gluing automorphism and for our example of the free boson
with Dirichlet boundary conditions, it simply is Ω : W n �→ −W n.

Ishibashi States

Let us introduce the charge conjugation matrix C which maps highest weight repre-
sentations i to their charge conjugate i+. Denoting then the Hilbert space built upon
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the charge conjugate represention by H +
i , we can state the important result of

Ishibashi:

For A = A and H i =H +
i , to each highest weight representation φi of

A one can associate an up to a constant unique state |Bi〉〉 such that the

gluing conditions are satisfied.

Note that since the CFTs we are considering are rational, there is only a finite number
of highest weight states and thus only a finite number of such so-called Ishibashi
states |Bi〉〉 .

We now construct the Ishibashi states in analogy to the boundary states of the
free boson. Denoting by |φi, m〉 an orthonormal basis for Hi, the Ishibashi states are
written as

∣∣Bi〉〉 =
∑

m

∣∣φi, m〉 ⊗ U|φi, m〉, (2.35)

where U :H →H
+

is an anti-unitary operator acting on the symmetry generators

W
i

as follows

U W
i
n U−1 = (−1)hi (

W
i
−n

)†
.

The proof that the Ishibashi states are solutions to the gluing conditions (2.34) is
completely analogous to the example of the free boson and so we will not present it
here.

The Cardy Condition

For later purpose, let us now compute the following overlap of two Ishibashi states

〈〈
Bj
∣∣ e−2π l

(
L0+L0− c+c

24

) ∣∣Bi
〉〉
. (2.36)

Utilising the gluing conditions for the conformal symmetry generator (2.34), we see
that we can replace L0 by L0 and c by c. Next, because the Hilbert spaces of two
different HWRs φi and φj are independent of each other, the overlap above is only
nonzero for i = j+. Note that here we have written the charge conjugate j+ of the
highest weight φj because the hermitian conjugation also acts as charge conjugation.
We then obtain

〈〈
Bj
∣∣ e−2π l

(
L0+L0− c+c

24

) ∣∣Bi
〉〉 = δij+

〈〈
Bi
∣∣ e2π i (2il)

(
L0− c

24

) ∣∣Bi
〉〉

= δij+ TrHi

(
qL0− c

24

)

= δij+ χi
(
2il
)

(2.37)
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with χi the character defined as

χi(τ ) := TrHi

(
qL0− c

24

)
(2.38)

over the Hilbert space Hi built on the highest weigth state φi. Performing a modular
S-transformation for this overlap, by the same reasoning as for the free boson, we
expect to obtain a partition function in the boundary sector. However, because the
S-transform of a character χi(2il) in general does not give non-negative integer
coefficients in the loop-channel, it is not clear whether to interpret such a quantity
as a partition function counting states of a given excitation level.

As it turns out, the Ishibashi states are not the boundary states itself but only
building blocks guaranteed to satisfy the gluing conditions. A true boundary state
in general can be expressed as a linear combination of Ishibashi states in the
following way

∣∣Bα

〉 =∑
i

Bi
α

∣∣Bi
〉〉
. (2.39)

The complex coefficients Bi
α in (2.39) are called reflection coefficients and are very

constrained by the so-called Cardy condition. This condition essentially ensures the
loop-channel–tree-channel equivalence. Indeed, using relation (2.37) and choosing
normalisations such that the action of the CPT operator Θ introduced in (2.28) reads

Θ
∣∣Bα

〉 =∑
i

(
Bi

α

)∗ ∣∣Bi+
〉〉
, (2.40)

the cylinder amplitude between two boundary states of the form (2.39) can be
expressed as follows

Z̃αβ(l) = 〈 ΘBα| e−2π l
(

L0+L0− c+c
24

)
|Bβ〉

=
∑
i,j

Bj
α Bi

β

〈〈
Bj+

∣∣ e−2π l
(

L0+L0− c+c
24

) ∣∣Bi
〉〉

=
∑

i

Bi
α Bi

β χi
(
2il
)
.

Performing a modular S-transformation l �→ 1
2t on the characters χi, this closed

sector cylinder diagram is transformed to the following expression in the open sector

Z̃αβ

(
l
)→ Z̃αβ

( 1

2t

) =∑
i,j

Bi
α Bi

β Sij χj
(
it
) =∑

j

nj
αβ χj

(
it
) = Zαβ(t),

where Sij is the modular S-matrix and where we introduced the new coefficients ni
αβ.

Now, the Cardy condition is the requirement that this expression can be interpreted
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as a partition function in the open sector. That is, for all pairs of boundary states |Bα〉
and |Bβ〉 in a RCFT the following combinations have to be non-negative integers

nj
αβ =

∑
i

Bi
α Bi

β Sij ∈ Z
+
0 .

Construction of Boundary States

The Cardy condition just illustrated is very reminiscent of the Verlinde formula,
where a similar combination of complex numbers leads to non-negative fusion
rule coefficients. For the case of a charge conjugate modular invariant partition
function, that is when the characters χi(τ ) are combined with χ i+(τ ) as Z =∑

i χi(τ ) χ i+(τ ), we can construct a generic solution to the Cardy condition by
choosing the reflection coefficients in the following way

Bi
α =

Sα i√
S0 i

.

Note, for each highest weight representation φi in the RCFT, there not only exists an
Ishibashi state but also a boundary state, i.e. the index α in |Bα〉 also runs from one
to the number of HWRs. Employing then the Verlinde formula

Nk
ij =

∑
n

SinSjnSkn

S0n
(2.41)

and denoting the non-negative, integer fusion coefficients by Nα
jβ, we find that the

Cardy condition for the coefficients nj
αβ is always satisfied

nj
αβ =

∑
i

Sαi Sβi Sij

S0i
=
∑

i

Sαi Sβi S∗ij+
S0i

= Nj+
αβ ∈ Z

+
0 .

Note that here we employed S∗ij = Sij+ which is verified by noting that S−1 = S∗ as

well as that S2 = C with C the charge conjugation matrix Cij = δij+ .

2.4 CFTs on Non-orientable Surfaces

Up to this point, we have studied Conformal Field Theories defined on the Riemann
sphere respectively the complex plane, and on the torus. For Boundary CFTs, the
corresponding surfaces are the upper half-plane and the cylinder. We note that all
these surfaces are orientable, that is an orientation can be chosen globally.



74 R. Blumenhagen

However, in string theory it is necessary to also define CFTs on non-orientable
surfaces. One such surface is the so-called crosscap RP

2 which can be viewed as
the two-sphere with opposite points identified. Other non-orientable surfaces are the
Möbius strip and the Klein bottle, and a summary of all surfaces relevant for the
following is shown in Fig. 2.5.

Orientifolds

Before formulating CFTs on non-orientable surfaces, let us briefly explain the string
theory origin of such theories. Recalling the action for a free boson (2.1), we observe
that this theory has a discrete symmetry denoted as Ω which takes the form

Ω : X
(
τ, σ

) �→ X̃
(
τ, σ

) = X
(
τ,−σ

)
, (2.42)

with τ and σ again world-sheet time and space coordinates. To see that the action
(2.1) is invariant under Ω, observe that

Ω
(
∂σ X

)
(τ, σ ) Ω−1 = −(∂σ X

)
(τ,−σ),

Ω
(
∂τ X
)
(τ, σ ) Ω−1 = +(∂τ X

)
(τ,−σ).

(2.43)

Next, let us note that from the mapping (2.42), we see that Ω acts as a world-
sheet parity operator. In the string theory picture, this means that Ω changes the
orientation of a closed string. As with any other symmetry, we can study the quotient
of the original theory by the symmetry. Since Ω changes orientation, in analogy to
orbifolds, such a quotient is called an orientifold.

The Example of the Free Boson in More Detail

Let us further elaborate on the action of the orientifold projection Ω for the free
boson. We first note that−σ has to be interpreted properly because we normalised the
world-sheet space coordinate as σ ∈ [0, 2π) for the closed sector and as σ ∈ [0, π ]
in the open sector. The correct identification for −σ then reads

−σclosed ∼ 2π − σclosed, −σopen ∼ π − σopen.

Next, we consider the free boson in the closed sector and express ∂σ X in (2.43) in
terms of the Laurent modes jn and jn using (2.5)

Ω (∂σ X) (τ, σ ) Ω−1 =− (∂σ X) (τ,−σ)∑
n∈Z

(
Ω jn Ω−1 e−n(τ+iσ) −Ω jn Ω−1 e−n(τ−iσ)

)

=
∑
n∈Z

(
−jn e−n(τ+i(2π−σ)) + jn e−n(τ−i(2π−σ))

)
.

(2.44)
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Complex Plane

Upper Half-Plane

Cylinder

Torus

Mobius Strip¨
(non-orientable)

Klein Bottle
(non-orientable)

Crosscap
(non-orientable)

Fig. 2.5 Two-dimensional orientable and non-orientable surfaces. On the left-hand side, the funda-
mental domain can be found and it is indicated how opposite edges are identified leading to the
surfaces illustrated on the right-hand side. Note that for the identification of opposite edges the
orientation given by the arrows is crucial
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From this relation we can determine the action of Ω on the modes in the closed sector
as follows

Ω jn Ω−1 = jn, Ω jn Ω−1 = jn. (2.45)

For the open sector, we have to replace 2π on the right-hand side in (2.44) by π

which leads to an additional factor of (−1)n. Using then the boundary conditions
of an open string (2.6) which relate the Laurent modes as jn = ±jn, we obtain the
action of Ω in the open sector as

Ω jn Ω−1 = ±(−1)n jn (2.46)

where the two signs correspond to Neumann–Neumann respectively Dirichlet–
Dirichlet boundary conditions. For the case of mixed boundary conditions, we recall
that the Laurent modes have labels n ∈ Z+ 1

2 and we note that Ω interchanges the
endpoints of an open string as well as the boundary conditions. In particular, we find

Ω j(N,D)
n Ω−1 = −(−1)n j(D,N)

n , Ω j(D,N)
n Ω−1 = +(−1)n j(N,D)

n . (2.47)

Partition Function: Klein Bottle

Let us now consider partition functions for general orientifold theories. We start with
the usual form of a modular invariant partition function in a CFT

Z (τ, τ ) = TrH ×H

(
qL0− c

24 qL0− c
24

)
, (2.48)

where we indicated the trace over the combined Hilbert space H ×H explicitly.
Next, we generalise our findings from the example of the free boson and define the
action of the world-sheet parity operator Ω on the Hilbert space as follows

Ω | i, j 〉 = ± | Ω(j),Ω(i) 〉 , (2.49)

where i denotes a state in the holomorphic sector of the theory and j stands for the
anti-holomorphic sector. The two different signs originate from the two possibilities
of Ω acting on the vacuum |0〉 compatible with the requirement that Ω2 = 1. The
simplest choice for Ω(i) is Ω(i) = i, but also more general Z2 involutions are
possible, for instance Ω(i) = i+ where + denotes charge conjugation.

In order to obtain the partition function we project the entire Hilbert space H ×
H onto those states which are invariant under Ω, i.e. we introduce the projection
operator 1

2 (1+Ω) into the partition function (2.48). We therefore obtain

Z Ω(τ, τ ) = TrH ×H

(
1+Ω

2
qL0− c

24 qL0− c
24

)

= 1

2
Z (τ, τ )+ 1

2
TrH ×H

(
Ω qL0− c

24 qL0− c
24

)
.
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The first term is just one-half of the torus partition function which we already studied.
Let us therefore turn to the second term

Z K (τ, τ ) = TrH ×H

(
Ω qL0− c

24 qL0− c
24

)
. (2.50)

The insertion of Ω into the trace has the effect that by looping once around the
direction τ of a torus, the closed string comes back to itself up to the action of Ω,

that is up to a change of orientation. Geometrically, such a diagram is not a torus but
a Klein bottle illustrated in Fig. 2.5. This is also the reason for the superscript K of
the partition function and for its name: the Klein bottle partition function.

We will now specify the action of Ω as Ω(i) = i and Ω |0〉 = +|0〉 in order to
make (2.50) more explicit. For this choice we obtain

〈
i, j
∣∣ Ω ∣∣ i, j

〉 = 〈 i, j
∣∣ j, i

〉 = δij, (2.51)

where we used Eq. (2.49). Therefore, only left-right symmetric states |i, i〉 contribute
to the trace in (2.50) and we can simplify the partition function as follows

Z K (τ, τ ) = TrH ×H

(
Ω qL0− c

24 qL0− c
24

)

=
∑
i,j

〈
i, j
∣∣ Ω qL0− c

24 Ω−1 Ω qL0− c
24 Ω−1 Ω

∣∣ i, j
〉

=
∑

i

〈
i, i
∣∣ Ω qL0− c

24 Ω−1 Ω qL0− c
24 Ω−1

∣∣ i, i
〉

where we employed (2.51). Since only the diagonal subset will contribute to the

trace, we see from this expression that effectively L0 and L0 as well as c and c can
be identified. Observing finally that qq = e−4πτ2 , we arrive at

Z K (τ, τ ) =
∑

i

〈
i, i
∣∣ (q q

)L0− c
24
∣∣ i, i

〉 = TrHsym.

(
e−4π t(L0− c

24 )
)
, (2.52)

with t = τ2 and Hsym. denoting the states
∣∣ i, i

〉
in the Hilbert space which are

combined in a left-right symmetric way.

Free Boson III: Klein Bottle Partition Function (Loop-Channel)

Let us now determine the Klein bottle partition function for the example of the free
boson. As it is evident from (2.52), this partition function is the character of the
free boson theory with modular parameter τ = 2it. However, for the momentum
contribution, we need to perform a calculation similar to the one in the open sector
shown on page 57. In particular, from (2.52) we extract the j0 part, replace the sum
by an integral and compute

TrHsym.

(
e−4π t 1

2 j20
)
−→

∫ +∞
−∞

dπ0 e−4π t 1
2 π2

0 = 1√
2t

,
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where we observed that in the closed sector j0 = π0. Combining this result with the
character of the free boson theory, we obtain the following expression for the full
Klein bottle partition function

Z K
bos.(τ, τ ) = 1√

2t

1

η
(
2it
) . (2.53)

Partition Function: Möbius Strip

After having studied CFTs on non-orientable surfaces in the closed sector, let us now
turn to the open sector. Again, the partition function has to be projected onto states
invariant under the orientifold action Ω. Following the same steps as for the closed
sector, we find

Z Ω(t) = TrHB

(
1+Ω

2
e−2π t

(
L0− c

24

))
= 1

2
Z C (t)+ 1

2
TrHB

(
Ω e−2π t

(
L0− c

24

) )
.

The first term is the cylinder amplitude, but the second term

Z M (t) = TrHB

(
Ω e−2π t(L0− c

24 )
)

(2.54)

describes an open string whose orientation changes when looping along the t direc-
tion. The geometry of such a surface is that of a Möbius strip also shown in Fig. 2.5.
The corresponding partition function is called the Möbius strip partition function
and hence the superscript M .

Free Boson IV: Möbius Strip Partition Function (Loop-Channel)

We now calculate the Möbius strip partition function for the free boson. The Hilbert
space of the the free boson is spanned by states of the form

|n1, n2, n3, . . . 〉 = jn1−1jn2−2jn3−3 . . . |0〉, with ni ≥ 0 , (2.55)

where jn are the modes of the current j(z). Recalling then the mapping (2.46), we
see that the action of Ω on a state in the Hilbert space is

Ω
∣∣n1, n2, n3, . . .

〉 =
∞∏

k=1

(±1)nk (−1)k nk
∣∣n1, n2, n3, . . .

〉
.

Taking the action of Ω into account we arrive at

TrHB

(
Ω qL0− c

24

)∣∣∣∣
without j0

= q−
1

24

∞∏
k=1

∞∑
nk=0

(±1)nk (−1)k nk qk nk

= e
π i
24
(−q

)− 1
24

∞∏
k=1

1

1∓ (−q
)k . (2.56)
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We also note that−q with modular parameter τ can be expressed as +q with modular
parameter τ + 1

2 .

For Neumann–Neumann boundary conditions, i.e. for the upper sign in the expres-
sion above, we employ the definition of the Dedekind η-function (2.14). However,
since the momentum π0 is unconstrained, we compute

TrHB

(
Ω e−2π t 1

2 j20
)
−→

∫ +∞
−∞

dπ0 e−2π t 1
2 (2π0)

2 = 1

2
√

t
,

where we used that j0 is invariant under Ω as well as that in the open sector j0 = 2π0.

The full Möbius strip partition function in the Neumann–Neumann sector then reads

Z M (N,N)
bos. (t) = e

π i
24

1

2
√

t

1

η
( 1

2 + it
) . (2.57)

For Dirichlet–Dirichlet conditions, that means the lower sign in (2.56), we find
for instance from (2.46) that j0 = 0 so that there is no additional factor from the
momentum integration. Recalling the expression for the ϑ2-function from equation
(2.31) we obtain

Z M (D,D)
bos. (t) = e

π i
24
√

2

√√√√ η
( 1

2 + it
)

ϑ2
( 1

2 + it
) . (2.58)

For mixed boundary conditions, the Möbius strip partition function vanishes as Ω

exchanges Neumann–Dirichlet with Dirichlet–Neumann conditions and so there is
no contribution to the trace.

Loop-Channel–Tree-Channel Equivalence

For the cylinder partition function, we have seen that the result in the open and closed
sector are related via a modular S-transformation. One might therefore suspect that
this equivalence between partition functions and overlaps of boundary states can also
be found for non-orientable surfaces.

This is indeed the case which we illustrate in Fig. 2.6 for the Klein bottle partition
function.

1. The fundamental domain of the Klein bottle shown in Fig. 2.6a is that of a torus
up to a change of orientation. However, as opposed to the torus, the modular
parameter of the Klein bottle is purely imaginary.

2. In Fig. 2.6b, the fundamental domain is halved and the identification of segments
and points is indicated explicitly by arrows and symbols.

3. Next, we shift one half of the fundamental domain as shown in Fig. 2.6c.
4. In Fig. 2.6d, the shifted part has been flipped and the appropriate edges have been

identified.
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1

i 2

(a)

(c) (d) (e)

(b)
11

2

i 2

1
2

i 2

1
2

i 2

2i 2

Klein bottle Divide

Shift Flip Tree-channel diagram

Fig. 2.6a–e Transformation of the fundamental domain of the Klein bottle to a tree-channel diagram
between two crosscaps

5. A fundamental domain of this form can be interpreted as a cylinder between two
crosscaps as illustrated in 2.6e.

Analogous to the cylinder diagram (2.26), we expect now that the Klein bottle ampli-
tude can be computed as the overlap of two so-called crosscap states |C〉 in the
following way

Z̃ K (l) = 〈Θ C| e−2π l
(

L0+L0− c+c
24

)
|C〉 . (2.59)

Considering then again Fig. 2.6d we find the modular parameter in the tree- and
loop-channel as

τopen = α2

α1
= 2it

1
2

= 4it, τclosed = α2

α1
= i

l
,

and because of the tree-channel–loop-channel equivalence, they have to be equal.
This implies that the length of the cylinder in Fig. 2.6e and equation (2.59) can be
expressed as l = 1

4t . We will elaborate on these crosscap states in more detail in the
next section.
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1

2it

(a)

(c) (d) (e)

(b)
11

2

2it

1
2

2it

1
2

2it

4it

Mobius strip Divide

Shift Flip Tree-channel diagram

Fig. 2.7a–e Transformation of the fundamental domain of the Möbius strip to a tree-channel
diagram between an ordinary boundary and a crosscap

For the Möbius strip amplitude, we can apply the same cuts and shifts as for
the Klein bottle amplitude. As it is illustrated in Fig. 2.7, the resulting tree-channel
diagram is a cylinder between an ordinary boundary and a crosscap. We thus expect
that in the tree-channel, we can calculate the Möbius strip in the following way

Z̃ M (l) = 〈Θ C| e−2π l
(

L0+L0− c+c
24

)
|B〉 . (2.60)

Finally, for the modular parameters in the tree- and loop-channel, we obtain

τopen = α2

α1
= 4it

1
2

= 8it, τclosed = α2

α1
= i

l
,

which leads us to l = 1
8t .

Remarks

• A summary of the various loop-channel and tree-channel expressions together with
their modular parameters can be found in Table 2.1.
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Table 2.1 Summary of loop-channel–tree-channel relations

Loop-channel τ = . . . Tree-channel l = . . .

Torus TrH ×H

(
qL0− c

24 qL0− c
24

)
τ = τ1 + iτ2

Cylinder TrHB

(
qL0− c

24

)
τ = it 〈Θ B| e−2π l

(
L0+L0− c+c

24

)
|B〉 l = 1

2t

Klein bottle TrHsym.

(
qL0− c

24

)
τ = 2it 〈Θ C| e−2π l

(
L0+L0− c+c

24

)
|C〉 l = 1

4t

Möbius strip TrHB

(
Ω qL0− c

24

)
τ = it 〈Θ B| e−2π l

(
L0+L0− c+c

24

)
|C〉 l = 1

8t

• Almost all Ω projected CFTs in the closed sector are inconsistent and require
the introduction of appropriate boundaries with corresponding boundary states. In
string theory, these conditions are known as the tadpole cancellation conditions
which we will discuss in the final Sect. 2.7.

2.5 Crosscap States for the Free Boson

Similarly to boundary states which describe the coupling of the closed sector of
a CFT to a boundary, for orientifold theories there should exist a coherent state
describing the coupling of the closed sector to the crosscap. In particular, analogous
to the observation that a world-sheet boundary defines (or is confined to) a space-time
D-brane, we say that a world-sheet crosscap defines (or is confined to) a space-time
orientifold plane.

In this section, we will discuss crosscap states for the example of the free boson,
and in the next section we are going to generalise the appearing structure to RCFTs.

Crosscap Conditions

We start our study of crosscap states by recalling the transformation of the Klein
bottle respectively Möbius strip amplitude from the open to the closed sector shown
in Figs. 2.6 and 2.7. There, we encountered a new type of boundary, the so-called
crosscap, where opposite points are identified. For the construction of the crosscap
state, we will employ this geometric intuition, however, later we also compute the
tree-channel Klein bottle and Möbius strip amplitudes to check that they are indeed
related via a modular transformation to the result in the loop-channel.

As it is illustrated in Fig. 2.8, in an appropriate coordinate system on a crosscap,
we observe that points x on a circle are identified with −x. Parametrising this circle
by σ ∈ [0, 2π), we see that the identification x ∼ −x corresponds to σ ∼ σ + π.

For a closed string on a crosscap, we thus infer that the field X at (τ, σ ) should be
identified with the field X at (τ, σ + π). More concretely, this reads

X
(
τ, σ

) ∣∣C〉 = X
(
τ, σ + π

) ∣∣C〉, (2.61)
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Fig. 2.8 Illustration of how
points are identified on a
crosscap, and how a closed
string couples to a crosscap.
a Identification of points on a
crosscap. b Closed string at a
cross-cap

x

x +

(a) (b)

and for the derivatives with respect to τ and σ, we impose

(
∂σ X

)
(τ, σ )

∣∣C〉 = +(∂σ X
)
(τ, σ + π)

∣∣C〉,(
∂τ X
)
(τ, σ )

∣∣C〉 = −(∂τ X
)
(τ, σ + π)

∣∣C〉. (2.62)

Let us now choose coordinates such that τ = 0 describes the field X(τ, σ ) at the
crosscap |C〉. Using then the Laurent mode expansions (2.5) as well as (2.62) with
τ = 0, we obtain that

(
jn − j−n

) ∣∣C〉 = +(−1)n(jn − j−n

) ∣∣C〉,(
jn + j−n

) ∣∣C〉 = −(−1)n(jn + j−n

) ∣∣C〉,
where, similarly as in the computation for the boundary states, we performed a change
in the summation index n → −n. By adding or subtracting these two expressions,
we arrive at the gluing conditions for crosscap states

(
jn + (−1)n j−n

) ∣∣CO1
〉 = 0 . (2.63)

Note that we added the label O1 which stands for orientifold one-plane. The
reason is that by inserting the expansion (2.8) of X(τ, σ ) into (2.61), we see that
the center of mass coordinate x0 of the closed string is unconstrained. In the target
space, the location of the crosscap is called an orientifold plane which in the present
case fills out one dimension because there is no constraint on x0. This explains the
notation above.

Construction of Crosscap States

Apart from the factor (−1)n, the gluing conditions (2.63) are very similar to those
of a boundary state (2.20) with Neumann conditions. The solution to the gluing
conditions is therefore also similar to the Neumann boundary state and reads
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∣∣CO1
〉 = κ√

2
exp

(
−
∞∑

k=1

(−1)k

k
j−k j−k

)∣∣ 0
〉

(2.64)

where we employed (2.33) and allowed for a relative normalisation factor κ between
the boundary state with Neumann conditions |BN〉 and the crosscap state |CO1〉.

The proof that (2.64) is a solution to the gluing conditions (2.63) is analogous to
the one shown on page 62. Note in particular, the crosscap state can be written as

∣∣CO1
〉 = κ√

2

∑
m

|m〉 ⊗ |Um〉 (2.65)

with the anti-unitary operator U acting in the following way

U jn U−1 = −(−1)n (j−n

)†
. (2.66)

Remark

Let us make the following remark. In equation (2.42), we have chosen a specific orien-
tifold action Ω for the fields X(τ, σ ) which leaves the action (2.1) invariant. However,
we can also accompany Ω by another operation, for instance R : X(τ, σ ) �→
−X(τ, σ ), which also leaves (2.1) invariant. The combined action then reads

Ω R : X
(
τ, σ

) �→ X̃
(
τ, σ

) = −X
(
τ,−σ

)
.

Note that this orientifold action describes a different theory and that there is no direct
relation to the results obtained previously.

Performing the same steps as before, we arrive at the following expressions for
the combined action ΩR on the Laurent modes jn and jn

closed sector Ω R jn
(
Ω R

)−1 = −jn, Ω R jn

(
Ω R

)−1 = −jn,

open sector Ω R jn
(
Ω R

)−1 = ∓(−1)n jn.

For the action of R on the states, we find

R
∣∣m〉 = (−1

)∑
k mk

∣∣m〉,
which results in additional factors of (−1) in various loop-channel amplitudes.
Concerning the construction of crosscap states, also the identification (2.61) receives
an factor of (−1) which results in gluing conditions of the form

(
jn − (−1)n j−n

) ∣∣CO0
〉 = 0,

which is similar to the Dirichlet conditions for boundary states. The notation O0 indi-
cates that the orientifold plane does not extend in one dimension but is only a point.
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And indeed, using the expansion (2.8) of X(τ, σ ) for X(τ, σ )|C〉 = −X(τ, σ )|C〉,
we see that the center of mass coordinate x0 is constrained to x0 = 0. Finally, we
note that the solution to the gluing conditions in the present case reads

∣∣CO0
〉 = κ exp

(
+
∞∑

k=1

(−1)k

k
j−k j−k

)∣∣ 0
〉
.

After this remark about a different possibility for an orientifold projection, let
us continue our studies with our original choice (2.42) which leads to O1 crosscap
states |CO1〉.

Free Boson V: Klein Bottle Amplitude (Tree-Channel)

As we have argued in the previous section, from the overlap of two crosscap states
we can compute the Klein bottle amplitude (2.59) in the closed sector, that is in the
tree-channel. In order to do so, we recall the crosscap state (2.65) with the action of
U given in (2.66). Noting for a basis state (2.23) that

U
∣∣m〉 =

∞∏
k=1

(−1
)mk
(−1

)mkk ∣∣m〉, (2.67)

and following the same calculation as on page 65 for the overlap of two boundary
states in the Neumann–Neumann sector, we obtain

Z̃ K (O1,O1)
bos.

(
l
) = 〈Θ CO1

∣∣ e−2π l(L0+L0− c+c
24 )
∣∣CO1

〉 = κ2

2 η(2il)
. (2.68)

Note that Θ is again the CPT operator introduced in equation (2.28) which, in partic-
ular, acts as complex conjugation on numbers. Finally, recalling from Table 2.1 the
relation l = 1

4t between the tree-channel and loop-channel modular parameters, we
find the loop-channel amplitude to be of the form

Z̃ K (O1,O1)
bos.

(
l
) = κ2

2 η(2il)

l= 1
4t−−−−→ κ2

2 η
(− 1

2it

) = κ2

2
√

2t

1

η(2it)
,

where we employed the modular property of the Dedekind η-function from equation
(2.32). By comparing with the loop-channel result (2.53), we can now fix

κ = √2 .

Free Boson VI: Möbius-Strip Amplitude (Tree-Channel)

Eventually, we compute the overlap of a crosscap state and a boundary state giving
the tree-level Möbius strip amplitude. Employing equation (2.67) and performing
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a similar calculation as on page 65, we find for the Möbius strip diagram in the
Neumann sector that

Z̃ M (O1,N)
bos.

(
l
) = 〈Θ CO1

∣∣ e−2π l(L0+L0− c+c
24 )
∣∣BN
〉

= 1√
2

e
π l
6

∞∏
k=1

1

1− (−e−4π l
)k

= 1√
2

e
π i
24

1

η
( 1

2 + 2il
) (2.69)

where we expressed (−1) as eπ i and absorbed the additional factor into the definition
of the modular parameter. The computation of the Möbius strip amplitude in the
Dirichlet sector is very similar to the Neumann sector. We find

Z̃ M (O1,D)
bos.

(
l
) = 〈Θ CO1

∣∣ e−2π l(L0+L0− c+c
24 )
∣∣BD
〉

= e
π l
6

∞∏
k=1

1

1+ (−e−4π l
)k

= √2 e
π i
24

√√√√ η
( 1

2 + 2il
)

ϑ2
( 1

2 + 2il
)

where we used again the definition of the ϑ-functions. The momentum integration
in this sector is trivial since j0 acting on the crosscap state vanishes. This is again
similar to the computation of the cylinder amplitude for mixed boundary conditions
shown on page 67.

Modular transformations

After having computed the tree-channel Möbius strip amplitudes, we would like to
transform these results to the loop-channel via the relation l = 1

8t . However, by
comparing with the loop-channel results (2.57) and (2.58), we see that this cannot be
achieved by a modular S-transformation. Instead, we have to perform the following
combination of T- and S-transformations

P = TST2 S. (2.70)
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For the η-function with shifted argument, this transformation reads

η

(
1

2
+ 2il

)
S−−−→ η

(
− 1

1
2 + 2il

) √
i

1
2 + 2il

T2−−−→ η

(
+ 4il

1
2 + 2il

) √
i

1
2 + 2il

e−
π i
6

S−−−→ η

(
−

1
2 + 2il

4il

) √
i

1
2 + 2il

√
1
2 + 2il

4l
e−

π i
6

T−−−→ η

(
1

2
+ i

8l

)
1√
4l

√
i e−

π i
6 e−

π i
12

= η

(
1

2
+ i

8l

)
1√
4l

where in the last step we employed that
√

i = e
π i
4 . For the Möbius strip amplitude

with Neumann boundary conditions, we then compute the transformation from the
tree-channel to the loop-channel as follows

Z̃ M (O1,N)
bos.

(
l
) = e

π i
24√
2

1

η
( 1

2 + 2il
) P−−−−→

l= 1
8t

e
π i
24

1

2
√

t

1

η
( 1

2 + it
) .

By comparing with the loop-channel result (2.57), we have verified the loop-
channel—tree-channel equivalence for the Möbius strip amplitude in the Neumann
sector.

In passing, we note that the Möbius strip loop- and tree-channel amplitudes for the
Dirichlet sector are also related via a modular P-transformation. In the same manner
as above, one can then establish the loop-channel—tree-channel equivalence.

New Characters

In the last paragraph of this section, let us introduce a more general notation for
the Möbius strip characters. We define hatted characters χ̂(τ ) in terms of the usual
characters χ(τ) as follows

χ̂
(
τ
) = e−π i (h− c

24 ) χ
(
τ + 1

2

)
. (2.71)

The action of the P-transformation (2.70) for the new characters χ̂ (τ ) can be
deduced as follows. From the mapping of the modular parameter τ = 2il under
the combination of S- and T-transformations

2il
T

1
2−−−−→ 2il + 1

2
TST2S−−−−−−→ i

8l
+ 1

2
T−

1
2−−−−−→ i

8l
,
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we can infer the transformation of the hatted characters χ̂(τ ) as

χ̂i
( i

8l

) =∑
j

Pij χ̂j
(
2il
)

with P = T
1
2 S T2 S T

1
2 ,

where T
1
2 is defined as the square root of the entries in the diagonal matrix

Tij = δije
2π i(hi− c

24 ). (2.72)

Note that the P-transformation corresponds to the S-transformation of the usual
characters, in particular, P realises the loop-channel–tree-channel equivalence.

Finally, using some properties of the S-matrix

S†S = SS† = 1, ST = S (2.73)

as well as the relation S2 = (ST)3 = C with C the charge conjugation matrix

P2 = C, P2 = C, PP† = P†P = 1, PT = P. (2.74)

2.6 Crosscap States for RCFTs

Let us now generalise the construction of crosscap states to Conformal Field Theories
without a Lagrangian description. In particular, we focus on RCFTs and we mainly
state the general structure without explicit derivation.

Construction of Crosscap States

The crosscap gluing conditions for the generators of a symmetry algebra A ⊗ A
are in analogy to the conditions (2.63) for the example of the free boson and read

(
Ln − (−1)n L−n

) ∣∣C〉 = 0 conformal symmetry,(
W i

n − (−1)n (−1)hi
W

i
−n

) ∣∣C〉 = 0 extended symmetries,
(2.75)

with again hi = h(W i). For A = A and H i = H +
i , we can define crosscap

Ishibashi states |Ci〉〉 satisfying the crosscap gluing conditions. A crosscap state |C〉
can then be expressed as a linear combination of the crosscap Ishibashi states in the
following way

∣∣C〉 =∑
i

Γ i | Ci〉〉 . (2.76)
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In fact, the crosscap Ishibashi states and the boundary Ishibashi states are related via

| Ci〉〉 = eπ i(L0−h(φi)) |Bi〉〉 . (2.77)

Indeed, knowing that the boundary Ishibashi states |Bi〉〉 satisfy the gluing conditions
(2.34), we can show that the (2.77) satisfy the crosscap gluing conditions. To do so,
we compute

e−π iL0 Ln e+π iL0 = (−1)n Ln, e−π iL0 W i
n e+π iL0 = (−1)n W i

n,

where we used that W i is a primary field. For the generators of the conformal
symmetry, we can then calculate

e−π i(L0−h(φi))
(

Ln − (−1)n L−n
) | Ci〉〉

= e−π i(L0−h(φi))
(

Ln − (−1)n L−n
)

eπ i(L0−h(φi)) |Bi〉〉
= (−1)n ( Ln − L−n

) |Bi〉〉
= 0,

and the condition for the extended symmetry generators is obtained along the same
lines. Therefore, the crosscap Ishibashi states (2.77) satisfy the gluing conditions
(2.75).

The Cardy Condition

Similarly to the boundary states, we expect generalisations of the Cardy condition
arising from the loop-channel—tree-channel equivalences of the Klein bottle and
Möbius strip amplitudes. In order to study this point, we compute the Klein bottle
amplitude in the following way

Z̃ K (l) = 〈Θ C
∣∣e−2π l

(
L0+L0− c+c

24

)∣∣ C
〉

=
∑
i,j

Γ i Γ j 〈〈Bi+| eπ i(L0−h(φi)) e2π i(2il)(L0− c
24 ) eπ i(L0−h(φj)) |Bj〉〉

=
∑
i,j

Γ i Γ j δij e−2π i(h(φj)− c
24 ) 〈〈Bj| e2π i(2il+1)(L0− c

24 ) |Bj〉〉

=
∑

i

(
Γ i)2 e−2π i(h(φi)− c

24 ) χi(2il + 1)

=
∑

i

(
Γ i)2 e−2π i(h(φi)− c

24 )
∑

j

Tij χj(2il) =
∑

i

(
Γ i)2 χi(2il),

where Θ is again the CPT operator shown for instance in (2.40), and where we
employed Eq. (2.37) as well as the modular T-matrix given in (2.72). In the next
step, we perform a modular S-transformation to obtain the result in the loop-channel
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Z̃ K (l) =
∑

i

(
Γ i)2 χi(2il) =

∑
i,j

(
Γ i)2 Sij χj(2it).

Now, the Cardy condition is again the requirement that the expression above can be
interpreted as a partition function. Since this partition function includes the action of
the orientifold projection Ω, the coefficient in front of the character has to be integer
but does not need to be non-negative

∑
i

(
Γ i)2 Sij = κj ∈ Z .

For the Möbius strip amplitude, we compute along similar lines

Z̃ M (l) = 〈Θ C
∣∣e−2π l

(
L0+L0− c+c

24

)∣∣Bα

〉
=
∑
i,j

Γ i Bj
α 〈〈Bi+| eπ i(L0−h(φi)) e2π i(2il)(L0− c

24 ) |Bj〉〉

=
∑
i,j

Γ i Bj
α δij e−π i(h(φi)− c

24 ) 〈〈Bj| e2π i
(

2il+ 1
2

)
(L0− c

24 ) |Bj〉〉

=
∑

i

Γ i Bi
α e−π i(h(φi)− c

24 ) χi
(
2il + 1

2

)

=
∑

i

Γ i Bi
α χ̂i(2il) =

∑
i,j

Γ i Bi
α Pij χ̂j

(
it
)
,

where we employed the hatted characters (2.71) together with their modular trans-
formation. Interpreting this expression as a loop-channel partition function, we see
that the coefficients have to be integer

∑
i

Γ i Bi
α Pij = mαj ∈ Z .

Similar to the Cardy boundary states, for the charge conjugate modular invariant
partition function explained on page 73, one can show that these integer conditions
are satisfied for the reflection coefficients of the form

Γ i = P0i√
S0i

, Bi
α =

Sα i√
S0i

.

The Klein bottle and Möbius strip coefficients can then be written as two Verlinde
type formulas

κj =
∑

i

P0iP0iSij

S0i
= Y0

j0, mαj =
∑

i

SαiP0iPij

S0i
= Y0

αj.

From the relations (2.74), we can deduce P∗ij = Pij+ and in particular P∗0i = P0i,

which allows us to establish the connection to the general coefficients
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Yk
ij =

∑
l

Sil Pjl P∗kl

S0l
.

As it turns out, the coefficients Yk
ij are integer, guaranteeing that the loop-channel

Klein bottle and Möbius strip amplitudes contain only integer coefficients.

Remark

With the techniques presented in this section, it is possible to construct many orien-
tifolds of Conformal Field Theories. However, one set of essential consistency
conditions for the co-existence of crosscap and boundary states is still missing. These
are the so-called tadpole cancellation conditions which we are going to discuss in a
simple example in the final section of these lecture notes.

2.7 The Orientifold of the Bosonic String

We finally apply the techniques developed in this lecture to orientifold theories with
boundaries and crosscaps. In particular, we are going to consider a string theory
motivated but still sufficiently simple orientifold model which is the Ω projection
of the bosonic string. More interestingly, this theory is actually analogous to the
orientifold construction of the Type IIB superstring leading to the so-called Type I
superstring. However, this needs a more detailed treatment of free fermions which we
have not presented here and which is not necessary to understand the mathematical
structure of such theories.

Details on the String Theory Construction

The bosonic string is only consistent in 26 flat space-time dimensions and is thus
described by 26 free bosons Xμ(σ, τ ) with μ = 0, . . ., 25. The quantisation of string
theory in this description, the covariant quantisation, is slightly involved. However,
by defining

X+ = 1√
2

(
X0(σ, τ )+ X1(σ, τ )

)
, X− = 1√

2

(
X0(σ, τ )− X1(σ, τ )

)
, (2.78)

imposing so-called light-cone gauge and using constraint equations, we are left only
left with the momentum p+ as a degree of freedom. For the computation of the char-
acters, we can therefore simply ignore the contribution from X0(σ, τ ) and X1(σ, τ )

so that we are left with the Conformal Field Theory of 24 free bosons XI(τ, σ ) where
I = 2, . . ., 25. Since the bosonic string is made out of 24 copies of the free boson
CFT, for the computation of the partition functions we can use our previous results.
These have been summarized in Table 2.2 for later reference.
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Table 2.2 Summary of all loop- and tree-channel amplitudes for the example of the free boson with
orientifold projection (2.42)

Loop-channel Tree-channel

Z T
bos.(τ, τ ) = 1√

τ2

1∣∣η(τ)

∣∣2
Z K

bos. (t) = 1√
2t

1

η
(

2it
) Z̃

K (O1,O1)
bos.

(
l
) = 1

η(2il)

Z
C (N,N)

bos. (t) = 1
2
√

t
1

η (it) Z̃
C (N,N)

bos. (l) = 1

2 η
(

2il
)

Z
C (D,D)

bos. (t) = 1
η (it) e

− t
4π

(
xb

0−xa
0

)2

Z̃
C (D,D)

bos. (l) = 1√
2l

1

η
(

2il
) e
− 1

8π l

(
xb

0−xa
0

)2

Z
C (mixed)

bos. (t)=
√

η (it)
ϑ4(it) Z̃

C (mixed)
bos. (l) =

√
η (2il)
ϑ2(2il)

Z
M(N,N)

bos. (t) = 1
2
√

t
1

η
(

1
2+it
) e

π i
24 Z̃

M(O1,N)
bos.

(
l
) = 1√

2
1

η
(

1
2+2il

) e
π i
24

Z
M(D,D)

bos. (t) = √2

√
η
(

1
2+it
)

ϑ2

(
1
2+it
) e

π i
24 Z̃

M(O1,D)
bos.

(
l
) = √2

√
η
(

1
2+2il

)

ϑ2

(
1
2+2il

) e
π i
24

In our previous definition of the open and closed sector partition functions, we
employed the notion common to Conformal Field Theory. However, for the relevant
quantities in string theory, we have to integrate over the modular parameter of the
torus, Klein bottle, cylinder and Möbius strip. After performing the integration over
the light-cone momentum p+, the expressions relevant for the following are

ZT =
∫

Teich

d2τ

τ 2
2

Z T (τ, τ ), ZC =
∫ ∞

0

dt

4 t2 Z C (t),

ZK =
∫ ∞

0

dt

2 t2 Z K (t), ZM =
∫ ∞

0

dt

4 t2 Z M (t).

(2.79)

The domain of integration for the torus amplitude ZT is the so-called Teichmüller
space. It is the space of all complex structures τ of a torus T

2 which are not related via
the SL(2, Z)/Z2 symmetry. An illustration can be found in Fig. 2.9 and the precise
definition reads

Teich =
{

τ ∈ C : −1

2
< τ1 ≤ +1

2
,
∣∣τ ∣∣ ≥ 1

}
. (2.80)

Torus Partition Function for the Bosonic String

Let us now become more concrete and determine the torus partition function for the
bosonic string in light-cone gauge. Since this theory is a copy of 24 free bosons, we
recall from Table 2.2 the form of Z T

bos. and combine it into

ZT =
∫

Teich

d2τ

τ 2
2

(
Z T

bos.(τ, τ )
)24 =

∫
Teich

d2τ

τ 2
2

1

τ 12
2

1∣∣η24(τ )
∣∣2 . (2.81)

In order to become more explicit, let us expand the Dedekind η-function in the
following way
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Fig. 2.9 The shaded region
in this figure corresponds to
the Teichmüller space of the
two-torus T

2

+11

+i

1

η24(τ )
= q−1

(
1+ 24 q + 324 q2 + . . .

)
. (2.82)

Using this expansion in (2.81) together with the string theoretical level-matching
condition which leaves only equal powers of q and q, we arrive at

ZT =
∫

Teich

d2τ

τ 14
2

e+4πτ2

∣∣∣ 1+ 24 e2π iτ + . . .

∣∣∣2

−→
∫

Teich

d2τ

τ 14
2

e+4πτ2
(

1+ (24
)2

e−4πτ2 + . . .
)

. (2.83)

Let us now study the divergent behaviour of this integral.

• Although the integrand in (2.83) diverges for τ2 → 0 due to the factor of τ−14
2 , the

whole integral is finite because the domain of integration (2.80) does not include
τ2 = 0. Therefore, this expression is not divergent in the infrared, i.e. there is no
singularity for small τ2. Let us emphasize that the finiteness in this parameter region
is due to the modular invariance of the torus partition function which restricts the
domain of integration to the Teichmüller space.

• Next, we turn to the behaviour of (2.83) for large τ2. We see that the first term gives
rise to a divergence in the region τ2 →∞ which corresponds to a state with nega-
tive mass squared, i.e. a tachyon. Thus, the theory of the bosonic string is unstable.
In more realistic theories, for instance the superstring, such a tachyon should be
absent and we do not expect problems due to divergences in the ultraviolet.

• In summary, the torus partition function of the bosonic string is finite in the infrared
due to modular invariance. In the ultraviolet, the partition function is divergent due
to a tachyon which renders the theory unstable.
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Klein Bottle Partition Function for the Bosonic String

As the title of this section suggests, we want to study the orientifold of the bosonic
string and so we have to determine the Klein bottle amplitude. Following the same
steps as for the torus, we arrive at

ZK (t) = 1

2

∫ ∞
0

dt

t2

(
Z K

bos.(t)
)24 = 1

213

∫ ∞
0

dt

t14

1

η24(2it)
.

In order to simplify the integrand, we perform a transformation to the tree-channel
with modular parameter t = 1

4l by employing the modular properties of the Dedekind
η-function (2.32)

ZK (t)
t= 1

4l−−−−→ Z̃K (O25,O25)(l) = 1

213

∫ ∞
0

dl

4 l2 (4l)14 1

η24
(− 1

2il

)

= 2
∫ ∞

0
dl

1

η24(2il)
.

The notation O25 deserves some explanation. Since we are studying the bosonic
string in a 26-dimensional space-time, the orientifold projection naturally acts also
on the light-cone coordinates (2.78). By choosing the orientifold projection (2.42), we
have an orientifold plane extending over all 26 dimensions. However, the convention
in string theory is such that only the space dimensions are counted which explains
the term O25.

Similarly as for the torus partition function, let us now expand the tree-channel
Klein bottle amplitude. Using Eq. (2.82) we obtain

Z̃K (O25,O25)(l) = 2
∫ ∞

0
dl
(

e4π l + 24+ 324 e−4π l + . . .
)
. (2.84)

The first term in (2.84) corresponds again to the tachyon and should be absent in
more realistic theories. We therefore ignore this problematic behaviour. However,
the second terms corresponds to massless states and gives rise to a divergence since
in the present case, the domain of integration includes t = 1

4l = 0. This term will not
be absent in more refined theories and so at this point, the orientifold of the bosonic
string is not consistent at a more severe level.

A Stack of D-Branes

As it turns out, the divergence of the Klein bottle diagram can be cancelled by
introducing a to be determined number N of D25 branes. The notation D25 means
that these D-branes fill out 25 spatial dimensions and it is understood that they always
fill the time direction.

If we put a certain number of D-branes on top of each other, we call it a stack
of D-branes. However, since there are now multiple branes, we can have new kinds
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of open strings. In particular, there are strings starting at D-brane i of our stack and
ending on D-brane j. We thus include new labels, so-called Chan–Paton labels, to
our open string states

∣∣m, i, j
〉 = ∣∣m〉⊗ ∣∣i, j

〉
,

where |m〉 denotes the states for a single string and i, j = 1, . . ., N label the starting
respectively ending points. We furthermore construct the hermitian conjugate 〈i, j|
in the usual way such that

〈
i, j
∣∣ i′, j′

〉 = δii′δjj′ . (2.85)

Next, we define the action of the orientifold projection acting on the Chan–Paton
labels. Since Ω changes the orientation of the world-sheet, it clearly interchanges
starting and ending points of open strings. But we can also allow for rotations among
the D-branes and so a general orientifold action reads

Ω
∣∣ i, j

〉 =
N∑

i′,j′=1

γjj′
∣∣ j′, i′

〉(
γ−1)

i′i , (2.86)

where γ is a N×N matrix. Without presenting the detailed argument, we now require
that the action of Ω on the Chan–Paton labels squares to the identity. For this we
calculate

Ω2
∣∣ i, j

〉 =
N∑

i′′,j′′=1

γii′′
[
Ω
∣∣ i, j

〉T]
i′′,j′′
(
γ−1)

j′′j

=
N∑

i′,j′,i′′,j′′=1

γii′′
(
γ−1)T

i′′i′
∣∣ i′, j′

〉
γ T

j′j′′
(
γ−1)

j′′j

=
N∑

i′,j′=1

[
γ
(
γ−1)T]

ii′
∣∣ i′, j′

〉 [
γ T γ−1

]
j′j

,

from which we infer the constraint on the matrices γ to be symmetric or anti-
symmetric

γ T = ±γ. (2.87)

In string theory, the two different signs correspond to gauge groups SO(N) and SP(N)

living on the stack of D-branes.
Let us now come to the final part of this paragraph which is to determine the

contribution of the Chan–Paton labels to the partition function. For the Cylinder
partition function, we calculate with the help of (2.85)
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Z C (t) = TrHB

(
qL0− c

24

)
=
∑

n

〈
n
∣∣ qL0− c

24
∣∣ n
〉 ×

N∑
i,j=1

〈
i, j
∣∣ i, j

〉

=
∑

n

〈
n
∣∣ qL0− c

24
∣∣ n
〉 × N2.

Therefore, the effect of N D-branes is taken care of by including the factor N2 for the
cylinder partition function. Let us next turn to the Möbius strip partition function.
Concentrating only on the Chan–Paton part, we find using (2.85) and (2.86) that

N∑
i,j=1

〈
i, j
∣∣ Ω ∣∣ i, j

〉 =
N∑

i,j,i′,j′=1

〈
i, j
∣∣ γjj′

∣∣ j′, i′
〉(
γ−1)

i′i

=
N∑

i,j,i′,j′=1

δij′ δji′ γjj′
(
γ−1)

i′i

= Tr
(

γ T γ−1
)
= ± N,

where in the final step we also employed (2.87). In summary, by including a factor of
±N in the Möbius strip partition function, we can account for a stack of N D-branes.

Cylinder and Möbius-Strip Partition Function for the Bosonic String

After this discussion about stacks of D-branes, let us now compute the cylinder and
Möbius strip partition functions for a stack of N D25-branes. Since the D-branes fill
out the 26-dimensional space-time, the open strings always have Neumann–Neumann
boundary conditions.

For the cylinder, we recall from Table 2.2 the form of a single cylinder partition
function and combine it with the relevant expression from (2.79) to obtain

ZC (N,N)(t) = N2

4

∫ ∞
0

dt

t2

(
Z C (N,N)

bos. (t)
)24 = N2

226

∫ ∞
0

dt

t14

1

η24(it)
,

where we included the factor N2 as explained above. In order to extract the diver-
gences, we perform a transformation from the loop- to the tree-channel via t = 1

2l to
find

ZC (N,N)(t)
t= 1

2l−−−−→ Z̃C (N,N)(l) = N2

226

∫ ∞
0

dl

2 l2 (2l)14 1

η24
(− 1

2il

)

= N2

225

∫ ∞
0

dl
1

η24(2il)
.

With the help of (2.82), we can again expand this expression. The first terms read as
follows
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Z̃C (N,N)(l) = N2

225

∫ ∞
0

dl
(

e4π l + 24+ 324 e−4π l + . . .
)
.

Next, we turn to the Möbius strip contribution. Along similar lines as above, we
recall from Table 2.2 the expression for the partition function of a single free boson
and combine 24 copies of it into the Möbius partition function

ZM (N,N)(t) = ± N

4

∫ ∞
0

dt

t2

(
Z M (N,N)

bos. (t)
)24 = ± N

226

∫ ∞
0

dt

t14

eπ i

η24( 1
2 + it)

.

In order to extract the divergences more easily, we transform this expression into the
tree-channel via the relation t = 1

8t and the modular P transformation (2.70)

ZM (N,N)(t)
t= 1

8l−−−−→ Z̃M (N,N)(l) = ± N

226

∫ ∞
0

dl

8 l2 (8l)14 eπ i

η24
( 1

2 + i
8l

)

= ± N

211

∫ ∞
0

dl
eπ i

η24( 1
2 + 2il)

.

Expanding this expression with the help of (2.82), we find

Z̃M (N,N)(l) = ± N

211

∫ ∞
0

dl
(

e4π l − 24+ 324 e−4π l − . . .
)
.

Tadpole Cancellation Condition

After having determined the divergent contributions of the one-loop amplitudes, we
can now combine them into the full expression. Leaving out the torus amplitude,
we find

1

2

(
Z̃K (O25,O25)(l)+ Z̃C (N,N)(l)+ Z̃M (N,N)(l)

)

= 2−26
∫ ∞

0
dl

(
e4π l

(
226 ± 2 · 213N + N2

)

+24
(

226 ∓ 2 · 213N + N2
)

+324 e−4π l
(

226 ± 2 · 213N + N2
)
+ . . .

)
. (2.88)

The first terms with prefactor e4π l stem again from the tachyon which in a more
realistic theory, e.g. Superstring Theory, should be absent. We will therefore ignore
this divergence. The next line with prefactor 24 corresponds to massless states which
will not be absent in more refined theories. However, we can simplify this expression
by noting that
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(
226 ∓ 2 · 213N + N2

)
=
(

213 ∓ N
)2

.

We thus see that by taking N = 213 = 8192 D25-branes and choosing the minus
sign corresponding to SO(N) gauge groups, the divergence is cancelled. In summary,
we have found that

For the orientifold of the bosonic string with N = 8192D25-branes and gauge

group SO (8192), the divergence due to massless states is cancelled. This is

the famous tadpole cancellation condition for the bosonic string.

Finally, it is easy to see that the proceeding terms in (2.88) with prefactors e−4π l and
powers thereof do not give rise to divergences in the integral.

Remarks

• Here we have discussed a very simple example for a CFT with boundaries. The
next step is to generalise these methods for the superstring, in which case we
have to define boundary and crosscap states for the CFT of the free fermion. The
orientifold of the Type IIB superstring defines the so-called Type I string living in
ten-dimensions and carrying gauge group SO(32) instead of SO(8192).

• Many examples of such orientifold models have been discussed for compactified
dimensions. These include orientifolds on toroidal orbifolds and also orientifolds
of Gepner models. For this purpose, one first has to find classes of boundary and
crosscap states for the N = 2 unitary models and then for Gepner models, in
which the simple current construction is utilised in an essential way. Finally, one
has to derive and solve the tadpole cancellation conditions. All this is a feasible
exercise but beyond the scope of these lecture notes.
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Chapter 3
Introduction to Gauge/Gravity Duality

Johanna Erdmenger

3.1 Introduction

The AdS/CFT correspondence and its generalizations to gauge/gravity duality are
undoubtedly one of the major developments in theoretical physics of the last decade.
Following the original paper by Maldacena [1] in 1997, with the additions of Witten
[2] and Gubser, Klebanov and Polyakov [3] in early 1998, a wealth of achievements
has been obtained, as far as both our understanding of string theory and applications
to strongly coupled systems are concerned. In its original form, the correspondence
maps string theory on Anti-de Sitter spaces (AdS) to conformal quantum field theories
(CFT), which have a high degree of symmetry. This is referred to as the AdS/CFT
correspondence. In the meantime, many generalizations to maps between gravity
theories and quantum field theories with less symmetry have been proposed. These
are summarized under the notion of gauge/gravity duality.

Let us start by giving the (rough) statement of gauge/gravity duality:

• Some quantum field theories are equivalent to (quantum) gravity theories;
• In particular limits, the gravity theory becomes classical and the corresponding

quantum field theory (QFT) strongly coupled.

The second point makes the duality particularly useful since by other methods,
dynamical processes are inaccessible in the strongly coupled regime of QFTs:
Normally, QFT calculations are done by means of perturbation theory, but this only
works at weak coupling. Lattice gauge theory is a powerful way out of this dilemma
in some cases, but it is hard to use for capturing dynamics, in particular at finite
temperature and density.

J. Erdmenger (B)
Max-Planck-Institut für Physik (Werner-Heisenberg-Institut),
Föhringer Ring 6, 80805 München, Germany
e-mail: jke@mppmu.mpg.de

M. Baumgartl et al. (eds.), Strings and Fundamental Physics, 99
Lecture Notes in Physics 851, DOI: 10.1007/978-3-642-25947-0_3,
© Springer-Verlag Berlin Heidelberg 2012



100 J. Erdmenger

Since the AdS/CFT correspondence links different areas of theoretical physics,
in particular quantum field theory, general relativity, string theory, supersymmetry
and conformal symmetry, we begin these lectures with an overview over some pre-
requisites which are essential for understanding the correspondence. These include
conformal symmetry and N = 4 supersymmetry, large N gauge theory, the geome-
try of Anti-de Sitter space, and D-branes. Then we move on to explaining the corre-
spondence in its simplest example, which is the map between N = 4 SU(N) Super
Yang–Mills theory and type IIB superstring theory on AdS5 × S5. In a subtle limit,
which we explain, this becomes a duality between N = 4 SU(N) Super Yang–Mills
theory in the limit N → ∞ at strong coupling and classical type IIB supergravity
on AdS5 × S5. There is no mathematical proof of the AdS/CFT correspondence as
yet, but overwhelming evidence for its correctness. The conjecture states that the
two theories are equivalent including observables, states, correlation functions and
dynamics.

The ten-dimensional spacetime of the string theory side contains a five-dimensio-
nal Anti-de Sitter spacetime with a four-dimensional boundary. The four-dimensional
QFT can be regarded as living on this four dimensional boundary. In analogy to
conventional holograms (which encode three dimensional information on a lower
dimensional surface), the AdS/CFT correspondence is said to realize the holographic
principle.

As in any field theory, symmetries are of central importance for gauge/gravity
duality. The two equivalent theories have the same symmetries. Moreover, the corre-
spondence provides a one-to-one map between classical gravity fields and quantum
operators of the field theory, i.e.a holographic dictionary. This map then identifies
representations of the common symmetry group.

We conclude these lecture notes with a brief outlook on more general examples
of gauge/gravity duality by explaining how to include finite temperature and density
on the field theory side. This is the starting point for applications for instance to
the quark-gluon plasma within heavy ion physics or to strongly coupled systems of
relevance for condensed matter theory.

As to the literature to this subject, let us refer to the original papers [1–4] which
marked the birth of the AdS/CFT correspondence. Several review articles for the
AdS/CFT correspondence followed [5–8]. Finally, [9–12] are helpful references for
generalizations and applications in the context of gauge/gravity duality.

Note: The AdS/CFT correspondence can be formulated equivalently either in
Minkowski or in Euclidean signature. Depending on the aspects considered, either
Minkowski or Euclidean signature may be more appropriate. For instance, the
calculation of n-point correlation functions is most easily performed in Euclidean
signature. On the other hand, for describing time-dependent processes such as trans-
port phenomena, using Minkowski signature is essential. In these lecture notes, we
will use both signatures alternatively, while clearly indicating in each case which
one is used.
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3.2 Preparations

Understanding the AdS/CFT correspondence involves background knowledge in a
number of areas. Most prominently, quantum field theory, general relativity, super-
symmetry and some aspects of string theory are essential. In this section we recapitu-
late a few necessary prerequisites for AdS/CFT: These include conformal symmetry
in more than two dimensions, N = 4 supersymmetry, the geometry of Anti-de Sitter
spaces and some aspects of D-branes.

3.2.1 Conformal Field Theory in d Dimensions

Conformal symmetry is of central importance for the AdS/CFT correspondence. In
fact, the best known example for AdS/CFT, relating N = 4 Super Yang–Mills
theory to an appropriate supergravity theory on AdS5 × S5, involves a conformal
field theory in four dimensions. The symmetry group of conformal transformations
in d dimensions coincides with the group of isometries in d +1-dimensional Anti-de
Sitter space. This is one of the key ingredients of the correspondence.

3.2.1.1 Conformal Coordinate Transformations

Conformal coordinate transformations are defined as those local transformations
xμ �→ x′μ(x) that leave angles invariant. In a Euclidean d-dimensional space R

d we
therefore can write

dxμ dxμ = Ω−2(x) dx′
μ dx′μ. (3.1)

The corresponding infinitesimal coordinate transformation from old coordinates x to
new coordinates x′ is given by

x′μ = xμ + vμ(x) , (3.2)

where

Ω(x) = 1 − σ(x), σ (x) = 1

d
∂ · v(x). (3.3)

Equivalently to (3.1) we can formulate an equation for the vector v, the conformal
Killing equation,

∂μvv + ∂vvμ = 2 σ(x) ημv. (3.4)

Taking its trace yields the expression (3.3) for σ(x). We will work in d dimensional
Euclidean space where ημv = δμv. Solutions v to (3.4) are referred to as conformal
Killing vectors, the most general one reads
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vμ = aμ + ωμv xv + λxμ + bμx2 − 2 (b · x) xμ, ωμv = −ωvμ. (3.5)

This Killing vector leads to the scale factor σ(x) = λ − 2(b · x). Equation (3.5) is
valid for any d.Note that in the special case of d = 2 the conformal Killing equation
(3.5) is nothing but the Cauchy-Riemann equations

∂1v1 = ∂2v2, ∂1v2 = −∂2v1. (3.6)

Thus, in d = 2 all holomorphic functions v(x) are solutions and generate conformal
coordinate transformations. In this case we have an infinite number of functions
solving (3.5), accompanied by an infinite number of associated conserved quantities.
However, we will mostly consider theories in d = 4 dimensions, for example on the
boundary of AdS5. Here we have a finite amount of conserved quantities. Counting
the independent components of the factors in the solutions (3.5) amounts to a total
number of 15, namely

aμ 4
ωμv + 6
λ + 1

bμ + 4
total 15.

On curved space, conformal transformations amount to a Weyl rescaling of the metric,

gμv(x) → eσ(x)gμv(x) . (3.7)

The general conformal Killing vector (3.5) may be viewed as the combination
of elementary transformations. The group of “large” conformal transformation is
generated by infinitesimal elements of the conformal algebra. Following [13, 14],
we define locally orthogonal tranformations R corresponding to a group element g
of the conformal group as

Rg
μα(x) := Ωg(x)

∂x′
μ

∂xα
. (3.8)

One can easily show that R ∈ O(d), i.e. that R
g
μα(x)R

g
vα(x) = δμv. The group

multiplication and the inverse are given as follows

Rg′
(gx)Rg(x) = Rg′g(x),

(
Rg(x)

)−1 = Rg−1
(gx) . (3.9)

With these we can construct translations and rotations as

x′
μ = Rμv xv + aμ, Ω(x) = 1. (3.10)

Scale transformations (↔ λ) and special conformal transformations (↔ bμ) involve
a non-trivial Ω factor
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x′
μ = λ xμ, Ω(x) = λ, (3.11)

x′
μ = xμ + bμx2

Ωg(x)
, Ωg(x) = 1 + 2b · x + bx2. (3.12)

Together, these transformations form a group isomorphic to SO(d+1, 1) (or SO(d, 2)
in Minkowski spacetime). All transformations belonging to this group can be con-
structed by performing translations, rotations, and inversions; the latter are given by

x′
μ =: (ix)μ = xμ

x2 , Ω i(x) = x2, (3.13)

Ri
μv(x) =: Iμv(x) = δμv − 2

xμxv

x2 . (3.14)

Special conformal transformations can be composed by concatenating inversion +
translation + inversion.

3.2.1.2 Conformal Fields and Correlation Functions

So far we examined coordinate transformations. Now we will investigate the behav-
iour of fields. For instance, the N = 4 Super Yang-Mills theory (SYM) mentioned
in the introduction only contains fields transforming covariantly under the conformal
group. In general QFTs (such as QED or QCD), conformal symmetry is generically
broken by quantum effects (anomalies).

A necessary condition for a field theory to be conformally symmetric is a vanishing
β-function. The latter describes the change of a coupling g with energy scales μ, i.e.

β(g) = μ
∂g

∂μ
, (3.15)

so β(g) = 0 is a necessary condition scale invariance. Generically, β(g) = 0 occurs
for specific values of g only, which correspond to the renormalization group fixed
points. However, for N = 4 Super Yang–Mills theory, it has been shown that the
beta function vanishes for all values of the coupling g.

A conformally covariant operator O of a conformal field theory (CFT) transforms
as follows under infinitesimal conformal transformations (with Killing vector v and
σ = ∂ · v/d)

δvO = − (Lv O), Lv = v(x) · ∂ +Δσ(x)− 1

2
∂[μvv](x) Sμv . (3.16)

Here,Δ denotes the scaling dimension of the operator O and Sμv a generator of O(d)
in an appropriate representation. It only affects spinor, vector and tensor fields but
no scalars ϕ
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δvϕ = − (
v(x) · ∂ +Δσ(x)

)
ϕ . (3.17)

In this section, we work in Euclidean signature and follow again [13, 14]. In general
QFTs, correlation functions are defined as time ordered vacuum expectation values,
e.g. a two-point function of some field ϕ is given by

〈ϕ(x) ϕ(y)〉 := 〈0| T ϕ(x) ϕ(y) |0〉, (3.18)

three-, four- and higher point functions by analogous expressions. Generically, their
computation is quite involved and possible only in the framework of perturbation
theory.

Let us also give the path integral analogue of the definition (3.18) in the operator
approach. In a scalar field theory governed by action S[ϕ], the partition function Z
and a general correlation function 〈O〉 is defined by the path integrals

Z :=
∫

Dϕ e−S[ϕ], 〈O〉 := 1

Z

∫
DϕO e−S[ϕ] . (3.19)

In CFTs, conformal symmetry is so strong that it determines the form of the two- and
three-point correlation functions up to a manageable number of parameters. In the
notation (x − y)2 = (x − y)μ(x − y)μ, the two- and three-point functions of scalars
ϕi with scale dimensions Δi are given by

〈ϕ1(x) ϕ2(y)〉 := c δΔ1,Δ2

(x − y)2Δ1
, (3.20)

〈ϕ1(x) ϕ2(y) ϕ3(z)〉 := k

(x − y)Δ1+Δ2−Δ3 (y − z)−Δ1+Δ2+Δ3 (x − z)Δ1−Δ2+Δ3

(3.21)
with constants c,k determined by the field content.

Four-point correlators 〈ϕ1(x)ϕ2(y)ϕ3(z)ϕ4(w)〉 are less constrained by the sym-

metry since they involve dimensionless cross ratios (x−y)2

(z−w)2
and (x−z)2

(y−w)2
.

3.2.1.3 The Energy Momentum Tensor in a CFT

The symmetric energy-momentum tensor Tμv generates the Noether currents asso-
ciated with conformal symmetry if the conservation law ∂μTμv = 0 (or rather
∇μTμv = 0 in curved spacetime) is imposed. The infinitesimal transformations
with conformal Killing vector vμ gives rise to the conserved current

jμ = Tμv vv . (3.22)

In this subsection, we will show an important property of the energy momentum
tensor in a conformal field theory, namely its tracelessness Tμμ = 0.

It is a common method in QFT to introduce sources for operators in a QFT’s action,
and then express the operator (in correlation functions) as the functional derivative
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of the generating functional. To do so, the action S0 of our theory is modified by an
additive term which couples the operator to its source. For instance consider some
scalar operator ϕ and its source J,

S[ϕ, J] = S0[ϕ] +
∫

ddx ϕ(x)J(x). (3.23)

Correlation function of that operator ϕ may now be calculated as the functional
derivative of the generating functional W [J] := − ln Z[J] of the theory with respect
to the source J, e.g.

〈ϕ(x)〉 ∝ δW [J]
δJ(x)

. (3.24)

One can also apply this procedure to vector and tensor operators,

S = S0 +
∫

dd x
(
ϕ J + Vμ Aμ + Tμv gμv). (3.25)

It can be shown that the source of the energy momentum tensor is exactly the object
that has the properties of a metric. So the energy momentum tensor is obtained by
calculating

Tμv(x) = − 2
√|d et g|

δW [g]
δgμv(x)

. (3.26)

The metric transforms under conformal coordinate transformations induced by a
vector field v as δvgμv = 2σgμv, so requiring invariance of W implies

0 = δvW [g] =
∫

ddx
δW [g]
δgμv(x)

δvgμv(x)

=
∫

ddx

(

−
√|d et g| Tμv

2

)

· (2 σ gμv)
(3.27)

= −
∫

ddx
√|d etg| Tμ

μ · σ . (3.28)

Since Tμμ vanishes upon integration against an arbitrary functionσ,one can conclude
the announced tracelessness of the energy momentum tensor

Tμ
μ = 0 . (3.29)

3.2.2 N = 4 Super Yang–Mills Theory

In this section we want to develop the field theory side of the AdS/CFT
correspondence—the maximally supersymmetric SU(N) gauge theory. This N = 4
Super Yang–Mills theory is an example for a d = 4 dimensional CFT. In the follow-
ing, the ingredients will be introduced step by step.
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3.2.2.1 Non-Abelian Gauge Theories

Super Yang–Mills theory is a non-abelian gauge theory, i.e. its fields take values
in the algebra of a non-abelian gauge group. QED, on the other hand, is associated
with the abelian gauge group U(1). Let us take it as an introductory example for the
necessity of a gauge field.

Consider a complex scalar field ϕ(x) transforming under local U(1) transforma-
tions as

ϕ(x) → eiϑ(x) ϕ(x), ∂μϕ(x) → ∂μ
(
eiϑ(x) ϕ(x)

) �= eiϑ(x) · ∂μϕ(x). (3.30)

The derivative ∂μϕ obviously does not transform like the fieldϕ itself, so a connection
Aμ is required in order to define a gauge covariant derivative:

Dμϕ(x) := (
∂μ + iAμ

)
ϕ(x) → eiϑ(x) · Dμϕ(x) ⇔ Aμ → Aμ − ∂μϑ (3.31)

With Aμ transforming like that, we can use the covariant derivative Dμ to con-
struct gauge invariant objects (e.g. kinetic terms in the action). Furthermore, the field
strength tensor

Fμv := ∂μAv − ∂vAμ (3.32)

is unaffected by gauge transformations of Aμ since ∂[μ∂v]ϑ = 0.
The most important examples of non-abelian gauge groups in these lectures are

SU(N) with N ≥ 2. One has to distinguish two transformation properties of fields
under the non-abelian SU(N):
• Fields transforming in the fundamental representation of the gauge group are

elements of an N dimensional vector space

qi(x) → (
eiϑa(x)Ta)

i

j
qj(x), i, j = 1, 2, . . . ,N, a = 1, . . . ,N2 − 1 . (3.33)

The SU(N) generators Ta are traceless hermitian N × N matrices and ensure that
eiϑaTa

is unitary. If the parameters ϑa(x) are infinitesimal, the field qi is shifted by
an algebra element

qi(x) → qi(x)+ iϑa(x) (Ta)i
j qj(x) . (3.34)

• Fields transforming in the adjoint representation of the gauge group are aligned
into the N2 − 1 dimensional algebra su(N),

φi
j ≡ φa (Ta)i

j → (
eiϑbTb)

i
k φa (Ta)k

l (e−iϑcTc)
l
j. (3.35)

Infinitesimally, conjugation by a group element eiϑaTa
involves the commutator

[Ta,Tb] = if abcTc of the su(N) generators
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Fig. 3.1 A cartoon of the
3-point and 4-point vertices.
The 3-point vertex is
proportional to the coupling
constant g, and the 4-point
vertex to g2

φa Ta →φa Ta + i
(
ϑb Tbφa Ta − φa Ta ϑb Tb)

=φa Ta − i ϑb φa [Ta , Tb]

=φa Ta + f abc φa ϑb Tc . (3.36)

Non-abelian gauge fields Aμ = Aa
μTa give rise to a non-abelian field strength

tensor in the adjoint representation

Fμv := ∂μAv − ∂vAμ + ig
[
Aμ , Av

]

= (
∂μAa

v − ∂vAa
μ − g f abc Ab

μ Ac
v

)
Ta. (3.37)

The transformation properties of Fμv can be deduced from its alternative definition
as a commutator of (non-abelian) gauge covariant derivatives (with g denoting the
gauge coupling)

(Dμ)i
j := δi

j ∂μ + ig Aa
μ (T

a)i
j, Fμv = − i

g

[
Dμ , Dv

]
. (3.38)

One can thus form a gauge invariant action for the field strength by taking a trace
over the i, j indices of the generators

S[A] ∼
∫

d4xTr
{
Fμv Fμv

}
. (3.39)

The non-linear contribution to Fμv gives rise to interactions with the vertices
(Fig. 3.1).

It turns out that in N = 4 Super Yang–Mills theory, due to the large amount of
supersymmetry all fields are in the adjoint representation of the gauge group. On
the other hand, in QCD, the quark fields are in the fundamental representation of
the gauge group. Given the success of the AdS/CFT correspondence, extensions of
AdS/CFT have been considered where quark degrees of freedom are added to the
original setup, in view of describing theories more similar to QCD in at least some
respects. For a review of these extensions, see for instance [10].
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3.2.2.2 The 1/N Expansion

As first pointed out by Gerard t’Hooft in 1974, SU(N) gauge theories simplify
considerably in the limit N → ∞. This limit also enters gauge/gravity duality in a
crucial way.

The large N limit is motivated by an expansion used in statistical mechanics, where
the number of field components is taken to be large and an expansion in the inverse
of this number is performed. The expansion of SU(N) theory in 1/N rearranges the
Feynman diagrams in such a way that they correspond to a string theory expansion
with string coupling 1/N . This suggests that SU(N) gauge theories are equivalent to
string theories, at least at large N. A particular virtue of the AdS/CFT correspondence
is to make this mapping between field theory and string theory precise for a well-
defined class of examples.

For illustrating the relation between a field theory expansion in the large N limit and
a string theory expansion, let us consider a toy model originally advocated by Sidney
Coleman [15]: This model involves a scalar field φ in the adjoint representation of
the gauge group SU(N), with φ = φaTa. More explicitly, writing out the indices of
the matrices Ta, we have

φi
j ≡ φa(Ta)i

j . (3.40)

Moreover it is assumed that the interaction vertices mimic Yang-Mills theory—a
three point vertex ∼g and a four point vertex ∼g2. The toy model’s Lagrangian then
reads

L ∼ Tr
{
dφ dφ

} + g Tr
{
φ3} + g2 Tr

{
φ4} . (3.41)

A rescaling gφ �→ φ turns this into

L ∼ 1

g2

(
Tr
{
dφ dφ

} + Tr
{
φ3} + Tr

{
φ4}

)
. (3.42)

To have a well-defined N → ∞ limit, it is convenient to introduce the t’Hooft
coupling

λ := gYM
2 N . (3.43)

If we send N → ∞ at constant λ, the coefficient of (3.42) diverges but the number
N2 − 1 of components in the fields diverges as well. In fact, a subtle cancellation
mechanism between the two infinities will take place. To see this at work, we analyze
particular Feynman graphs in the t’Hooft limit. In the notation (3.40), the propagator
of the field φ has the structure

〈φi
j(x) φk

l(y)〉 =
(
δi

l δk
j − 1

N
δi

j δk
l
)

1

4π2(x − y)2
, (3.44)
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li

j k

Fig. 3.2 The double line notation: fundamental and anti-fundamental fields are represented by
directed lines with the color indices at both ends. An adjoint field may be seen as a direct product
of a fundamental and an anti-fundamental field

which is found using the SU(N) completeness relation

N2−1∑

a=1

(Ta)i
j(Ta)k

l = 1

2

(
δi

l δk
j − 1

N
δi

j δk
l
)
. (3.45)

The space-time dependence of the propagator is the appropriate one for a scalar
field in four dimensions. In the N → ∞ limit, the term removing the trace, i.e.the
second term in the bracket in (3.44), is subleading and may be ignored. Then the
expression (3.44) for the propagator suggests a double line notation according to
Fig. 3.2. Feynman diagrams then become networks of double lines. Vertices scale
as N

λ
, propagators as λ

N , and the sum over indices in a trace contributes a factor
of N for each closed loop. If we introduce the shorthand notation (V,E,F) for the
numbers of vertices, propagators (edges) and loops (faces) respectively, diagrams
are proportional to

diagram(V,E,F) ∼ N V −E+F λE−V = Nχ λE−V . (3.46)

The power of the expansion parameter N is precisely the Euler characteristic

χ := V − E + F = 2 − 2 g, (3.47)

related to the surface’s number of handels (the genus) g. Any physical quantity in
this theory is given by a perturbative expansion of type

∞∑

g=0

N2−2g
∞∑

i=0

cg,i λ
i =

∞∑

g=0

N2−2g fg(λ) (3.48)

with fg(λ) a polynomial in the t’Hooft coupling. For large N, the series is clearly
dominated by surfaces of minimal genus, the so-called planar diagrams. As an
example let us compare the vacuum amplitudes shown in Fig. 3.3. In this simple toy
model, it is not known which string theory fits to the perturbative series. For N = 4
SYM, however, the AdS/CFT correspondence tells us which string theory leads to
the correct expansion, namely to the ten-dimensional type IIB superstring theory on
AdS5 × S5.
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Fig. 3.3 The Feynman diagrams (left) can be translated to double line diagrams (middle), which
in turn can be interpreted as Riemann surfaces of well defined topology (shaded). These surfaces
(deformed to the shape on the right) can be interpreted as stringy Feynman diagrams. While the
upper diagrams are planar (∝ N2), the lower diagrams are non-planar of genus g = 1 (∝ N0). The
propagator and the interaction vertex of a closed string are depicted on the right pictures

3.2.2.3 Supersymmetry

We know to have Poincaré symmetry in the flat Minkowski spacetime, which is
equipped with a “mostly positive” metric of signature η = diag(−,+,+,+). Gen-
erators of translations and Lorentz transformations will be denoted as Pμ and Lμv,

respectively. Supersymmetry now enlarges the Poincaré algebra

[
Lμv , Pλ

] = −i (ημλ Pv − ηvλ Pμ) , (3.49)

[
Lμv , Lλρ

] = −i (ημλ Lvρ − ημρ Lvλ + ηvρ Lμλ − ηvλ Lμρ) (3.50)

by including spinor supercharges Q. In so-called Weyl notation we have a left-handed
spinor Qa

α and its right-handed counterpart Q̄aα̇ = (Qa
α)

† where the SL(2,C) indices
α, α̇ take values 1, 2 and a counts the number of independent supersymmetries
a = 1, . . . ,N . The Q’s transform as Weyl spinors of SO(1, 3) ∼= SL(2,C)/Z2. The
two-component Weyl spinor notation is related to the Dirac four-spinor notation by

Qa
D =

(
Qa
α

Q̄aα̇

)
, γ μ =

(
0 σ

μ

αβ̇

σ̄ μα̇β 0

)

, (3.51)

where σμ = (−1, σ i) and σ̄ μ = (−1,−σ i) are four vectors of 2 × 2 matrices with
the standard Pauli matrices σ i as their spatial entries.

The supercharges commute with the generators of translations but otherwise obey
the algebra
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{
Qa
α , Q̄bβ̇

} = − 2 σμ
αβ̇

Pμ δ
a
b,

{
Qa
α , Qb

β

} = 2 εαβ Zab. (3.52)

Here the operators Zab are referred to as central charges. They commute with all the
Poincaré- and supersymmetry generators Qa and need to be antisymmetric Zab =
−Zba in order to respect the anticommutator’s symmetry. Therefore, for N = 1
supersymmetry, we have Z = 0.

The supersymmetry algebra (3.52) is invariant under global phase rotations of
the supercharges Qa

1,2 into each other. This forms an R symmetry group denoted as
U(1)R. In addition, when N > 1, the different supercharges may be rotated into
one another under the unitary group SU(N)R which extends the R symmetry.

The field theory in the AdS/CFT dictionary has N = 4 supersymmetries. Let
us briefly explain why this is the maximal supersymmetry for a pure gauge theory
without gravity: Each supercharge Qa

α, Q̄aα̇ changes the spin of the state it acts on
by 1/2. In absence of gravity, helicities between −1 and +1 occur, hence no spin
modification greater than 2 = Nmax · 1/2 is allowed.

In the N = 4 theory we have R symmetry SU(4) ∼= SO(6). This is exactly the
isometry group of the sphere in the AdS5 × S5 background on the string theory side
of the correspondence. The AdS5 factor has the symmetries encoded by SO(4, 2)
in Minkowski space or SO(5, 1) in an Euclidean formulation. These groups are
isomorphic to the conformal group in d = 4 dimensions according to our analysis
in Sect. 3.2.1.1.

3.2.2.4 Field Content of N = 4 Supersymmetric Field Theory

Representations of the supersymmetry algebra make up the SUSY multiplets. Their
components are spin 1 vector fields, spin 1

2 fermion fields and spin 0 scalar fields.
In N = 4 supersymmetry we encounter maximal supersymmetry if s = 1 is the
highest spin in a SUSY-multiplet. This implies that we cannot describe gravity with
this theory, because the graviton is supposed to have spin 2.

For any N with 1 ≤ N ≤ 4 we encounter one gauge multiplet, which is a
multiplet transforming in the adjoint representation of the gauge group (while we are
used to have matter fields in the fundamental representation in non-supersymmetric
theories). For N = 4 this is the only possible multiplet.

Lower symmetry N = 1 and N = 2 also admits matter multiplets which we
will not discuss here, though. (But to make you familiar with the names, the multi-
plet in the fundamental representation in N = 1 SUSY is called chiral multiplet,
and the multiplet in the fundamental representation in N = 2 SUSY is called the
hypermultiplet). The content of the N = 4 multiplet is given in Table 3.1. Note that
this theory is non-chiral. The Lagrangian may be written as
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Table 3.1 The field content of the N = 4 supersymmetry multiplet and the representation in which
these fields transform with respect to the R symmetry group SU(4)R ∼= SO(6)R

Field Range Representation of SU(4)R

Vector Aμ (1) singlet
Weyl fermions λa

α, λ̄
a
α, a = 1, 2, 3, 4 (4) fundamental

Real scalars Xi, i = 1, 2, . . . , 6 (6) adjoint

L = Tr

{
− 1

2 g2 Fμv Fμv + θ I

8π2 Fμv F̃μv − i
∑

a

λ̄a σ̄ μ Dμλa

−
∑

i

DμXi DμXi + g
∑

a,b,i

Cab
i λa

[
Xi , λb

]

+ g
∑

a,b,i

C̄iab λ̄
a [Xi , λ̄b] + g2

2

∑

i,j

[
Xi , Xj]2

}
. (3.53)

Here the trace is summing over gauge indices α̃, β̃ which are suppressed in the
expression above. They appear if we rewrite the adjoint fields correctly as linear

combinations of the generators TA of the gauge group, e.g.
(
Xi

)β̃
α̃

= XiATA
α̃
β̃. The

symbol θ I denotes the instanton number and F̃μv = 1
2εμvλρFλρ.

The Cab
i are the structure constants of SU(4)R. Note that there is only one cou-

pling constant g. On the classical level this theory is conformal with engineering
dimensions of the fields as [Aμ] = 1, [λ] = 3/2, [X] = 1 and therefore [g] = 0. The
dimensionless coupling and absence of any mass term are necessary for conformal
invariance.

The Lagrangian (3.53) is invariant under SUSY-transformations given by

(δXi)aα = [
Qa

α , Xi] = Ciab λαb ,

(δλβb)
a
α = {

Qa
α , λβb

} = F+
μv (σ

μv ε)αβ δ
a

b + [
Xi , Xj] εαβ (Cij)

a
b ,

(δλ̄b
β̇
)aα = {

Qa
α , λ̄

b
β̇

} = Cab
i σ

μ

αβ̇
DμXi ,

(δAμ)aα = [
Qa

α , Aμ
] = σμ

αβ̇
λ̄β̇a. (3.54)

Note that F+
μv is the self-dual part 1

2 (Fμv+F̃μv) of the field strength, and the constants
(Cij)

a
b are related to bilinears in Clifford Dirac matrices of SO(6)R.Upon quantization

of this theory, one finds that theβ-function vanishes to all orders of pertubation theory
(and even non-perturbatively), therefore we are left with a CFT even at quantum level.
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3.2.2.5 The Superconformal Algebra and Its Representations

The concept of supersymmetry together with the conformal group form the super-
conformal group SU(2, 2|4). The SU(2, 2) part represents the symmetry of the Weyl
spinors while the SU(4) refers to the R symmetry group SU(4)R of the N = 4
supersymmetry.

The AdS/CFT map will provide a direct one to one mapping between operators
on both sides of the correspondence. This relies heavily on the fact that on both sides
the operators fall into representations of the same symmetry groups. The generators
of the superconformal group are given by

• Conformal symmetry with generators Pμ,Lμv,D,Kμ : In addition to the Poincaré
algebra (3.49) and (3.50), the conformal algebra involves commutators

[
D , Pμ

] = −i Pμ ,
[
D , Kμ

] = i Kμ ,
[
Lμv , D

] = 0 ,
[
Lμv , Kρ

] = −i (ημρ Kv − ηvρ Kμ) ,
[
Pμ , Kv

] = 2i Lμv − 2i ημv D .

(3.55)

• R symmetry SO(6)R ∼= SU(4)R with generators TA,A = 1, 2, . . . , 15. The
SO(4, 2) and SU(4)R subgroups commute.

• Poincaré supersymmetry with generators Qa
α, Q̄α̇a, a = 1, 2, 3, 4 subject to (3.52).

• Conformal supersymmetry generators Sαa and S̄α̇a which introduce the following
anticommutation relations

{
Qa
α , Qb

β

} = {
Sαa , Sβb

} = {
Qa
α , S̄b

β̇

} = 0 ,
{
Qa
α , Q̄β̇b

} = 2 (σμ)αβ̇ Pμ δ
a
b ,

{
Sa
α , S̄β̇b

} = 2 (σμ)αβ̇ Kμ δ
a
b ,

{
Qa
α , Sβb

} = εαβ δ
a
b D + 1

2
δa

b Lμv (σ
μv ε)αβ .

(3.56)

Central charges are assumed to vanish throughout these lectures.

The fields Aμ(x), λa
α(x), λ̄

a
α̇(x) and Xi(x) of the SUSY multiplet (a = 1, 2, 3, 4

and i = 1, 2, . . . , 6) can be used to construct composite operators of N = 4 SYM. A
regularization prescription is needed when multiplying fields at the same spacetime
point.

We define a superconformal primary operator O by

[
S , O

] = 0, (3.57)

i.e. the O’s are the lowest dimensional operators in a representation of SU(2, 2|4).
This is the generalization of the primary operator condition [Kμ,O] = 0 in bosonic
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conformal field theory (which is in fact implied by (3.57) since two S generators
anticommute to K’s).

An operator O ′ is a superconformal descendant of O if

O ′ = [
Q , O

]
, (3.58)

O and O ′ then belong to the same superconformal multiplet, i.e. the same represen-
tation of SU(2, 2|4). The scale dimension is shifted as ΔO ′ = ΔO + 1

2 .

Of central importance are single trace operators (taking a trace is necessary to
ensure gauge invariance)

O = Tr
{
X(i1 Xi2 . . . Xin)

} = sTr
{
Xi1 Xi2 . . . Xin

}
. (3.59)

They are also referred to as half BPS operators since they are annihilated by half the
spinorial generators S (but not by the other half Q).

3.2.3 Anti-de Sitter Space

In this section we will examine Anti-de Sitter spacetime and compare it to flat
Minkowski spacetime. As mentioned earlier, one side of the AdS/CFT correspon-
dence is so-called type IIB superstring theory formulated on the spacetime AdS5×S5.

We will not discuss string theory now. Instead we want to get familiar with the space-
time and see how it may be connected to the more familiar Minkowski spacetime
R

1,3.

The most important facts about AdS5 × S5 spacetime for us are of geometrical
nature. We already stated that the isometry group of this spacetime is the same as the
symmetry group of the quantum field theory on the other side of the correspondence.

The key result of this section will be that the boundary of the Euclidean com-
pactification of AdS5 spacetime is equal to compactified R

4, which is the Euclidean
compactification of the Minkowski spacetime we live in. To see this equivalence we
will make use of so called conformal diagrams which enable us to draw an image
of the entire spacetime on a single sheet of paper making the causal structure of the
spacetime visible. A short introduction to conformal diagrams is for example given
in appendix H of [1].

The (p + 2)-dimensional version AdSp+2 of this spacetime can be defined as the
embedding of a hyperboloid (with AdS radius L)

X2
0 + X2

p+2 −
p+1∑

i=1

X2
i = L2 (3.60)

into a flat (p + 3)-dimensional space R
p+3 with metric

ds2 = − dX2
0 − dX2

p+2 +
p+1∑

i=1

dX2
i . (3.61)
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Fig. 3.4 AdS3 spacetime as
a hyperboloid with closed
timelike curves

X0

X1

X2

The AdS radius is a measure for the constant curvature. Riemann tensor and cosmo-
logical constant are given by

Rμvλρ = − 1

L2

(
gμλ gvρ − gμρ gvλ

)
, Λ = − d (d − 1)

L2 < 0 , (3.62)

where d is the dimension of the boundary.
One possible parametrization of this spacetime is given by

X0 = L cosh ρ cos τ ,

Xp+2 = L cosh ρ sin τ ,

Xi = LΩi sinh ρ ,

(3.63)

where Ωi are the angular coordinates with i = 1, . . . , p + 1 such that
∑

i Ω
2
i = 1

and the remaining coordinates take the ranges 0 ≤ ρ, 0 ≤ τ < 2π.
Inserting (3.63) into (3.61) yields the metric

ds2 = L2 (− cosh2 ρ dτ 2 + dρ2 + sinh2 ρdΩ2
p

)
. (3.64)

It features a timelike killing vector ∂τ on the whole manifold, so τ may be called the
global time coordinate. The isometry group SO(2, p + 1) of AdSp+2 has a maximal
compact subgroup SO(2)× SO(p + 1), the former generating translations in τ, the
latter rotating the Xi’s (Fig. 3.4).

Near ρ = 0 we have cosh ρ ≈ 1 and sinh ρ ≈ ρ, so in this environment the
metric of AdS5 looks like

ds2 ≈ L2(−dτ 2 + dρ2 + ρ2 dΩ2
3

)
(3.65)

and thus is seen to be topologically S1 × R
4. The S1 parametrized by the time

coordinate τ represents closed timelike curves. To prevent inconsistencies concerning
causality, AdS5 is therefore regarded as the causal spacetime obtained by unwrapping
these circles, taking −∞ < τ < ∞ without any identification.

Introducing a new coordinate θ, the metric (3.64) becomes that of the Einstein
static universe R × Sp



116 J. Erdmenger

tan θ = sinh ρ ⇒ ds2 = L2

cos2 θ

(− dτ 2 + dθ2 + sin2 θ dΩ2
3

)
. (3.66)

However, since 0 ≤ θ < π
2 , this metric covers only half of R × Sp. The causal

structure remains unchanged when scaling this metric to get rid of the overall factor.
Further, adding the point θ = π

2 corresponding to spatial infinity results in the
compactified spacetime

ds2 = − dτ 2 + dθ2 + sin2 θ dΩ2
3 , 0 ≤ θ ≤ π

2
, −∞ < τ < ∞ . (3.67)

If we specify boundary conditions on R × Sp at θ = π
2 , then the Cauchy problem

is well-posed. As one can easily read off from (3.67), the θ = π
2 boundary of

conformally compactified AdSp+2 is identical to the conformal compactification of
(p + 1) dimensional Minkowski spacetime.

Let us take a quick look at the special case of conformally compactified (1 + 1)
dimensional Minkowski spacetime. It is convenient to introduce light cone coordi-
nates,

u± := t ± x ⇒ ds2 = − dt2 + dx2 = − du+ du− . (3.68)

If we furthermore restrict the coordinates to a finite range, a useful choice is

u± =: tan ũ±, ũ± =: τ ± ϑ

2
⇒ ds2 = − dτ 2 + dϑ2

4 cos2 ũ+ cos2 ũ−
. (3.69)

Another neat parametrization of AdSp+2 is realized by the Poincaré coordinates
which cover half of the hyperboloid. Introduce (y, t, x) such that y > 0 and x ∈ R

p,

then

X0 = 1

2y

(
1 + y2 (L2 + x2 − t2)

)
,

Xp+1 = 1

2y

(
1 − y2 (L2 − x2 + t2)

)
,

Xp+2 = L y t ,

Xi = L y xi .

(3.70)

The boundary at y → ∞ can be better analyzed in terms of a new variable u

u := 1

y
⇒ ds2 = L2

(
du2

u2 + 1

u2 ηij dxi dxj
)
. (3.71)

After a conformal rescaling by u2, we obtain the Minkowski metric by freezing
u = 0.
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3.2.4 D-branes

D-branes (where the ‘D’ stands for Dirichlet boundary conditions) are a central
feature of string theory in view of the second string revolution 1995. They play a
central role for the AdS/CFT correspondence: In fact, D-branes have two different
interpretations within string theory and the origin of the AdS/CFT correspondence
is to identify the two D-brane interpretations, together with applying a subtle limit.

D-branes have an open string and a closed string interpretation. Let us sketch
these briefly in the subsequent.

3.2.4.1 Open String Interpretation

Open strings require boundary conditions for their endpoints. These may be provided
at particular hyperplanes, which define the D-branes. Thus D-branes are hyperplanes
on which open strings may end. Just as fundamental strings, D-branes can couple to
background fields, in particular to gravity. A world-volume action describing their
dynamics may be obtained as a generalization of the worldsheet action for strings.
The background fields act as generalized couplings.

Let us briefly recapitulate the boundary conditions for an open string. A string is
defined on the worldsheet given by the two coordinates (σ, τ ). In superstring theory,
the fermionic contribution to the worldsheet action reads

Sf = i

2πα′

∫
d2σ

(
ψ
μ
− ∂+ψ−μ + ψ

μ
+ ∂−ψ+μ

)
, (3.72)

with ψ± the right and left movers, respectively. For the boundary conditions, we
impose ψμ+(τ, 0) = ψ

μ
−(τ, 0) at σ = 0. Then, the boundary condition at σ = π

leaves two options corresponding to the Neveu–Schwarz- (NS-) and the Ramond
sector (R) of the theory:

R : ψμ+(τ, π) = +ψμ−(τ, π)
NS : ψμ+(τ, π) = −ψμ−(τ, π) .

(3.73)

Let us now turn to the D-branes. Let ξa denote the coordinates for the world-
volume of a Dp brane (which reduces to ξ0 = τ and ξ1 = σ in case of the fundamental
string). Here, ‘Dp’ denotes a brane in one temporal and p spatial directions.

In direct analogy to the string worldsheet area action, the bosonic part of the
D-brane action is given by

S(p)DBI = −μp

∫
dp+1ξe−ϕ

√
det

(
g∗

ab + B∗
ab + 2π α′ Fab

)
. (3.74)

The action (3.74) is known as Dirac–Born–Infeld action, or in short, DBI action. Its
prefactor μp = (2π)−pα′−(p+1)/2, with α′ ≡ ls2 the inverse string tension and ls the
string length, relates to the (genuinely non-perturbative) brane tension Tp = μp/gs.
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Moreover, g∗ is the induced metric on the brane obtained via pullback of the spacetime
metric to the brane worldvolume,

g∗
ab = ∂Xμ

∂ξa

∂Xv

∂ξb
gμv. (3.75)

The same applies to the antisymmetric two-form B in (3.74).
Expanding the DBI action in flat spacetime (with g∗

ab = ηab) by means of det(1+
M) = 1 − 1

4 Tr{M2} for antisymmetric matrices M, we see that the DBI action for
D3 branes is a generalization of Yang–Mills theory,

S(p=3)
DBI ∼ α′−2

∫
d4ξTr

{
Fab F ab}, Fab = B∗

ab + 2π α′ Fab. (3.76)

D branes also carry charge under Ramond–Ramond p-form fields Cp. The full action
describing a charged BPS brane (named after Bogomolnyi, Prasad and Sommerfield)
involves a Chern–Simons term, S = SDBI ± SCS,

SCS = μp

∫
dp+1ξ

∑

q

C∗
q+1 ∧ Tr

{
eF }

. (3.77)

The exponential of the two form F has to be understood in terms of the wedge
product.

BPS branes are stable due to charge conservation. In type IIA/B superstring theory,
Dp branes with p even/odd are BPS stable since Ramond–Ramond gauge potentials
Cp+1 are present to which Dp branes can couple. Unlike fundamental strings, D
branes are non-perturbative objects since the tension and therefore their energy scales
as 1/gs, i.e. with the inverse string coupling.

For N coincident D-branes, the gauge group is enhanced to U(N), which may
be written as the semidirect product SU(N) × U(1). For N coincident D3-branes,
the action reduces to N = 4U(N) Super-Yang–Mills theory in the limit α′→0:
For D3-branes, there is a SO(6) rotational symmetry in the six spatial directions
perpendicular to the branes. SO(6) is isomorphic to SU(4),which coincides with the
R symmetry group of N = 4 Super Yang–Mills theory.

3.2.4.2 Closed String Interpretation

On the other hand, D-branes also arise as solitonic solutions to the supergravity
equations of motion. Let us discuss some aspects of this in detail.

Closed string excitations contain gravity. In particular, the graviton corresponds
to the quadrupole fluctuation of the closed string. The closed sector of superstring
theory can be constructed in four different ways. Each of left- and right movers may
be taken from open string NS or R sectors. From the spacetime point of view, we
find the following statistics for the states: The NS-NS and R-R sectors correspond
to spacetime bosons, whereas the NS-R and R-NS sectors correspond to spacetime



3 Introduction to Gauge/Gravity Duality 119

fermions. The NS-NS sector contains the fields gμv,Bμv, ϕ which we had already
discussed in bosonic string theory whereas the ‘mixed’ NS-R, R-NS sectors contain
SUSY superpartners such as gravitino and dilatino.

It may be shown that to leading order in α′ (i.e. at low energies when only massless
excitations contribute), Weyl invariance of the string worldsheet action in curved
background is equivalent to certain field equations which can be derived from a
gravity action. In superstring theory, this effective target space action is precisely
that of supergravity. For this reason, the supergravity theories are referred to as type
IIA/B although they can be motivated independent of string theory.

In type IIB supergravity, the bosonic field consists of the massless closed string
states, gμv,Bμv and ϕ from the NS-NS sector and the R-R form fields C0,C2 and
C4. In addition, there are fermions with an equal number of degrees of freedom as
in the bosonic part.

Moreover, we define the axio-dilaton τ and a complex 3 form G3 by

τ := C0 + i e−ϕ, G3 := F3 − τ H3 (3.78)

where F3,H3 are the field strengths of C2 and B2 (in differential form notation
F3 = dC2 and H3 = dB2). The C4 potential is more conveniently represented by the
field strength

F̃5 = dC4 + 1

2
B2 ∧ F3 − 1

2
C2 ∧ H3. (3.79)

Let us finally introduce the rescalings g̃μv = e(ϕ0−ϕ)/6 and κ = κ0eϕ0 = √
8πGN

into the Einstein frame, then the type IIB supergravity action is given by

SIIB = 1

2 κ2

∫
d10x

√−g̃

(

Rg̃ − |∂μτ |2
2 (Imτ)2

− |G3|2
12 Imτ

− |F̃5|2
4 · 5!

)

+ 1

8i κ2

∫
C4 ∧ G3 ∧ Ḡ3

Imτ
. (3.80)

The field strength F̃5 has to be self-dual in the sense that

(�F)μ1...μ5 = Fμ1...μ5 (3.81)

where the Hodge dual (�ω)k of a k form ω in D dimensions is defined by

(�ω)μ1...μD−k = | det g|
k! εv1...vkμ1...μD−k ω

v1...vk , (3.82)

e.g. �Fμv = | det g|
2 εμvλρFλρ in D = 4 dimensions.

Now let us look for solitonic solutions of the equations of motion due to (3.80).
A Dp brane is a BPS solution of 10 dimensional supergravity, i.e. it is annihilated
by half the Poincaré supercharges Qα. It has a p + 1 dimensional flat hypersurface
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with Poincaré invariance group R
p+1 × SO(1, p). The transverse space is then of

dimension D − p − 1.
A p brane in 10 dimensions has symmetries R

p+1 × SO(1, p) × SO(9 − p). An
ansatz which solves the equations of motion of type IIB supergravity is

ds2 = 1√
H(y)

dxμ dxμ + √
H(y) dy · dy (3.83)

where xμ are the coordinates on the brane world volume and y denote the coordinates
perpendicular to the brane. It turns out by means of the supergravity equations of
motion that

eϕ(y) = [
H(y)

] 3−p
4 , H ≡ harmonic function ofy = √

y · y. (3.84)

Far away from the brane, i.e. at y → ∞, flat space has to be recovered. This boundary
condition uniquely fixes H to be

H(y) = 1 +
(

L

y

)D−p−3

. (3.85)

L is a length scale related to the only dimensionful parameter α′. For a stack of N
coincident Dp branes, we have

LD−p−3 = N gs (4π)
(5−p)/2 Γ

(
7−p

2

)
α′(D−p−3)/2. (3.86)

For D3-branes this reduces to

L4 = 4π gs N α′2 = 4π λα′2 , (3.87)

where g2
YM = gs and λ = g2

YMN = gsN is the t’ Hooft coupling.

3.3 The AdS/CFT Correspondence

3.3.1 General Idea

At the level of string theory, the AdS/CFT correspondence is a duality between the
open and closed string interpretations of D-branes. Thus, in the case of D3-branes,
it is conjectured that the theory of open strings ending on a stack of N D3-branes,
which for small inverse string tension α′ corresponds to N = 4 SU(N) Super Yang-
Mills theory, is mapped to superstring theory on the space AdS5 × S5, which is a
full theory of quantum gravity. This is an exciting proposal, however so far it has
not been possible to formulate string theory non-perturbatively on a curved space
background, so it is not possible to test this proposal. Nevertheless, in his original
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Fig. 3.5 General structure of the AdS/CFT correspondence and the limit involved

paper [1], Maldacena has proposed a subtle low-energy limit, in which the quantum
gravity theory of closed strings reduces to classical supergravity. On the open string
side, this limit corresponds essentially to a saddle-point approximation in which the
planar limit N → ∞ of the SU(N) gauge theory is taken. In addition, this limit
implies that the gauge theory is strongly coupled while the classical supergravity
theory is weakly coupled. The general idea of AdS/CFT and the limit involved is
summarized in Fig. 3.5.

3.3.2 Maldacena’s Original Argument

Let us now consider the scenario outlined above in more detail, where we follow
Maldacena’s original argument as presented in [5]. We consider type IIB string theory
in 9+1 dimensional spacetime with a stack of N D3-branes. There are two kinds of
excitations, open and closed strings. The closed string fluctuations are excitations
of the vacuum with the graviton as massless mode. Secondly, there are open string
modes which describe excitations of the D3-branes. At energies below the string mass
scale (α′)−1/2, only massless string states are excited: The massless closed string
states give rise to the gravity multiplet of type IIB supergravity, while the massless
open string states give rise to the N = 4 gauge multiplet and N = 4 SU(N) Super
Yang–Mills theory.

Let us recapitulate the open and closed string interpretations of D3 branes as
introduced in the preceding section.

3.3.2.1 D3-branes From the Open String Point of View

The low energy effective action for the massless excitations of N D3-branes in flat
ten dimensional space has the schematic form
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S = Sbulk + Sbrane + Sint ,where

Sbulk ≡ D = 10 supergravity incl. higher derivative terms, i.e.α′ corrections

Sbrane ≡ DBI and CS action defined on 3+1 dimensional brane world volume:

for smallα′,we get SYM ∼ Tr{FμvFμv} plus interactions

∼ α′Tr{F4} + . . .

Sint ≡ bulk−brane interaction : the leading term comes from the background

metric g in the brane action .

For α′ → 0, the bulk action becomes the Einstein–Hilbert action with coupling
κ ∼ gsα

′2. In the expansion gμv = ημv + κhμv about flat space (with Minkowski
metric η), the leading terms are

Sbulk = 1

2 κ2

∫
d10x

√|g| Rg ∼
∫

d10x
(
(∂h)2 + κ (∂h)2 h + · · ·

)
. (3.88)

In the low-energy limit κ ∼ gsα
′2 → 0, the interaction terms O(κ) drop out, so

gravity becomes free at long distances. Similar behaviour can be observed in the Sint
sector. The term ‘low energy limit’ means that the relevant energies E are kept fixed
while we send the dimensionful parameter α′ → 0, therefore various dimensionless
quantities such as α′E2 are suppressed.

In the low-energy limit, we are thus left with two decoupled theories: Supergravity
of massless particles in the bulk and N = 4SU(N) Super Yang–Mills theory on the
brane.

3.3.2.2 D3-Branes from the Closed String Point of View
and the Maldacena Limit

In their solitonic interpretation, D branes are viewed as massive charged objects
which act as sources for the various supergravity fields. Specializing (3.85) to D3
branes in ten dimensions (D = 10 and p = 3) yields the metric

ds2 = 1√
H(y)

ημv dxμ dxv + √
H(y)

(
dy2 + y2 dΩ2

5

)

H(y) = 1 +
(

L

y

)4

.

(3.89)

Let us now discuss the limits of this metric: When y4 � L4 = 4πgsNα′2, one
recovers flat 10-D space. When y < L, on the other hand, the metric appears to
be singular as y → 0. To examine this limit more carefully, let us define a new
coordinate u := L2/y. In the limit of large u (where H = 1 + u4/L4 → u4/L4), the
metric takes the asymptotic form

ds2
∣∣∣
u→∞ = L2

(
1

u2 ημv dxμ dxv + du2

u2 + dΩ2
5

)
. (3.90)
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In this near horizon limit y → 0 ⇔ u � L, the geometry close to the brane is regular
and highly symmetrical (with isometry group SO(4, 2)× SO(6)). Apart from the S5

sphere represented by dΩ2
5 , we recover the AdS5 metric (3.71).

An important property of the metric (3.89) is its non-constant redshift factor(
H(y)

)−1/4 = gtt with an interesting near horizon limit:

(
H(y)

)−1/4 =
(

1 + L4/y4
)−1/4 =

{∼ 1 : large y
∼ y/L : small y

(3.91)

The energy Ep of an object measured by an observer at constant position y differs
from the energy Ei of the same object, this time measured by an observer at infinity,

(
H(y)

)−1/4
Ep = Ei. (3.92)

When the object approaches y → 0, it appears to have lower and lower energy to
the observer at infinity. This gives another, geometric notion of low energy regime.
We have to distinguish two kinds of low energy excitations

• particles approaching y → 0,
• and massless particles propagating in the bulk (away from y = 0) .

Their excitations decouple from each other in the low energy limit: Bulk massless
particles decouple from the near horizon region around y → 0. Excitations close
to y = 0 are trapped by the gravitational potential to the AdS5 × S5 region. Thus
we have two decoupled actions in the low-energy limit: Supergravity of massless
particles in flat space and supergravity in the AdS5 × S5 region.

Comparison

As just discussed, both from the point of view of the field theory limit of open strings
and from the supergravity point of view, there are two decoupled theories in the low-
energy regime. In each case, one of them is supergravity of massless particles. We are
thus led to identify the other theory present in each interpretation in the low-energy
limit:

N = 4 SYM with gauge group SU(N)
(∗)⇐⇒ type IIB supergravity .

The (∗) above the arrow indicates that the correspondence claimed in this AdS/CFT
conjecture holds in the N → ∞ limit at large and fixed ’t Hooft coupling λ = gsN .
This field theory limit is implied by the gravity side on which L4 = 4πλα′2: Since L
is finite, α′ → 0 implies that the t’Hooft coupling λ = g2

YMN ≡ gsN must be large.
At the same time, gs → 0, i.e. the classical limit in which the string coupling goes
to zero, implies that N → ∞.
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3.3.2.3 Different Forms of the AdS/CFT Conjecture

We may distinguish between different strength of the AdS/CFT conjecture depending
on whether the string coupling gs, the inverse string tension α′ or both are taken to
zero.

The strongest form of the AdS/CFT correspondence conjectures that the duality
between the supersymmetric SU(N) gauge theory and type IIB supergravity holds
for any value of N and gs. This implies that N = 4 SYM is exactly equivalent to the
full type IIB superstring theory on AdS5 × S5. However, it is at present not possible
to test the strongest form since there is no consistent non-perturbative quantization
of string theory yet, in particular not in curved spacetime.

In the strong form of the AdS/CFT conjecture, we keep λ = gsN fixed while
sending N → ∞. In this case the ground state is classical type IIB string theory on
AdS5 × S5. The perturbative expansion parameter is gs = λ/N � 1 on the string
theory side, this corresponds to a perturbative 1/N expansion on the field theory side.

Finally, there is the weak form of the AdS/CFT conjecture described above, in
which the Maldacena limit N → ∞ and λ very large is considered. This relates
N = 4 SYM at strong coupling and with N → ∞ to classical supergravity. In
contrast to the stronger versions, α′ is assumed to be small now, and the α′ expansion
of supergravity is dual to a field theory expansion in λ−1/2 powers around the strong
coupling limit. The weak form can be seen as a duality in the following limits,

(
N → ∞
λ → ∞

)
↔

(
gs → 0
α′ → 0

)
.

We see that the AdS/CFT map provides a strong/weak coupling duality: Strongly
coupled quantum field theory is mapped to weakly coupled gravity. This means that
if we go on to test the correspondence in the following section, we may compare
only those observables in the two theories which are independent of the coupling.
On the other hand, this strong/weak duality provides an interesting new tool to make
non-trivial predictions about strongly coupled quantum field theories by performing
calculations in weakly coupled gravity.

3.3.3 Field-Operator Map

The aim of this section is to work out the precise dictionary between objects of the
two equivalent theories,

(
N = 4 SYM
N, λ → ∞

)
↔

(
type IIB supergravity

on AdS5 × S5

)
,

in particular between representations of the common symmetry groups. We will
relate field theory operators to supergravity fields which transform in the same
representation of the superconformal group SU(2, 2|4) or its bosonic subgroup
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SO(6)×SO(4, 2).This provides a one-to-one map between gauge invariant operators
in N = 4 SYM and classical fields in IIB supergravity on AdS5 × S5. Moreover,
we explain how to calculate correlation functions for the field theory operators by
considering propagation through Anti-de Sitter space.

3.3.3.1 Correlation Functions

A crucial role in testing the AdS/CFT correspondence is played by the com-
putation and comparison of correlation functions. Correlators which obey non-
renormalization theorems (i.e. which are λ independent) will be of particular interest.
Let us give a brief review of correlation functions in QFT.

Consider an n-point function of composite regularized gauge invariant operators
Ok(x),

〈O1(x1)O2(x2) . . . On(xn)〉 .

An important tool to compute this correlator is the generating functional Z[J] (and
its analogue W [J] for connected diagrams) defined by

Z[J] :=
〈
exp

(
−

∫
dDxLJ

)〉
= e−W [J] , (3.93)

where LJ is the Lagrangian of a given QFT with added source term coupled to a
basis {Oi} of gauge invariant local operators:

LJ = L +
∑

i

Ji Oi . (3.94)

The n-point correlation function is then given by

〈O1(x1)O2(x2) . . . On(xn)〉 = δn ln Z[J]
δJ1(x1) δJ2(x2) . . . δJn(xn)

∣
∣∣
Ji=0

. (3.95)

To calculate correlation functions in AdS5 ×S5, it is convenient to work in Euclidean
AdS5 with Poincaré coordinates

H :=
{
(z0, z), z0 > 0, z ∈ R

4
}
, ∂H = R

4 . (3.96)

The metric

ds2 = 1

z2
0

(
dz2

0 + dz2) (3.97)

diverges at the boundary z0 → 0, but it is merely a coordinate singularity, not a
curvature singularity. The divergence may be removed by a Weyl rescaling. As we
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will see later, however, sometimes it is necessary (and useful) to consider a cutoff at
fixed z0 = ε. The UV cutoff Λ = 1

ε
is mapped to an IR cutoff ε in AdS.

Given the conformal symmetry, it is natural to assume that N = 4 SYM lives on
the boundary of AdS5. This boundary may be mapped to flat space by a conformal
transformation.

Typical gauge invariant operators in SU(N) SYM with N = 4 in D = 4 are

OΔ(x) := sTr
{
Xi1 Xi2 . . . XiΔ

} = N (1−Δ)/2 Ci1...iΔ Tr
{
Xi1 Xi2 . . . XiΔ

}
. (3.98)

Here, Δ denotes the conformal dimension of the operators, Xi are the elementary
scalar fields of N = 4 SYM transforming in the representation 6 of SO(6) ∼= SU(4)
and Ci1...iΔ fall into the totally symmetric rankΔ tensor representation of SO(6). The
trace is taken over colour indices (recall that all the fields transform in the adjoint
representation of SU(N)). The normalization is chosen such that all planar graphs
scale with N2.

3.3.3.2 The Dual Fields of Supergravity

On the AdS side, we decompose all fields into Kaluza–Klein towers on S5, i.e. we
expand the fields in spherical harmonics YΔ(y) of S5

ϕ(z, y) =
∞∑

Δ=0

ϕΔ(z)YΔ(y) . (3.99)

The ten-dimensional Klein–Gordon equation implies a massive wave equation in the
five dimensional AdS sector,

(��5 + m2
Δ

)
ϕΔ(z) = 0, m2

Δ = Δ(Δ − 4). (3.100)

It has two independent solutions which can be characterized by their asymptotics as
z0 → 0,

ϕΔ(z0, z) ∼
{

zΔ0 : normalizable,

z4−Δ
0 : non-normalizable.

(3.101)

The non-normalizable fields define associated boundary fields [3] by virtue of

ϕ̄Δ(z) := lim
z0→0

ϕΔ(z0, z) zΔ−4
0 . (3.102)

We may identify the normalizable AdS modes ϕΔ as vacuum expectation values of
the field theory operators OΔ and the non-normalizable modes ϕ̄Δ as sources for
these operators,

ϕΔ(z0, z) ∼ 〈OΔ〉 zΔ0 + ϕ̄Δ z4−Δ
0 . (3.103)



3 Introduction to Gauge/Gravity Duality 127

The mapping between correlation functions in Super Yang–Mills theory and the
supergravity dynamics is given as follows: The generating functional W [ϕ̄Δ] for all
correlators of single trace operators OΔ in Super Yang–Mills is given in terms of
the source fields ϕ̄Δ. The boundary values of these supergravity fields at the four-
dimensional boundary of the five-dimensional AdS space become the sources for the
QFT operators. In other words, on the field theory side we have

e−W [ϕ̄Δ] =
〈
exp

(
−

∫

∂H
d4zϕ̄ΔOΔ

)〉
, (3.104)

where the boundary fields ϕ̄Δ correspond to the sources given by (3.94). The AdS side
is governed by an action in terms of the bulk fields S[ϕΔ] in the framework of type
IIB supergravity on AdS5 × S5. The AdS/CFT conjecture for correlation functions
says that precisely this classical gravity action enters the generating functional for
the subclass {OΔ} of operators in the N = 4 QFT. The AdS/CFT correspondence
for correlators may now be expressed in the formula

W [ϕ̄Δ] = S[ϕΔ]
∣∣∣
limz0→0(ϕΔ(z0,z) zΔ−4

0 )=ϕ̄Δ(z)
. (3.105)

Here, the field theory generating functional as given by (3.104) is identified with the
classical action on five-dimensional Anti-de Sitter space, subject to the boundary
condition that the five-dimensional fields ϕΔ assume the boundary values ϕ̄Δ in
agreement with (3.103). The action S is the generating functional for tree diagrams
on AdS space, i.e. for the classical expansion of correlators. It should be noted that
(3.105) is a very-non-trivial statement!

The tree level graphs in AdS are referred to as Witten diagrams [2]. Let us give
the corresponding Feynman rules:

• Each external source ϕ̄Δ(z) is located at the boundary;
• Propagators depart from the external sources either to another boundary point or

to an interior interaction point (in which case they are called bulk-to-boundary
propagators);

• The structure of the interior interaction points is governed by the interaction vertices
of the supergravity action. These are obtained from the Kaluza–Klein reduction
on S5;

• Two interior interaction points may be connected by bulk-to-bulk propagators.

3.3.3.3 AdS Propagators

In this section we will derive the scalar propagator in Euclidean AdS spacetime H
as defined in (3.96). For simplicity, the AdS radius is set to L = 1. The four vector
z in the metric ds2 = 1

z2
0
(dz2

0 + dz2) parametrizes the boundary ∂H. The geodesic

distance is obtained by solving the geodesic equation (where the parameter ξ is called
chordal distance)
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d(z,w) =
w∫

z

ds = ln

(
1 + √

1 − ξ2

ξ

)

, ξ = 2 z0 w0

z2
0 + w2

0 + (z − w)2
. (3.106)

Let us start from the scalar part of the action which we obtain by Kaluza–Klein
reduction of the ten dimensional IIB supergravity on S5. Schematically we get

S[ϕΔ] =
∫

d5z
√|g|

(
1

2
gμv ∂μϕΔ ∂vϕΔ + m2

Δ

2
ϕΔ + Lint

)

, (3.107)

where Lint denotes higher order interaction terms from Kaluza–Klein reduction.
Now the propagators are represented by integral kernels KΔ, GΔ, namely

ϕΔ(z) =
∫

∂H
d4xKΔ(z, x) ϕ̄Δ(x) ≡ bulk-to-boundary propagator , (3.108)

ϕΔ(z) =
∫

H
d5xGΔ(z, x) J(x) ≡ bulk-to-bulk propagator , (3.109)

where x denotes the boundary coordinates and x ≡ (x0, (x)) denotes the bulk coor-
dinates. The scalar Green function satisfies

(��g + m2
Δ

)
GΔ(z, x) = δ5(z, x) ≡

∏5
i=1 δ(zi − xi)√|g| , m2

Δ = Δ(Δ − 4) , (3.110)

where the action of the Laplacian �gon scalar fields is in general given by

��g ϕ = − 1√|g| ∂μ
√|g| gμv ∂vϕ (3.111)

and reduces to the following expression

��g

∣∣∣
AdS

= − z2
0 ∂

2
0 + 3 z0 ∂0 − z2

0

d∑

i=1

∂2
i . (3.112)

This turns (3.110) into a hypergeometric equation. The Green function solving
(3.110) is thus given by a hypergeometric function in the argument ξ from (3.106),
namely

GΔ(z,w) = GΔ(ξ) = CΔ
2Δ (2Δ− d)

ξΔ F2,1

(
Δ
2 ,

Δ+1
2 ,Δ− 1; ξ2

)
,

CΔ = Γ (Δ)

π2 Γ (Δ− 2)
.

(3.113)

When x is located at the boundary, GΔ reduces to the bulk-to-boundary propagator

KΔ(z, x) = CΔ

(
z0

z2
0 + (z − x)2

)Δ
. (3.114)
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Fig. 3.6 Some examples for tree level Witten diagrams in AdS space-time. The circle denotes the
boundary of AdS. The vertices denoted by the dots are in the bulk of AdS. Diagrams (a)–(c) involve
bulk-to-boundary propagators only, while diagram (d) also contains a bulk-to-bulk propagator

3.3.3.4 Two-Point Function

Let us now calculate the two-point function 〈OΔ(x)OΔ(y)〉 as given by the Wit-
ten diagram (a) in Fig. 3.6 Calculation of the two-point function requires careful
treatment of potential divergences at the boundary. For this purpose, we Fourier
transform the boundary coordinates to momentum space. For generality, we work on
(d + 1)-dimensional AdS space with d-dimensional boundary. For the two-point
function, only quadratic terms in the action are relevant. The d + 1 dimensional bulk
action

S[ϕ] =
∫

dd+1z
√|g|

(
1

2
∂μϕ ∂

μϕ + m2

2
ϕ2

)
(3.115)

gives rise to a boundary term after integration by parts,

S[ϕ̄] = 1

2 εd−1

∫
ddzϕ̄(z) ∂0ϕ(ε, z) . (3.116)

This action is regularized by cutting off the z0 integral at z0 = ε. In the notation
ϕ(ε,p) ≡ ϕ̄(p)εd−Δ, we Fourier transform

ϕ(z0, z) =
∫

ddpeip·z ϕ(z0,p) . (3.117)

This yields the equation of motion in momentum space,

(
z2

0 ∂
2
0 − (d − 1) z0 ∂0 − (p2 z2

0 + m2
Δ)

)
ϕ(z0,p) = 0 . (3.118)

This is a Bessel equation with solutions zd/2
0 Kv(z0p) (where v = Δ − d/2 and

p = √
p · p and Kv is a Bessel function). The boundary asymptotics are governed by

limz0→∞ zd/2
0 Kv(z0p) = 0 and Kv(z0 → 0) ∼ zd−Δ

0 .
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The normalized solutions to the boundary problem read

ϕ(z0,p) = zd/2
0 Kv(z0p)

εd/2 Kv(εp)
ϕ̄(p) εd−Δ. (3.119)

We insert the Fourier transform (3.117) into (3.118) and obtain

1

2εd−1
Sp[ϕ̄] =

∫
dpp ddq(2π)d δd(p + q) ϕ(ε,p) ∂0ϕ(ε,q) . (3.120)

Using (3.119), together with the AdS/CFT conjecture (3.105), we obtain the follow-
ing two-point functions for the dual CFT operators,

〈OΔ(p)OΔ(q)〉ε = − δ2Sp[ϕ̄]
δϕ̄(p) δϕ̄(q)

= − (2π)d δd(p + q)
ε2Δ−d−1

d

dε
ln
(
εd/2 Kv(εp)

)
.

(3.121)
The Bessel index v is a positive integer whenever the associated CFT operator OΔ
with Δ = v + d/2 is a chiral primary. Bessel functions have an asymptotic u → 0
expansion of the schematic form

Kv(u) → u−v (a0 + a1 u2 + a2 u4 + . . .)+ uv ln u (b0 + b1 u2 + b2 u4 + . . .) .

(3.122)
This translates as follows to the level of two point functions

〈OΔ(p)OΔ(q)〉ε = (2π)d δd(p + q)

ε2Δ−d

(
− d

2
+ v (1 + c2 + ε2 p2 + c4 ε

4 p4 + . . .)

−2 v b0

a0
ε2v p2v ln(εp) (1 + a2 ε

2 p2 + . . .)

)
.

(3.123)

Explicitly, we have 2vb0
a0

= (−1)v+1

22(v−1)Γ (v)2
and ε2v = ε2Δ−d, such that

〈OΔ(p)OΔ(−p)〉ε = β0 + β1 ε
2 p2 + . . . + βv (εp)2(v−1)

ε2Δ−d
− 2 v b0

a0
p2v ln(εp)+O(ε2).

(3.124)
The field theory of the first terms is governed by scheme-dependent contact terms
∼ �mδd(x − y),and the second term gives the correct non-local result

〈OΔ(p)OΔ(−p)〉 = − 2 v b0

a0
p2v ln(εp) . (3.125)

Transforming the non-local contribution ∝ p2v ln p back to position space yields the
ε-independent result

〈OΔ(x)OΔ(y)〉 = Γ (Δ)

Γ (Δ− d/2)

2Δ − d

πd/2 |x − y|2Δ , (3.126)

which agrees with the spatial dependence expected from conformal field theory. The
coefficient is fixed by our AdS5 toy model. For results in N = 4 Super Yang–Mills
theory, we also have to include the S5 factor into our discussion. This will be done
in the next chapter.
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3.4 Tests of the Correspondence

3.4.1 Three-Point Function of 1/2 BPS Operators

An impressive test of the AdS/CFT correspondence is the agreement of the three-
point functions of 1/2 BPS operators in N = 4 SYM at large N with the correspond-
ing fields in supergravity. To demonstrate this result, we will proceed as follows:

• Look at the two-point functions to fix the normalization;
• Calculate the three-point function in Super Yang–Mills theory to zeroth order in

the coupling;
• Check that this is not renormalized at higher orders, i.e. prove a non-renormalization

theorem to show independence of the correlator on the coupling;
• Calculate the correlation function on the gravity side (spacetime dependence from

the Witten diagrams and couplings from the Kaluza–Klein reduction) .

3.4.1.1 Correlation Functions of 1/2 BPS Operators

In this section, we follow the computation of Seiberg and collaborators [16] and
adopt their notation: An 1/2 BPS operator of N = 4 SYM will be denoted by

O I
k = CI

i1...ik Tr
{
Xi1 . . . Xik

}
, (3.127)

where k ≡ Δ and the CI are totally symmetric traceless rank k tensors of SO(6).
The SYM action is normalized such that g2

YM = 4πgs, and the normalization
Tr{TaTb} = δab/2 of the SU(N) generators Ta allows to recast it into the form

S = − 1

2 g2
YM

∫
d4xTr

{
Fμv Fμv} + SUSY completion,

= − 1

4 g2
YM

∫
d4xFa

μv Faμv + SUSY completion . (3.128)

This gives rise to the following scalar propagators

〈Xia(x)Xjb(y)〉 = g2
YM δ

ij δab

(2π)2 |x − y|2 . (3.129)

The two-point function on the field theory side to lowest order in perturbation theory
is therefore given by

〈O I
k(x)O

J
k (y)〉= CI

i1...ik CJ
j1...jk

〈Tr
{
Xi1(x) . . . Xik (x)

}
Tr
{
Xj1(y) . . . Xjk (y)

}〉

=CI
i1...ik CJ

j1...jk

Nk g2k
YM

(
δi1j1 δi2j2 . . . δik jk + cyclic permutations

)

(2π)2k |x − y|2k

= k λk δIJ

(2π)2k |x − y|2k
, (3.130)
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Fig. 3.7 Feynman diagram
for the two-point correlation
function 〈O I

k (x)O
J
k (y)〉 to

lowest order in the coupling,
O(gYM

0), in the planar limit.
This is referred to as the
rainbow diagram

where last equality only holds at leading order in N. In the large N limit, the corre-
sponding planar Feynman diagram in shown in Fig. 3.7.

Similarly, for the three-point function to lowest order in perturbation theory and
in the limit of large N we have [16]

〈O I
k1
(x)OJ

k2
(y)OK

k3
(z)〉 = λ�/2 k1 k2 k3 〈CI CJ CK 〉

N (2π)� |x − y|2α3 |y − z|2α1 |x − z|2α2
. (3.131)

Note that the spacetime dependence is completely determined by conformal invari-
ance. We have used the shorthand notation

Σ = k1 + k2 + k3 αi = Σ

2
− ki (3.132)

(such that e.g. α1 = k2+k3−k1
2 ) and 〈CI CJCK 〉 denotes a uniquely defined SO(6)

tensor contraction of indices determined by the Feynman graph.

It is useful to defined normalized operators Õ I := (2π)k

λk/2
√

k
O I . Their two-point

function is normalized to one,

〈Õ I
k(x) Õ

J
k (y)〉 = δIJ

|x − y|2k
, (3.133)

and the three point function reads

〈Õ I
k(x) Õ

J
k (y) Õ

K
k (z)〉 =

√
k1 k2 k3 〈CI CJ CK 〉

N |x − y|2α3 |y − z|2α1 |x − z|2α2
. (3.134)

This holds for large values of N. Otherwise, non-planar corrections of order 1
N2 arise.

3.4.1.2 Non–Renormalization Theorem

Next, following [17], we demonstrate the absence of O(λ) terms both in 〈OO〉 and
in 〈OOO〉. The argument will hold for any N [17].

Define complex scalar fields Zi := Xi + iXi+3 making use of the embedding
SU(3) ⊂ SU(4). The Euclidean version of the N = 4, SU(N) SYM Lagrangian
then reads
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L = Tr

{
1

4
Fμv Fμv + 1

2
λ̄ /Dλ+ DμZi DμZ̄ i + 1

2
ψ̄ i /Dψ i

+i
√

2 g f abc (λ̄a Z̄i
b Lψ i

c − ψ̄ i
aR Zi

b λc
)
. (3.135)

− g√
2

f abc εijk
(
ψ̄ i

aL Zj
a ψ

k
c + ψ̄ i

aR Z̄i
b ψ

k
c

)

− g2

2
f abc Z̄ i

b Zi
c fade Z̄ jd Zje + g2

2
f abc f ade εijk εilm Zi

b Zk
c Z̄ l

d Z̄m
e

}
,

(3.136)

where L,R denote the left and right handed chirality projectors.
Due to supersymmetry, it is sufficient to consider

〈Tr
{
(Z1)k(x)

}
Tr
{
(Z̄1)k(y)

}〉 = Pk,k,0(N)
(
4π2 |x − y|)k

(3.137)

with the following polynomial in N

Pk,k,0(N) =
∑

σ∈Sk

Tr
{
Ta1 Ta2 . . . Tak

}
Tr
{
Taσ(1) Taσ(2) . . . Taσ(k)

}

= k

(
N

2

)k

+ lower order in N . (3.138)

There are various effects to consider at leading order in the coupling, namely

• the self energy corrections

a a `

= δaa′
N A(x, y)G(x, y) , (3.139)

with A(x, y)= a0 +a1 ln
(
μ2(x−y)2

)
and the scalar propagator G(x, y)= 1

4π2|x−y|2
and
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• the two particle exchange interactions

b

b `
+

a

a

`

= (
f pab f pa′b′ + f pab′

f pa′b)B(x, y)G(x, y)2 , (3.140)

with B(x, y) = b0 + b1 ln
(
μ2(x − y)2

)
.

The possible corrections to the rainbow graph at order g2
YM are shown in Fig. 3.8.

It turns out that these three graphs cancel each other for all N and for all k. The proof
goes as follows:

• Use a trace identity valid for any matrices N and Mi

n∑

i=1

Tr
{

M1 . . . Mi−1
[
Mi , N

]
Mi+1 . . . Mn

}
= 0, (3.141)

• Use combinatorics for colour indices,
• Insert (3.139) between all pairs of adjacent lines using [Ta,Tb] = if abcTc.
• The result for all exchange graphs (with Sk permutation σ ) is then

1

4
(−2 B)Tr

{
Ta1 . . . Tak

} k∑

i�=j=1

Tr
{

Taσ(1) . . .
[
Taσ(i) , Tp

]
. . .

[
Taσ(j) , Tp

]
. . . Taσ(k)

}
, .

• Then apply (3.14) to one of the two commutators to find

B

2
Tr
{
Ta1 . . . Tak

} k∑

i=1

Tr
{

Taσ(1) . . .
[[

Taσ(i) , Tp] , Tp
]
. . . Taσ(k)

}

= N B

2
Tr
{
Ta1 . . . Tak

} k∑

i=1

Tr
{

Taσ(1) . . . Taσ(i) . . . Taσ(k)
}
. (3.142)

The last step follows from the fact that
[[·,Tp],Tp

]
is the Casimir operator of the

adjoint representation of SU(N) such that
[[Ta,Tp]Tp

] = NTa and the sum over
i yields k identical terms. In the self energy corrections, we also have a factor of k
by similar argument such that the overall contribution is

k N (B + 2A)

2

∑

σ∈Sk

Tr
{

Ta1 . . . Tak
}

Tr
{

Taσ(1) . . . Taσ(k)
} = k N (B + 2A)Pk,k,0(N)

2
.

(3.143)

In [17] it was shown that (3.143) vanishes since B + 2A = 0 due to the non-
renormalization theorem. The reason for that is the following: The two point function
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(a) (b) (c)

Fig. 3.8 Possible corrections to the rainbow graph at order g2
YM

Tr{X2} falls into the same supersymmetry multiplet as the energy momentum tensor
Tμv. It can be shown that the latter is not renormalized (in agreement with momen-
tum conservation), so by supersymmetry, Tr{X2} is protected as well. This implies
that 〈O2(x)O2(y)〉 does not have any quantum corrections of order O(g2

YM), and
thus B + 2A = 0. (3.143) then implies that 〈Ok(x)Ok(y)〉 is non-renormalized and
independent of gYM (and thus λ) as well for all k. Note that this non-renormalization
theorem for the two-point function of 1/2 BPS operators holds for all values of N.

A similar analysis applies to the three-point functions of 1/2 BPS operators as
well. Four-point functions, however, are renormalized in general, though there are
special exceptional cases where they are not, see for instance [18, 19].

3.4.1.3 Three-Point Function on the Gravity Side

Having obtained an exact result for the three point function of 1/2 BPS (or chiral
primary) operators on the field theory side, we are ready to compare with a gravity
counterpart. Let us consider three-point functions of scalar fields in AdS spacetimes.
Their Feynman diagram has the structure of a Mercedes star, as displayed in (b)
of Fig. 3.6. It is specified by three edge points x, y, z by three bulk-to-boundary
propagators and a coupling in the center determined by Kaluza-Klein reduction of
S5. The correlation function corresponding to this Witten diagram has first been
calculated in [4], while the coupling has been obtained in [16].

Recall from Sect. 3.3.3.3 that the bulk-to-boundary Green functions in AdSd+1
is given by

KΔ(z0, z, x) = Γ (Δ)

πd/2 Γ (Δ− 2)

(
z0

z2
0 + (z − x)2

)Δ
. (3.144)

Because of its defining property limz0→0

[
zΔ−d

0 KΔ(z0, z, x)
]

= δd(x − z) we can

express a bulk field φ in terms of its values at the boundary

φ(z0, z) = Γ (Δ)

πd/2 Γ (Δ− 2)

∫
ddx

(
z0

z2
0 + (z − x)2

)Δ
φ0(x). (3.145)
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Now the Mercedes diagram of the gravity three point functions is evaluated as

A(x, y, z) :=
∫

dw0 ddw
1

wd+1
0

(
w0

(w − x)2

)Δ1
(

w0

(w − y)2

)Δ2
(

w0

(w − z)2

)Δ3

.

(3.146)
Here, we use the notation (w − x)2 := w2

0 + (w − x)2.
The number of functions in denominator can be reduced using the trick of inver-

sion [4]: Reexpress integration variable as wμ = w′
μ

(w′)2 and similarly set x = x′
|x′|2 ,

y = y′
|y′|2 and z = z′

|z′|2 . Consequently, the propagators are affected as

KΔ(w, x) = |x′|2Δ KΔ(w
′, x′). (3.147)

The factor |x′|2Δ is a first parallel to field theory since |x′|2Δ = 1
|x|2Δ . Note that

inversion is an isometry of AdS, so its volume element is invariant dd+1w
wd+1

0
= dd+1w′

(w′
0)

d+1 .

This causes the Mercedes integral to transform as

A(x, y, z) = |x′|2Δ1 |y′|2Δ2 |z′|2Δ3 A(x′, y′, z′). (3.148)

To reduce the number of functions in the denominator of (3.146) from three to two,
proceed as follows:

• Set one argument to zero z → 0 using translation invariance,

A(x, y, z) = A(x − z, y − z, 0) =: A(u, v, 0) . (3.149)

This brings the third terms into the nice form
( w0
(w−z)2

)Δ3 =
(

w0
w2

)Δ3 = (w′
0)
Δ3 .

• Add an inversion to find

A(u, v, 0) = 1

|u|2Δ1 |v|2Δ2

∫
dd+1w′
(w′

0)
d+1

(
w′

0
(w′ − u′)2

)Δ1
(

w′
0

(w′ − v′)2

)Δ2 (
w′

0
)Δ3 .

(3.150)

By translation invariance of the w integration variable, the integral can only depend on
the difference u′ − v′, and dimensional analysis fixes the power to be
|u′ − v′|Δ3−Δ1−Δ2 . Hence, we have already found the spacetime dependence

A(u, v, 0) ∼ |u′ − v′|Δ3−Δ1−Δ2

|u|2Δ1 |v|2Δ2

= 1

|x − y|Δ1+Δ2−Δ3 |y − z|Δ2+Δ3−Δ1 |z − x|Δ3+Δ1−Δ2

=: f (x, y, z) (3.151)

(Note that good care has to be taken to restore the old variables before the inversion

transformation. A useful formula is (u′ − v′)2 = (x−y)2

(x−z)2(y−z)2 .)
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An exact calculation of A(u, v, 0) can be done using Feynman parameter methods
[4], the prefactor in A(x, y, z) = a · f (x, y, z) is found to be

a = − Γ [ 1
2 (Δ1 +Δ2 −Δ3)]Γ [ 1

2 (Δ2 +Δ3 −Δ1)]Γ [ 1
2 (Δ3 +Δ1 −Δ2)]Γ [ 1

2 (
∑

i Δi − d)]
2πd Γ [Δ1 − d

2 ]Γ [Δ2 − d
2 ]Γ [Δ3 − d

2 ] .

(3.152)
The Gamma functions due to the Feynman parameter method have a number of poles.

Now we need to consider coupling with which the Mercedes integral (3.146)
enters the three point function

〈
O I (x)OJ(y)OK (z)

〉
= λIJK A(x, y, z) . (3.153)

The A part was just calculated, we will next treat the cubic coupling λIJK coming
from KK reduction in supergravity [16].

Recall from Sect. 3.2.4.2 that type IIB supergravity contains a self dual five form
field F. It enters the equations of motion for the graviton via

Rmn = 1

3! Fmijkl Fn
ijkl. (3.154)

In the flat AdS5 × S5 background solution, the five form takes particularly simple
values. Denote the AdS5 indices by μi, i = 1, 2, . . . , 5 and the S5 indices by αi, i =
1, 2, . . . , 5 then the solution reads

ds2 = 1

z2
0

(
dz2 + dz2

0 + dΩ2
5

)
=: gmn dxm dxn ,

F̄μ1...μ5 = εμ1...μ5 F̄α1...α5 = εα1...α5 .

(3.155)

Note that the curvatures of the AdS5 and S5 factors cancel

AdS5: Rμλvσ = −(gμv gλσ − gμσ gλv), Rμv = −4 gμv RAdS5 = −20 ,

S5: Rαγβδ = +(gαβ gγ δ − gαδ gγβ), Rαβ = +4 gαβ, RS5 = +20 .
(3.156)

Observe that R = RAdS5 + RS5 = 0.
Next we need to look at fluctuations φ0 about this background which couple to

operators O in the dual field theory via interaction terms Sint = ∫
ddx φ0(x)O(x).

It was investigated in [20] how to decompose the supergravity equations of motion
and how to decouple them from the fluctuations.

Starting point is the ansatz

Gmn = gmn + hmn, F = F̄ + δF , (3.157)

where the fluctiations h, δF are organized as

hαβ = h(αβ) + h2

5
gαβ, gαβ h(αβ) = 0 ,

hμv = h′
(μv) + h′

5
gμv − h2

3
gμv, gμv h′

(μv) = 0 , (3.158)
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δFijklm = 5 ∇[i ajklm] . (3.159)

It is convenient to work in de-Donder gauge (with respect to S5) where

∇αhαβ = ∇αhμα = ∇αaαμ1μ2μ3 = 0. (3.160)

The KK programme requires to expand this ansatz in spherical harmonics YI on S5

h′
μv =

∑

I

Y I (h′
μv)

I , h2 =
∑

I

Y I hI
2 ,

aα1...α4 =
∑

I

∇α YI εαα1α2α3α4 bI ,

aμ1...μ4 =
∑

I

Y I aI
μ1...μ4

.

(3.161)

Inserting this ansatz into the ten dimensional equations of motion leads to diag-
onalization and decoupling. The modes which couple to the field theory 1/2 BPS
operators O I are given by

SI = 1

20 (k + 2)

(
hI

2 − 10 (k + 4) bI). (3.162)

Note that k = Δ in the different notations of the original papers [4] and [16]. These
S5 modes satisfy a five dimensional equation of motion in AdS space

(∇μ∇μ − k (k − 4)
)

SI = λIJK SJ SK . (3.163)

where λIJK is given by

λIJK = a(k1, k2, k3)
128Σ

(
(Σ/2)2 − 1

) (
(Σ/2)2 − 4

)
α1α2α3

〈
CI CJCK

〉

(k1 + 1)(k2 + 1)(k3 + 1)
.

(3.164)

We are using the usual shorthands Σ = k1 + k2 + k3 and α1 = k2+k3−k1
2 (as well as

cyclic variations thereof) and the numbers a(k1, k2, k3) relate S5 integrals of spherical
harmonics with the SO(6) tensors

〈
CI CJCK

〉
of (3.131),

∫

S5
dΩYI (Ω)YJ(Ω)YK (Ω) = a(k1, k2, k3)

〈
CI CJ CK

〉
,

a(k1, k2, k3) = π3

(Σ/2)! 2d/2(�−2)

k1! k2! k3!
α1!α2!α3! . (3.165)

This gives rise to the following dimensionally reduced supergravity action for the SI

modes
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S = 4 N2

(2π)5

∫
d5x

√
g

[
AI

2
(−∇SI )

2 − k (k − 4) (SI )
2 + 1

3
λIJK SI SJ SK

]
.

(3.166)
We can identify the lower dimensional gravitation coupling and the AdS radius as

1

2 κ2 = 4 N2

(2π)5
, LAdS + 1, (3.167)

and the constant AI is determined from IIB 10d SUGRA action to be

AI = 32
k (k − 1) (k − 2)

k + 1
Z(k),

∫

S5
dΩYI (Ω)YJ(Ω) =: Z(k) δIJ . (3.168)

Let us now use the action S as given above to calculate the the two point function

〈SI(x) SJ(y)〉 = 4 N2

(2π)5
π

2k−7

k (k − 1)2 (k − 2)2

(k + 1)2
δIJ

(x − y)2k
, (3.169)

then define normalized operators Õ I (x) ∼ SI (x) such that
〈
Õ I (x)ÕJ(y)

〉 = δIJ

(x−y)2k .

The three-point function is computed on the basis λIJK , the operators’ normalization
as given above and the result (3.151), (3.152) for A(x, y, z),

〈
Õ I(x)ÕJ(y)ÕK (z)

〉
= 1

N

√
k1 k2 k3

〈
CI CJ CK

〉

|x − y|2α3 |y − z|2α1 |z − x|2α2
. (3.170)

Remarkably, this gravitational correlator coincides with the field theory result
(3.134)!

Note again that for comparing quantum field theory and supergravity, it is essen-
tial to use the two-point function to normalize the operators in the same way on both
sides of the correspondence. Also, it is essential to consider observables which are
independent of the coupling, since the field theory calculation is performed at weak
coupling while the supergravity calculation is dual to a strong coupling result in field
theory. Further impressive and very non-trivial tests of the correspondence beyond
non-renormalized operators, where the results do depend on the coupling, have been
obtained in the ‘integrability’ approach (for a review see [21]). This requires con-
sidering the strong form of the AdS/CFT correspondence where the α′ → 0 limit is
not taken.

3.5 Introduction to Gauge/Gravity Duality

Motivated by the successes of the AdS/CFT correspondence in its original form as
discussed in the previous chapters, many physicists have begun to ask the question
whether similar dualities are also possible for less symmetric quantum field theories.
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In particular, it would be extremely appealing to be able to map QCD to a weakly
coupled gravity theory in order to solve the problem of confinement. While this goal
is still a long distance away, important and interesting steps have been taken to use
generalizations of AdS/CFT, i.e. gauge/gravity duality, to use weakly coupled gravity
in order to make predictions for strongly coupled quantum systems which are hard
to describe otherwise.

Within these lectures we have room only to give a brief outlook at this vast
subject. We consider gauge/gravity duality for field theories at finite temperature
and density. This is the starting point for many applications, both to the quark-gluon
plasma of heavy ion physics and to strongly coupled systems of potential relevance
for condensed matter physics. We recommend the reviews [9] for the quark-gluon
plasma, [10] for studying mesons and quark degrees of freedom, and [11, 12] for
condensed matter applications.

We starty by switching on a temperature in N = 4 Super Yang–Mills theory.
This breaks all of the supersymmetry. We still keep the N → ∞ planar limit.

3.5.1 Gauge/Gravity Duality at Finite Temperature

3.5.1.1 Finite Temperature Field Theory

Finite temperature field theory is obtaine by performing a Wick rotation t → −iτ
and by compactifying Euclidean time on a circle of radius β = 1

bBT . This has to

effect of modifying the weight factor in the correlation functions, eiHt → e−βH ,

such that we describe a field theory in thermal equilibrium with temperature T.
The partition function of a thermal field theory is given by

ZE = Tre−βH =
∑

all β-periodic states

〈ϕβ |e−βH |ϕβ〉

=
∫

all β-periodic states
Dϕe−SE[ϕ] , (3.171)

for a field theory with fields ϕ.
We now use the saddle point approximation: Letϕ∗ be a saddle point of the Euclid-

ean action SE[ϕ]. Then we can approximate the generating functional semiclassically
as

Z =
∫

Dϕe−SE[ϕ] ≈ e−SE[ϕ∗]. (3.172)

3.5.1.2 Finite Temperature on the Gravity Side

According to the weak form of the AdS/CFT correspondence, the partition function of
the classical bulk theory with asymptotically AdS boundary conditions is equivalent
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to the partition function of the large N QFT. The metric g then takes the role of the
ϕ field above:

Zgrav = e−SE[g∗] (3.173)

The gravitational action contains a Gibbons-Hawking boundary term required for
finiteness,

SE[g] = − 1

2 κ2

∫
dd+1x

√
g

(
R + d (d − 1)

L2

)

+ 1

2 κ2

∫

r→0
ddx

√
g

(
− 2 K + 2 (d − 1)

L2

)
. (3.174)

Here, K denotes the trace of the extrinsic curvature,

K = γ μv ∇μ nv , (3.175)

where γ μv is the induced metric on the boundary at r → 0 and nμ an outward
pointing unit normal vector on the boundary.

A saddle point, i.e. a solution to the equations of motion, is given by

ds2 = L2

r2

(
f (r) dτ 2 + dr2

f (r)
+ dxi dxi

)
, f (r) = 1 − r4

r4
H

. (3.176)

This coincides with the analytic continuation of the AdS Schwarzschild metric to
Euclidean space, where rH denotes the Schwarzschild horizon. We thus have a black
hole as solution to the equations of motion. The Euclidean metric (3.176) is defined
outside the horizon only. At the horizon, we have r = rH and and the boundary, we
have r = 0.

We now show that regularity at the horizon is obtained only if τ is periodic. The
period given by β = 1

T is identified with the inverse temperature, with kB ≡ 1 for
the Boltzmann constant. Consider the behaviour of the metric near the horizon rH.

In this region, the metric in the (τ, r) plane becomes, defining r′ = rH − r,

ds2 = L2
(

4r′

rH
dτ 2 + rH

4r′ dr′2
)
. (3.177)

This metric may be rewritten as

ds2 = dρ2 + ρ2 4

rH
2 dτ 2 with ρ2 = r′L . (3.178)

This expression corresponds to the metric of a plane in polar coordinates,

ds2 = dρ2 + ρ2dθ2 with θ ≡ 2τ

rH
. (3.179)
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With this choice for θ a conical singularity can be avoided. The periodicity of θ can
be translated into periodicity of τ with period

2

rH
β = 2π . (3.180)

Keeping in mind that T = 1/β, we identify a relation between the horizon radius rH
and the Hawking temperature of the AdS Schwarzschild black hole,

T = 1

π rH
. (3.181)

The Hawking temperature of the black hole is then identified with the temperature
of the field theory on the boundary.

We obtain further thermodynamic quantities by evaluating the partition function
at the saddle point e−SE[g∗]. The action as given in (3.174), evaluated at the Euclidean
Schwarzschild metric, is found to be

SE = − Ld−1

2 κ2 rd
H

Vd−1

T
= − (4π)d Ld−1 Vd−1 Td−1

2 κ2 dd
(3.182)

where Vd−1 is the spatial volume of the associated QFT.
In order to be in the classical gravity regime, we need that the spacetime is weakly

curved in Planck units, i.e. that Ld−1

κ2 � 1.The dual field theory analogue of Ld−1

κ2 � 1

is N → ∞, recall that L4 = 4πgsNα′2.
From the action given by (3.182) we obtain the free energy and entropy as

F = − T ln Z = T SE[g∗] = − (4π)d Ld−1 Vd−1 Td

2 κ2 dd
(3.183)

S = − ∂F

∂T
= (4π)d Ld−1 Vd−1 Td−1

2 κ2 dd−1
. (3.184)

The expression for the entropy is equal to the area of the event horizon divided by
4GN = κ2

2π . This area entropy relation is universally expected to be true for event
horizons.

As an outlook, let us mention that here, we have considered a thermal field theory
in equilibrium, dual to an Euclidean signature AdS-Schwarzschild black hole. For
describing transport phenomena which require evolution in time and small deviations
from equilibrium, it will be necessary to move on to Minkowski signature black holes.

3.5.2 Finite Density and Chemical Potential

To conclude our brief introduction to gauge/gravity duality, let us consider how to
introduce a finite density and chemical potential.
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3.5.2.1 Quantum Field Theory at Finite Density

Consider the Lagrangian of a quantum field theory with a U(1) gauge symmetry and
a scalar and a fermion charged under this symmetry

L = (Dμϕ)
∗Dμϕ + iψ̄γ μDμψ + 1

g2 FμvFμv (3.185)

with the covariant derivative Dμ = ∂μ+ iAμ. Let’s give the time-component of Aμ a
non-vanishing value 〈A0〉 = μ, such that A0 = 〈A0〉+δA0.This generates a potential
of the form

V = −μ2ϕ∗ϕ − μψ†ψ , (3.186)

where μ is the chemical potential, ψ†ψ = N̂ gives the number operator and −μ2

is the mass square of the scalar field. Note that the scalar field has a negative square
mass, which leads to an upside-down potential and potentially to instabilities.

Recall that the Gibbs energy (free energy in the grand canonical ensemble) is
given by

Ω = E − TS − μN . (3.187)

3.5.2.2 Finite Density and Chemical Potential on the Gravity Side

In the following we will introduce finite density and chemical potential into the
gauge/gravity duality. For this, we have to find a solution to the equation of motion of
Einstein-Maxwell theory with A = At(r)dt.The background Maxwell U(1) potential
of the field theory is read off from the boundary values of the bulk Maxwell field
Aμ(r) = A(0)μ + . . . as r → 0. The Einstein equations of motion involve the energy-
momentum tensor of the field strength Fμv,

Rμv − R

2
gμv − d(d − 1)

2L2 gμv = κ2

g2

(
FμλFλv − 1

4
gμvFλρFλρ

)
. (3.188)

The solution is given by the Reissner–Nordström AdS black hole, whose metric in
Minkowski signature is

ds2 = L2

r2

(
−f (r)dt2 + dr2

f (r)
+ dx2

)
,

f (r) = 1 −
(

1 + r2
Hμ

γ 2

)(
r

rH

)d

+ r2
Hμ

2

γ

(
r

rH

)2(d−1)

,

with γ = (d − 1)L2g2

(d − 2)κ2 ,

(3.189)
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and the gauge field

A0(r) = μ

(

1 +
(

r

rH

)d−2
)

. (3.190)

This satisfies the boundary condition that At(r) has to vanish at the horizon since
∂t is not well-defined as a Killing vector there. Moreover, (3.190) identifies the μ
parameter in the solution (3.189) with the chemical potential: In agreement with the
standard AdS/CFT result for the asymptotic behaviour of gravity fields near the AdS
boundary, asymptotically A0(r) gives the source and the VEV of the dual field theory
operator. Here, these determine the chemical potential and the density, respectively.
We readily identify the source term μ as the chemical potential. For identifying the
density, we proceed as follows:

The temperature is again fixed by analytic continuation to the Euclidean regime
and is given by

T = 1

4π rH

(

d − (d − 2) r2
H μ

2

γ 2

)

. (3.191)

In the grand canonical ensemble, by evaluating the Euclidean action on the solution,
we find the following Gibbs free energy

Ω = − T ln Z = − Ld−1

2 κ2 rd
H

(

1 + r2
H μ

2

γ 2

)

Vd−1 = F

(
T

μ

)
Vd−1 Td . (3.192)

From this, we obtain the charge density

ρ = − 1

V2

∂Ω

∂μ
= 2 L2 μ

κ2 rH γ 2 , (3.193)

without loss of generality in d = 3 dimensions.

3.6 Conclusion

In these lecture notes we have reviewed prerequisites for the AdS/CFT correspon-
dence and introduced the correspondence itself. We went on to testing the corre-
spondence via the calculation of correlation functions. Finally, we have considered
more general models of gauge/gravity duality by considering gravity duals of field
theories at finite temperature and density. With these generalizations we are now
ready to consider applications of gauge/gravity duality to strongly coupled systems
such as the quark-gluon plasma and particular condensed matter systems. But this is
another story which will be told elsewhere.
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Chapter 4
Holography for Strongly Coupled Media

Dam Thanh Son

4.1 Motivation

Many problems of modern theoretical physics are related to strong coupling. One
example is the problem of the hot and dense matter in QCD. The creation of hot QCD
matter is the goal of relativistic heavy ion experiments, the most recent of which
are RHIC and LHC. Although there are ample evidence that some form of matter
with strong collective behavior is formed in ultra-relativistic heavy ion collisions,
the theoretical problem of finding whether thermal equilibrium is achieved and at
which temperature has still not been solved. (The problem can be made very sharp
by imagining a world with very small electromagnetic fine structure constant so
that nuclei can be very large. Can we make a quark gluon plasma by colliding very
large nuclei at very high energy? What is the temperature of the system at thermal
equilibration? We still do not have definite answer to these questions.) Assuming
that system reaches equilibrium, one can ask questions about the properties of the
thermal equilibrium state. While thermodynamics of the QGP at finite temperature
and zero chemical potential can be studied by lattice methods, the latter becomes very
inefficient in dealing with real time quantities, for example the viscosities. Current
lattice methods are also incapable of treating QCD matter at finite chemical potential,
a problem that hinders our understanding of the core of neutron stars.

Another example of a strong coupling problem is that of unitarity fermions (unitary
Fermi gas). This system is that of nonrelativistic fermion interacting through a short-
range potential fine tuned to resonance at threshold (see Sect. 4.6 for more discussion).
The simplest version of the problem is the Bertsch problem: given a gas of spin-1/2
fermions, interacting with short-range interaction fine tuned to unitarity (defined
below in the lectures), what are the properties of the ground state? This problem has
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Fig. 4.1 The close time path contour

became extremely important when it became possible to realize unitarity fermions
in atomic trap experiments.

Various other strong coupling problems in condensed matter physics are discussed
in Subir Sachdev’s lectures in this school. In these lectures, we will describe some
points of contact between gauge/gravity duality and the physics of the quark gluon
plasma and the unitary Fermi gas.

4.2 Thermal Field Theory

There are two main formalisms used in thermal field theory. The first formalism
is the Matsubara, Euclidean formalism. It is used in lattice QCD, very convenient
for thermodynamic and static quantities (like correlation length), but cannot directly
address dynamic, real-time quantities. The second formalism is the real-time, close
time path formalism. (For more details, see Refs. [1, 2]).

In the Matsubara formalism, the theory is formulated on a Euclidean spacetime,
where the time axis is compactified to an interval 0<τ <β = 1/T . In the close-
time-path formalism, one makes a detour into real time, as in Fig. 4.1.

One can turn on source on the upper and lower parts of the contour, J1 and J2. The
partition function of field theory now is a functional of both J1 and J2, Z = Z [J1, J2],
and and derivatives of log Z with respect to J gives a 2 × 2 matrix propagators Gab,

where a, b = 1, 2. Changing σ rescales the off-diagonal elements by a trivial factor,

G12(ω, q) = eσωGσ = 0
12 (ω, q), (4.1)

G21(ω, q) = e−σωGσ = 0
21 (ω, q). (4.2)

For σ = 0, the propagators Gab include path-ordered, reversed path-ordered, and
Wightmann Green’s functions. They are related by

G11 + G22 = G12 + G21, (4.3)

but the choice σ = β/2 leads to symmetric 2 × 2 propagator matrix: G12 = G21.

This choice of the σ is most natural for holography, as we will see.
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From the point of view of the CTP formalism, putting our system in an external
source J corresponds to having, in the σ = 0 choice of the contour, J1 = J2 = J.
The expectation value of the operator φ at a point x on an upper contour is given by
an integral over the whole contour, which can be written as

〈φ1(x)〉 = −
∫

dy(G11(x − y)J (y)− G12(x − y)J (y)), σ = 0. (4.4)

Define the retarded propagator G R = G11 − G12 (σ = 0). The retarded propagator
governs the response of a system to a small external perturbation:

〈φ(x)〉 = −
∫

dyG R(x − y)J (y). (4.5)

On the other hand, for the symmetric choice σ = β/2, G R = G11 − e−βω/2G12.

Normally, the computations of thermal Green’s function rely on summing
Feynman diagrams. The set of Feynman diagrams that one has to sum in order
to compute, say, the viscosity, can be quite complicated [3]. In the low-momentum
limit, however, the forms of many correlation functions are simple and are dictated
by an effective theory—hydrodynamics.

4.3 Hydrodynamics

Consider an interacting quantum field theory at finite temperature. One can visualize
such a system as a collection of particles (or quasiparticles), moving with random
velocities and colliding with each other from time to time. Such a picture is too
simplistic for a strongly interacting system (with no discernible quasiparticles) but
it does tell us that there is an important length scale in the problem—the mean free
path, which is the length which a particle travels before colliding with other particles.

Hydrodynamics can be thought of as an effective theory describing the dynamics
of a finite-temperature system at distance scales much larger than the mean free path.
By definition the degrees of freedom entering hydrodynamics have to have relaxation
time much larger than the mean free time. Such modes include

• Density of conserved quantities. Consider, for example, the QCD plasma, and
imagine a perturbation of the system where there is a net excess of charge in a
volume with size L � �. If one waits a long time this lump of excess charge
will disappear, with the charge now distributing uniformly over the whole volume.
However, since charge is conserved, causality implies that the time scale for this
process cannot be smaller than L/c, where c is the speed of light (in fact in many
cases the time scale is much bigger than this naive estimate. For example, if the
relaxation is due to diffusion, the length scale is ∼ L2/�).

• Nambu–Goldstone modes. If there is a broken continuous symmetry, Goldstone’s
theorem dictates that there must be a massless particle at zero temperature. If the
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symmetry remains broken at a finite temperature, the Nambu–Goldstone mode
continuously deforms into a hydrodynamic mode. For example, in superfluid 4He
the phase of the condensate ϕ is a hydrodynamic degree of freedom (the superfluid
velocity vs is proportional to the gradient of ϕ : vs = ∇ϕ/m).

• Unbroken U(1) gauge fields. At zero temperature, a U(1) gauge field which does not
suffers from the Anderson-Higgs mechanism corresponds to a massless photon. At
finite temperature, the electric field is screened (Debye screening) but the magnetic
field is unscreened and should be included in the hydrodynamic description. An
example of such a theory is magnetohydrodynamics, describing for example the
interior of the Sun.

In these lectures we will consider only the simplest class of hydrodynamic theories,
where the only slow degrees of freedom are the densities of conserved charges. In
this case, hydrodynamics is given by the conservation equation,

∇μTμv = 0, (4.6)

supplemented by the continuity equation that expresses Tμv in terms of four variables:
the local temperature T and the local fluid velocity uμ :

Tμv = (ε + P)uμuv + Pgμv + τμv, (4.7)

where τμv is the correction containing terms proportional to first derivatives. It is
conventional to impose the condition uμτμv = 0 which eliminates any ambiguity in
the definition of uμ and T. In this case one has

τμv = −ηPμαPvβ(∇αuβ + ∇βuα)− ζ Pμv(∇ · u), (4.8)

where η and ζ are the shear and bulk viscosities, respectively. In a conformal plasma,
the stress-energy tensor is traceless, hence ε = 3P ∼ T 4 and ζ = 0. In such a plasma,
the shear viscosity has to scale with the temperature as η ∼ T 3.

4.3.1 Hydrodynamics and Two Point Functions

From the hydrodynamic equations, one can easily compute the two-point functions
of between two components of the stress-energy tensor. According to the general
formulas of the linear response theory, the two-point function can be computed by
first turning on a weak gravitational perturbation gμv = ημv + hμv, hμv � 1, then
measuring the expectation value of the stress-energy tensor 〈Tμv〉. The two-point
function is the coefficient of proportionality between 〈Tμv〉 and hμv,

Tμv(x) ∼
∫

dy〈Tμv(x)T αβ(y)〉hαβ(y). (4.9)
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On the other hand, when hμv varies with space and time very slowly, the response
of the system can be determined by hydrodynamics. One first generalizes the hydro-
dynamic equation to curve spacetime. Assuming the system is in thermal equilibrium
in the infinite past, and hμv is nonzero in a finite regime in spacetime, the state of
the system can be completely determined.

We can re-derive the well known Kubo’s formula in this way. Let us turn on a
small metric perturbation whose only nonzero component is hxy which is assumed
to be homogeneous in space and is time dependent, hxy = hxy(t). Then by symmetry
one can right away determine that the fluid will remain in a state with constant
temperature, T = const, and zero spatial velocity uμ = (1, 0) (a tensor perturbation
cannot excite a scalar or vector mode to linear order). Nevertheless, the stress-energy
tensor receives a correction

T xy = Pgxy − η(∇x uy + ∇yux ) = −Phxy + 2ηΓ 0
xyu0 (4.10)

proportional to the perturbation. Thus we find the two-point function

〈T xyT xy〉 = P − iηω. (4.11)

The real part of this Green’s function is a contact term, and depend on the way the two
point function is defined; but one cannot get rid of the imaginary part by a redefinition
of the Green function. Moreover, the imaginary part gives the value of the viscosity
through the Kubo formula:

η = − lim
ω→0

1

ω
Im Gxy,xy

R (ω, 0). (4.12)

4.4 AdS/CFT Prescription for Correlation Function

4.4.1 Euclidean Green’s Function

Let us remind ourselves how the Euclidean Green’s function is computed. For
simplicity we limit ourselves to the case of an operator of dimension 4, dual to
a massless scalar field φ. Assuming the action for the scalar field is

S = − K

2

∫
d5x

√−ggμv∂μφ∂vφ. (4.13)

Then the prescription tells us to solve the wave equation

∂μ(
√−ggμv∂vφ) = 0, (4.14)
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with boundary condition φ = φ0 at the boundary. The solution, in momentum
space, is φ(z, k) = φ0(k) fk(z), where fk(z) is the solution to the field equation
(at momentum k). We now rewrite S as a boundary action

S = K

2

∫
d5x

1

z3φφ
′. (4.15)

Differentiating the action with respect to the boundary value φ0, we find the two
point function to be

〈φφ〉k ∼ K lim
z→0

f ′
k

z3 . (4.16)

The boundary condition at the boundary needs to be supplemented by the boundary
condition in the IR. At zero temperature, we require φ(z) to vanish as z → 0. At
finite temperature, spacetime is capped off at some z = z0. We require the field to
be regular at the horizon; in the case of the scalar, φ′(z0) = 0. The solution to the
field equation is then unique, and the AdS/CFT prescription well defined.

4.4.2 Real-Time Green’s Function

In real-time, the formulation of the AdS/CFT prescription is more subtle. The
AdS/CFT rules are best formulated using the whole Penrose diagram of the black
hole.

In the Poincare metric the AdS black hole looks like

ds2 = − r2

R2 (− f dt2 + dx2)+ R2

r2 f
dr2, (4.17)

where f = 1 − r4
0/r4. The metric can be extended pass the horizon, one recovered

four quadrants in the following Penrose diagram (Fig. 4.2).
Let us remind ourselves how it is done. Near the horizon, we expand r = r0 + ρ.

The (t, r) part of the metric can be rewritten as

ds2 = 4πTρ

(
−dt2 + 1

(4πT )2
dρ2

ρ2

)
, (4.18)

where T = r0/πR2. This can be rewritten as ds2 = e4πT r∗(−dt2 + dr2∗ ) where
r∗ = (4πT )−1 ln ρ. Finally, we introduce Kruskal’s coordinates

U = −e−2πT (t−r∗), (4.19)

V = e2πT (t+r∗), (4.20)
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Fig. 4.2 Penrose diagram
of AdS black hole

U=0

V=0

R

P

L

F

and metric is ds2 = −dUdV . The Poincare coordinates cover only U < 0, V > 0
part quadrant of the diagram. There is another copy with the same metric, corre-
sponding to the U > 0, V < 0 part. There are two boundaries.

The extension of the AdS/CFT duality was suggested by Maldacena [4], and then
explicitly considered in Ref. [5]. The idea is that the two boundaries correspond to
two horizontal parts of the close time path contour. The AdS/CFT prescription is then
identifies the logarithm partition function of the thermal field theory, with sources
J1 and J2 on the two parts of the contour, with the classical action of a configuration
where the bulk field φ reaches the values J1 and J2 on the right and left boundaries,
respectively.

In addition, one should also put boundaries conditions near the horizon. The
choice of the boundary condition should be that when the bulk field φ is considered
as function of the complex Kruskal coordinates U and V, it is analytic in the U upper
half plane and V lower half plane.

The solution to the linearized field equation can be written in terms of the mode
function fk(r), defined as the radial profile of a solution to the wave equation with
momentum k, and is incoming wave at the horizon. One can write the solution down
separately in the right and left quadrants,

φ(k, r)|R = (
(n + 1) f ∗

k (rR)− n fk(rR)
)
φ1(k)+ √

n(n + 1)
(

fk(rR)− f ∗
k (rR)

)
φ2(k),

(4.21)

φ(k, r)|L = √
n(n + 1)

(
f ∗
k (rL)− fk(rL )

)
φ1(k)+ (

(n + 1) fk(rL )− n f ∗
k (rL)

)
φ2(k).

(4.22)

Here n = (eω/T − 1)−1 is the Fermi–Dirac distribution function at frequency ω.
Substituting the solution into the quadratic action, using the boundary form of the
on-shell action,

K

2

∫
R

√−ggrrφ(−k, r)∂rφ(k, r)
d4k

(2π)4
− K

2

∫
L

√−ggrrφ(−k, r)∂rφ(k, r)
d4k

(2π)4

(4.23)
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(where K is a normalization factor) and differentiate it, one obtains the CTP propa-
gators. Taking the appropriate linear combination of G11 and G12 we then find the
retarded Green function,

G R(k) = −K
√−ggrr fk(r)∂r f ∗

k (r)|r→∞. (4.24)

This formula coincides with the prescription first proposed in Ref. [6]. We now use
this formula to compute the shear viscosity of the N = 4 plasma.

4.4.3 Viscosity

Let us compute the a two-point function. We assume the momentum to be q = (ω, 0,
0, q), and we compute the two-point function T xy,we consider gravitation perturba-
tion with the only perturbation being hxy(t, z).One can show that the quadratic action
of hxy is that of a minimally coupled theory when written in terms of φ = gxx hxy:

S = 1

2κ2
10

∫
d10x

√−g(R − 2Λ) = − V (S5)

4κ102

∫
d5x

√−ggμv∂μφ∂vφ. (4.25)

We now the write down the mode equation
(

f (z)

z3 f ′
k

)′
+

(
ω2

z3 f
− q2

z3

)
fk(z) = 0. (4.26)

The solution to this equation is

fk(z) =
(

1 − z

z0

)−iω/4πT

. (4.27)

Inserting the solution into the formula for G R, we find the imaginary part of the
retarded propagator,

Im G R(k) = − V (S5)

2κ2
10

R3

z3
0

iω. (4.28)

To compute the real part of G R one needs to be more careful with holographic
renormalization. But we can already read out the viscosity from Im G R,

η = V (S5)

2κ2
10

R3

z3
0

. (4.29)

This can be compared with the entropy density,

s = S

V
= V (S5)

R3

z3
0

2π

κ2
10

, (4.30)

and we find that η/s = 1/4π. This is the common feature of all theories with
gravitational dual [7].



4 Holography for Strongly Coupled Media 155

4.5 Fluid-Gravity Correspondence: Diffusion

There is an alternative method to compute the kinetic coefficients. This method,
sometimes called fluid-gravity correspondence, allows one to see directly the emer-
gence of the nonlinear hydrodynamic equations from the field equations in the bulk
[8]. The approach is thus complementary to standard AdS/CFT method based on the
calculations of correlation functions.

We will illustrate the technique of fluid-gravity correspondence on a very simple
example where the higher-dimensional theory is an abelian gauge theory in a black
hole background,

S = − 1

4g2
YM

∫
dd+1x Fμv Fμv. (4.31)

The background is chosen to be

ds2 = r2(− f (r)dt2 + dx2)+ dr2

r2 f (r)
, (4.32)

where f (r) is a function that vanishes at the horizon, f (r0) = 0 and tends to 1 at the
AdS boundary, f (∞) = 1. This is the usual back hole (black brane) background.

We are interested in solution to Maxwell’s equations which satisfies outgoing
wave boundary conditions. To enforce the incoming-wave boundary condition, it is
more convenient to use the incoming Eddington–Fikelstein coordinates,

ds2 = −r2 f dv2 + 2dvdr + r2dx2. (4.33)

The usefulness of the Eddington–Fikelstein coordinates is that regularity at the
horizon in these coordinates correspond to incoming wave boundary conditions in
the usual coordinates. We go on to construct such a solution. The Maxwell equations
are

∂r (r
d Fvr )+ rd+2∂i Fir = 0, (4.34)

rd∂v Frv + rd−2∂i Fiv + f rd∂i Fir = 0, (4.35)

∂r (r
d−2 Fvi )+ ∂r ( f rd Fri )+ rd−2∂v Fri + rd−4∂ j Fji = 0. (4.36)

We start from gauge field of a charged black hole,

A0 = q

rd−1 . (4.37)

This is a one-parameter family of solutions to the Maxwell equations, parameterized
by the charge density q. It describes a state in the field theory with a constant charge
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density in complete thermal equilibrium. Note that the solution is translationally
invariant in all field-theory directions, t and x.

What happens if we make q a function of the space and time? As one can easily
verify, now the configuration (4.37) is not an exact solution to the Maxwell equation.
However, when q varies slowly in space and time, one should be able to still find the
solution by expanding it in powers of ∂t q and ∂x q,which are small parameters. This
is exactly the strategy that we will follow.

First we need to settle on a power counting scheme. Anticipating the end result to
be a diffusion equation ∂tρ = D∇2ρ, we shall treat ∂i q as O(ε) and ∂t q as O(ε2),

where ε is small. We then expand the solutions, using the gauge Ar = 0,

Av(r, x) = q(x)

rd−2 + A(1)v , Ai = A(1)i . (4.38)

We can demand that A(1)0 falls off faster than r−(d−2) at large r. Otherwise, one can

redefine q(x) to absorb any r−(d−2) piece in A(1)0 . Consistency requires that we treat

A(1)v as a quantity of order ε2 and A(1)i ∼ ε.

Substituting the ansatz in the the Maxwell equations, collecting terms with the
same smallness in ε, we find

∂r (r
d∂r A(1)v )+ rd+2∂i∂r A(1)i = 0, (4.39)

(d − 1)∂vq + f rd∂i∂r A(1)i − 1

r
∂2

i q = 0, (4.40)

−∂r

(
∂i q

r

)
+ ∂r ( f rd∂r Ai ) = 0. (4.41)

Integrating the last equation, we find

∂r A(1)i = C

f rd
+ ∂i q

f rd+q
, (4.42)

where C is an x-dependent integration constant. Both terms in the right hand side have
pole at the horizon r = r0, and regularity at the horizon requires that the singularities
cancel out between the two terms. Therefore we find

C = −r0∂i q. (4.43)

Integrating once more, we then can find Ai . Actually for our purposes, we just need
to know the asymptotic behavior of Ai at large r,

Ai = r0

d − 1

∂i q

rd−1 + O(r−d). (4.44)

We can now substitute Ai into the second equation of (4.39), taking the large r limit
and derive the following equation for q:
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∂vq − r0

d − 1
∇2q = 0, (4.45)

which is nothing but the diffusion equation. Thus we have found a more general
solution to the Maxwell equation which is parameterized by solutions to the diffusion
equation. Maxwell equation in the background of black brane metric reduces to the
diffusion equation in the long-wavelength limit.

4.6 Nonrelativistic Conformal Invariance

Fermions interacting through a unitarity interaction form a simplest nonrelativistic
strongly interacting system. This system is beautiful because of its simplicity and
universality. It has attracted enormous attention since being realized in cold atom
experiments.

Let us first define fermions at unitarity. Consider two nonrelativistic particles,
interacting through a potential,

H = p2
1

2
+ p2

2

2
+ V (|x1 − x2|). (4.46)

For simplicity, we can consider V of the form of a square well potential, with size r0
and depth −V0 : V (r < r0) = −V0 and V (r > r0) = 0. If the potential is shallow,
it does not have any bound state; but if it is deep enough it may have one, two, or
more bound states. There is a critical value of V0 ∼ r−2

0 at which the potential starts
to have exactly one bound state. We tune V0 to be exactly this value.

Then we take the range of interaction r0 to zero, keeping V0 always tuned to
the critical value (in other words, keeping V0r2

0 fixed). This limit is called the
unitary limit, and the system of fermions interacting with this interaction the unitary
Fermi gas.

The stability of such a system is not a trivial issue. It is relatively easy to see that
for bosons, and for fermions of three or more different species, the finite-density
system is not stable. This fact is related to the so-called Efimov effect: in the limit of
zero range interaction, the Hamiltonian is unbounded from below (there is an infinite
number of bound states, the lowest of which has an energy determined by the UV
cutoff of the theory—the range of the potential).

4.6.1 Quantum Mechanics Formulation:
Boundary Condition

The quantum mechanics of unitary fermions can be formulated in a way which gets
rid of the interaction potential completely. Let us start with the case of two particles,
one spin-up with coordinate x, and another spin-down with coordinate y.Neglecting
the center of mass motion, the Schrödinger equation has the form
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∂2

∂r2Ψ (r)+ V (r)Ψ (r) = −EΨ (r). (4.47)

In the limit of zero range, the potential V (r) is zero at any nonzero r. In the limit of
r → 0, the right hand side can be neglected (E � r−2), and we have the Laplace
equation ∇2

rΨ = 0. Now it is known that the Laplace equation has two independent
solutions, 1 and r−1. The behavior of the wavefunction at small r is, in general,

Ψ (r) = C

r
+ C1 + O(r), (4.48)

where C and C1 are some numbers. In the usual problem of free particles, the wave-
function is assumed to be regular at r = 0, which means C = 0. On the other hand,
from the mathematical point of view one can impose a general boundary condition

Ψ (r) ∼
(

1

r
− 1

a

)
, (4.49)

with any value of a (a = 0 corresponding to free particles). Physically a is obtained
by solving the zero-energy Schrödinger equation inside the potential r < r0 and
then match it to the solution to the Laplace equation outside the potential r > r0;
a therefore characterizes low-energy scatterings and is called the scattering length.
The fine-tuning of the potential corresponds to the limit a → ∞.

For the case of a general number of particles, the Hamiltonian is the sum of the
kinetic terms of all particles,

H =
∑

i

p2
i

2m
= − 1

2m

∑
i

∂2

∂x2
i

(4.50)

(where i numerates all particles) but the Hilbert space is nontrivial: the wave function
of a system, Ψ (x1, . . . , xN ; y1, . . . , yN ) satisfies the following condition when one
spin-up and one spin-down particles approach each other,

Ψ (x1, . . . , xN ; y1, . . . , yM ) → C

|xi − y j | + O(1)+ O(|xi − y j |), (4.51)

where xi and y j are the coordinates of the spin-up particles and spin-down particles,
respectively. The Hamiltonian is trivial, but the nontriviality of the problem is in the
Hilbert space.

For example, we can put a spin-up and a spin-down fermion in a harmonic poten-
tial. The Hamiltonian is now

H = 1

2
(p2

1 + p2
2)+ 1

2
ω2(x2

1 + x2
2). (4.52)

The problem can be solved exactly even when the interaction between particles is
unitary. The ground state is
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Ψ (x1, x2) ∼ e−ω(|x1|2+|x2|2)/2

|x1 − x2| , (4.53)

and the ground state energy is E = 2ω. This is lower than the ground state energy
in the case of a 3ω, in consistency with the attractiveness of the interaction.

The two-particle problem is special because it can be solved analytically. For three
particles in a harmonic potentials, the energy levels are also known exactly (they are
solutions to a trigonometric equation). For four particles and more (unless they have
the same spin), the many-body problem cannot be solved exactly.

4.6.2 Symmetries of Unitary Fermions

A general nonrelativistic system is invariant under translation (in space and time),
rotation, and Galilean boosts. In addition, the conserved mass (particle number)
corresponds to a phase symmetry, ψ → eiαψ. These symmetries are enhanced to a
new symmetry group called the Schrödinger group. The Schrödinger group contains
two new symmetries

• Dilatation: t → λ2t, x → λx,
• Proper conformal transformatio: t = t/(1 − λt), x → x/(1 − λt).

Saying that a theory theories has these symmetries means that if one has a solution
to the time-dependent Schrödinger equation, Ψ (t, xi ), then one can generate new
solutions. For example, the solution obtained by dilatation is

Ψ ′(t, x) = λ3N/2Ψ (λ2t, λx) (4.54)

(the prefactor is to keep the normalization of Ψ ). It is obvious that ifΨ solve the free
Schrödinger equation, thenΨ ′ also does. More nontrivially, the boundary condition at
short distances for unitary particle is preserved under dilatation. Similarly, the proper
conformal transformation corresponds to the following family of new solutions,

Ψ ′(t, x) = C(t, x)Ψ
(

t

1 − λt
,

x
1 − λt

)
. (4.55)

We leave the determination of C(t, x) to the reader.
In the theory of unitarity fermions, the dilatation operator D and the proper

conformal transformation C can be expressed in terms of the operators creating
and annihilating a particle,

D = − i

2

∫
dx, x · (ψ†∇ψ − ∇ψ†ψ), C = 1

2

∫
dx, x2ψ†(x)ψ(x). (4.56)

One can check that the operators D, C and the Hamiltonian H form a close SO(2,1)
subalgebra of the Schrödinger algebra,
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[D,C] = −2iC, [D, H ] = 2iH, [C, H ] = iD. (4.57)

The full Schrödinger algebra can be found in Ref. [9].

4.6.3 Local Operators

The local operators (for example ψ, ψ†, or ψ†ψ) depend on time T and space x. Its
commutators with time and space rotation are completely defined. The local operators
can be classified by particle number by taking it commutator with the particle number
operator M = ∫

dx,ψ†ψ . For example ψ has particle number −1 while for ψ† it is
+1. Each operator can be associated with a dimension by

[D, O(0)] = i�O O(0). (4.58)

For example, Δψ = 3/2 (d/2 in d spatial dimensions). One example of a nontrivial
composite operator is obtained when one tries to construct the product of two anni-
hilation operators of particles with different spins, ψ↑ψ↓. We know that the matrix
element of ψ↑(x)ψ↓(y) between a two-body state and vacuum is just the wave
function,

〈0|ψ↑(x)ψ↓(y)|Ψ 〉 = Ψ (x, y). (4.59)

The problem is that when we tries to take x → y to have a local operator ψ↑ψ↓, the
matrix element diverges due to the boundary condition at x → y. On the other hand,
one can define the following operator

O2(x) = lim
y→x

4π |x − y|ψ↑(x)ψ↓(y), (4.60)

which has finite matrix elements between states in the Hamiltonian. Another way to
write the equation above is

ψ↑(x)ψ↓(y) = O2(x)

4π |x − y| + · · · , (4.61)

which has the form of an operator product expansion for unitarity fermions. Operator
product expansions have been applied very recently for unitarity fermions; as in
particle physics they are most useful at short distances. The operator O†

2 O2 has a
special role: its expectation value is called in the literature the Tan’s parameter, or
the contact.

As in relativistic CFTs, one can introduce the notion of primary and descendant
operators. Primary operators are called those which commute, at
zero coordinates, with Galilean boosts and the proper conformal transformation:
[Ki , O(0)] = [C, O(0)] = 0. By taking derivatives with respect to coordinates and
time, descendants are obtained.



4 Holography for Strongly Coupled Media 161

The SO(2,1) commutators are important to prove what we call the operator-state
correspondence for systems with Schrödinger symmetry. Namely, a primary operator,
which does not annihilate the vacuum (or its Hermitian conjugate does not annihilate
the vacuum) can be put into correspondence with an eigenstate of the system of a few
particles in a harmonic potential [9]. This statement can be proven by first noticing
(recall the form of the operator C in Eq. (4.56) that the Hamiltonian in a harmonic
potential can be written as

Hosc = H + ω2C. (4.62)

Then for an primary operator O, one can construct a state ΨO〉 as follows,

|ΨO〉 = e−H/ωO†(0)|0〉. (4.63)

Physically, first we use O† to create a state which is localized at the origin of coor-
dinates, and then evolve that state in imaginary time using the free-space Hamil-
tonian during a time 1/ω.The resulting state, whose wavefunction is a Gaussian-type
wavepacket, can be shown, by using the SO(2,1) commutators, to be an eigenstate
of the Hamiltonian Hosc with energy 2ω.

This operator-state correspondence can be illustrated explicitly in a few example.
The operator ψ has dimension 3/2, which matches with the ground state energy
of a single particle in an isotropic harmonic potential, 3ω/2. The operator O2 has
dimension 2, and corresponds to the ground state of a system of one spin up and
one spin down particle in a harmonic potential, whose energy was shown above to
be 2ω.

4.6.4 Schrödinger Space

If one wants to move in the direction of constructing a gravitational dual of the
unitarity fermions, it seems reasonable to start by asking the question: what is
the space-time that realizes the Schrödinger symmetry? (Recall that in the original
Maldacena’s duality, the symmetry of Ad S5 × S5 space matches with the symmetry
of the quantum field theory). An example of such a space was constructed in
Refs. [10, 11]. The space has two extra dimensions compared to one extra dimensions
in standard holography. The metric is

ds2 = −2(dx+)2

z4 + −2dx+dx− + dxi dxi + dz2

z2 . (4.64)

One can check that this spacetime has realizes all generators of the Schrödinger
algebra as Killing vectors. In particular, the total mass and the proper conformal
transformation are
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M : x− → x− + a,

C : z → (1 − ax+)z, xi → (1 − ax+)xi , x+ → (1 − ax+)x+,

x− → x− − a

2
(xi xi + z2).

(4.65)

One can see that the translational symmetry along the direction x− realizes the conser-
vation of mass in the nonrelativistic theory. The simplest action which gives rise to
the Schrödinger spacetime is that of Einstein gravity with negative cosmological
constant, coupled to a massive gauge field with a suitably chosen mass.

Subsequently the five-dimensional Schrödinger spacetime (corresponding to two
spatial directions in field theory) have been constructed in string theory. As by-
product of the construction, one also found black hole solutions, which describe a
medium with finite chemical potential and temperature. One might think that these
solutions may be the first holographic model for the unitarity Fermi gas. Unfortu-
nately, closer inspection reveals a serious undesirable feature: the equation of state
of the black hole is P(T, μ) ∼ T 4

μ2 , which has the correct scaling behavior but is
more restrictive than required. The more general equation of state is

P(T, μ) = μ2 F(T/μ), (4.66)

where the function F is not constrained. This is in contrast to the situation in rela-
tivistic holography, where fitting the equation of state of QCD is not really a problem
in the bottom-up approach.

It seems that one should try to devise a more general way to realize Schrödinger
symmetry. Attempts in this direction are being made. At the more general level, one
should not expect the gravity dual of unitarity fermions to be a classical theory due
to the lack of a large N parameter. One can generalize the unitarity fermions to a
many-favor theory with Sp(2N) vector symmetry. This theory is trivial to solve; at
large N the BCS theory becomes exact. The situation is very similar to the relativistic
O(N) vector model. One can hope that there is a nonrelativistic high-spin theory that
is dual to the Sp(2N) version of unitary fermions, similar to the case of the O(N)
model [12]. As far as I know, to date no serious attempt has been made to uncover
such a theory.

4.7 Summary

In these lectures we have considered some applications of gauge/gravity duality
to systems with finite temperature and chemical potential. We have left out some
very important applications of gauge gravity duality, most notably jet quenching and
heavy quark energy loss.
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Chapter 5
Quantum Black Holes

Atish Dabholkar and Suresh Nampuri

5.1 Introduction

The entropy of black holes supplies us with very useful quantitative information
about the fundamental degrees of freedom of quantum gravity. One of the important
successes of string theory is that one can explain the thermodynamic entropy of
certain supersymmetric black holes as a logarithm of the microscopic degeneracy as
required by the Boltzmann relation. These results imply that at the quantum level,
one should regard a black hole as an ensemble of quantum states in the Hilbert space
of the theory.

In any consistent quantum theory of gravity such as string theory, the requirement
that the thermodynamic entropy must equal the statistical entropy of a black hole
is an extremely stringent theoretical constraint. This constraint is also universal in
that it must hold in any ‘phase’ or compactification of the theory that admits a black
hole. It is therefore a particularly useful guide in our explorations of string theory in
the absence of direct experimental guidance, especially given the fact that we do not
know which phase of the theory might describe the real world.

Much of the earlier work concerning quantum black holes has been in the limit
of large charges when the area of the even horizon is also large. In recent years
there has been substantial progress in understanding the entropy of supersymmetric
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black holes within string theory going well beyond the large charge limit. It has
now become possible to begin exploring finite size effects in perturbation theory in
inverse size and even nonperturbatively, with highly nontrivial agreements between
thermodynamics and statistical mechanics. Unlike the leading Bekenstein–Hawking
entropy which follows from the two-derivative Einstein–Hilbert action, these finite
size corrections depend sensitively on the ‘phase’ under consideration and contain a
wealth of information about the details of compactification as well as the spectrum
of nonperturbative states in the theory. Finite-size corrections are therefore very
interesting as a valuable window into the microscopic degrees of freedom of the
theory.

In these notes we describe recent progress in understanding finite size corrections
to the black hole entropy. To simplify the discussion we consider the compactification
of the heterotic string on T4×T2 which is dual to the compactifcation of Type-II string
on K3 × T2. This leads to a four-dimensional theory with N = 4 supersymmetry
and 22 vector multiplets. Our objective will be to understand the entropy of half-
BPS and quarter-BPS black holes in this theory both from the thermodynamic and
statistical view points. A lot is known about generalization of these results to other
compactifications. There has also been more progress both in defining the quantum
entropy using AdS/CFT correspondence and in computing it using localization. We
will not discuss these recent topics here to keep the discussion simple and more
accessible.

The organization is as follows. We review aspects of classical and semiclassical
black holes in Sects. 5.2 and 5.3, and elements of string theory in Sect. 5.4. The
microscopic counting is then described in Sects. 5.5 and 5.6 and the comparison with
macroscopic entropy is discussed in Sect. 5.7. Relevant mathematical background is
covered in Sect. 5.8.

These lecture notes are aimed at beginning graduate students but assume some
basic background in general theory of relativity, quantum field theory, and string
theory. A good introductory textbook on general relativity from a modern perspective
see [1]. For a more detailed treatment see [2] which has become a standard reference
among relativists, and [3] which remains a classic for various aspects of general
relativity. For quantum field theory in curved spacetime see [4]. For relevant aspects
of string theory see [5–8]. For additional details of some of the material covered here
relating to N = 4 dyons see [9].

These notes are based primarily on lectures delivered at the summer school 2010
in Munich on “Strings and Fundamental Physics." As well as at various lectures
courses by AD on “Quantum Black Holes” taught at the Université Pierre et Marie
Curie, Paris VI together with Ashoke Sen; at the ‘School on D-Brane Instantons, Wall
Crossing and Microstate Counting ’ at the ICTP Trieste in 2010; at the “School on
Black Objects in Supergravity” at the INFN, Frascati in 2010. Some of the material
was used in earlier lecture courses by AD at Shanghai, CERN, Cargèse, and Seoul.
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5.2 Classical Black Holes

A black hole is at once the most simple and the most complex object.
It is the most simple in that it is completely specified by its mass, spin, and charge.

This remarkable fact is a consequence of a the so-called ‘No Hair Theorem’. For an
astrophysical object like the earth, the gravitational field around it depends not only
on its mass but also on how the mass is distributed and on the details of the oblate-
ness of the earth and on the shapes of the valleys and mountains. Not so for a black
hole. Once a star collapses to form a black hole, the gravitational field around it
forgets all details about the star that disappears behind the even horizon except for its
mass, spin, and charge. In this respect, a black hole is very much like a structure-less
elementary particle such as an electron.

And yet it is the most complex in that it possesses a huge entropy. In fact the
entropy of a solar mass black hole is enormously bigger than the thermal entropy of
the star that might have collapsed to form it. Entropy gives an account of the number
of microscopic states of a system. Hence, the entropy of a black hole signifies an
incredibly complex microstructure. In this respect, a black hole is very unlike an
elementary particle.

Understanding the simplicity of a black hole falls in the realm of classical gravity.
By the early seventies, full 50 years after Schwarzschild, a reasonably complete
understanding of gravitational collapse and of the properties of an event horizon
was achieved within classical general relativity. The final formulation began with the
singularity theorems of Penrose, area theorems of Hawking and culminated in the
laws of black hole mechanics.

Understanding the complex microstructure of a black hole implied by its entropy
falls in the realm of quantum gravity and is the topic of present lectures. Recent
developments have made it clear that a black hole is ‘simple’ not because it is like an
elementary particle, but rather because it is like a statistical ensemble. An ensemble is
also specified by a few conserved quantum numbers such as energy, spin, and charge.
The simplicity of a black hole is no different than the simplicity that characterizes a
thermal ensemble.

To understand the relevant parameters and the geometry of black holes, let us first
consider the Einstein–Maxwell theory described by the action

1

16πG

∫
R
√

gd4x − 1

16π

∫
F2√gd4x, (5.1)

where G is Newton’s constant, Fμv is the electro-magnetic field strength, R is the
Ricci scalar of the metric gμv. In our conventions, the indices μ, v take values 0, 1,
2, 3 and the metric has signature (−,+,+,+).
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5.2.1 Schwarzschild Metric

Consider the Schwarzschild metric which is a spherically symmetric, static solution
of the vacuum Einstein equations Rμv − 1

2 gμv = 0 that follow from (5.1) when no
electromagnetic fields are excited. This metric is expected to describe the spacetime
outside a gravitationally collapsed non-spinning star with zero charge. The solution
for the line element is given by

ds2 ≡ gμvdxμdxv = −
(

1 − 2GM

r

)
dt2 +

(
1 − 2GM

r

)−1

dr2 + r2dΩ2,

where t is the time, r is the radial coordinate, andΩ is the solid angle on a 2-sphere.
This metric appears to be singular at r = 2GM because some of its components
vanish or diverge, g00 → ∞ and grr → ∞.As is well known, this is not a real singu-
larity. This is because the gravitational tidal forces are finite or in other words, compo-
nents of Riemann tensor are finite in orthonormal coordinates. To better understand
the nature of this apparent singularity, let us examine the geometry more closely near
r = 2GM. The surface r = 2GM is called the ‘event horizon’ of the Schwarzschild
solution. Much of the interesting physics having to do with the quantum properties
of black holes comes from the region near the event horizon.

To focus on the near horizon geometry in the region (r − 2GM) � 2GM, let us
define (r − 2GM) = ξ, so that when r → 2GM we have ξ → 0. The metric then
takes the form

ds2 = − ξ

2GM
dt2 + 2GM

ξ
(dξ)2 + (2GM)2dΩ2, (5.2)

up to corrections that are of order
( 1

2GM

)
. Introducing a new coordinate ρ,

ρ2 = (8GM)ξ so that dξ2 2GM

ξ
= dρ2,

the metric takes the form

ds2 = − ρ2

16G2M2 dt2 + dρ2 + (2GM)2dΩ2. (5.3)

From the form of the metric it is clear that ρ measures the geodesic radial distance.
Note that the geometry factorizes. One factor is a 2-sphere of radius 2GM and the
other is the (ρ, t) space

ds2
2 = − ρ2

16G2M2 dt2 + dρ2. (5.4)

We now show that this 1+1 dimensional spacetime is just a flat Minkowski space
written in funny coordinates called the Rindler coordinates.
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5.2.2 Rindler Coordinates

To understand Rindler coordinates and their relation to the near horizon geometry of
the black hole, let us start with 1+1 Minkowski space with the usual flat Minkowski
metric,

ds2 = −dT2 + dX2. (5.5)

In light-cone coordinates,

U = (T + X) V = (T − X), (5.6)

the line element takes the form

ds2 = −dU dV . (5.7)

Now we make a coordinate change

U = 1

κ
eκu, V = − 1

κ
e−κv, (5.8)

to introduce the Rindler coordinates (u, v). In these coordinates the line element
takes the form

ds2 = −dU dV = −eκ(u−v)du dv. (5.9)

Using further coordinate changes

u = (t + x), v = (t − x), ρ = 1

κ
eκx, (5.10)

we can write the line element as

ds2 = e2κx(−dt2 + dx2) = −ρ2κ2dt2 + dρ2. (5.11)

Comparing (5.4) with this Rindler metric, we see that the (ρ, t) factor of the
Schwarzschild solution near r ∼ 2GM looks precisely like Rindler spacetime with
metric

ds2 = −ρ2κ2 dt2 + dρ2 (5.12)

with the identification

κ = 1

4GM
.

This parameter κ is called the surface gravity of the black hole. For the Schwarzschild
solution, one can think of it heuristically as the Newtonian acceleration GM/r2

H at
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the horizon radius rH = 2GM. Both these parameters–the surface gravity κ and the
horizon radius rH play an important role in the thermodynamics of black hole.

This analysis demonstrates that the Schwarzschild spacetime near r = 2GM is
not singular at all. After all it looks exactly like flat Minkowski space times a sphere
of radius 2GM. So the curvatures are inverse powers of the radius of curvature 2GM
and hence are small for large 2GM.

5.2.3 Exercises

5.2.3.1 Uniformly Accelerated Observer and Rindler Coordinates

Consider an astronaut in a spaceship moving with constant acceleration a in
Minkowski spacetime with Minkowski coordinates (T ,X). This means she feels
a constant normal reacting from the floor of the spaceship in her rest frame:

d2X
dt2 = a,

dT

dτ
= 1 (5.13)

where τ is proper time and a is the acceleration 3-vector.

1. Write the equation of motion in a covariant form and show that her 4-velocity
uμ := dXμ

dτ is timelike whereas her 4-acceleration aμ is spacelike.
2. Show that if she is moving along the x direction, then her trajectory is of the form

T = 1

a
sinh(aτ), X = 1

a
cosh(aτ) (5.14)

which is a hyperboloid. Find the acceleration 4-vector.
3. Show that it is natural for her to use her proper time as the time coordinate and

introduce a coordinate frame of a family of observers with

T = ζ sinh(aη), X = ζ cosh(aη). (5.15)

By examining the metric, show that v = η − ζ and u = η + ζ are precisely the
Rindler coordinates introduced earlier with the acceleration parameter a identified
with the surface gravity κ.

5.2.4 Kruskal Extension

One important fact to note about the Rindler metric is that the coordinates u, v do
not cover all of Minkowski space because even when the vary over the full range
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−∞ ≤ u ≤ ∞, −∞ ≤ v ≤ ∞
the Minkowski coordinate vary only over the quadrant

0 ≤ U ≤ ∞, −∞ < V ≤ 0. (5.16)

If we had written the flat metric in these ‘bad’, ‘Rindler-like’ coordinates, we would
find a fake singularity at ρ = 0 where the metric appears to become singular. But
we can discover the ‘good’, Minkowski-like coordinates U and V and extend them
to run from −∞ to ∞ to see the entire spacetime.

Since the Schwarzschild solution in the usual (r, t) Schwarzschild coordinates
near r = 2GM looks exactly like Minkowski space in Rindler coordinates, it suggests
that we must extend it in properly chosen ‘good’ coordinates. As we have seen, the
‘good’ coordinates near r = 2GM are related to the Schwarzschild coordinates in
exactly the same way as the Minkowski coordinates are related the Rindler coordi-
nates.

In fact one can choose ‘good’ coordinates over the entire Schwarzschild spacetime.
These ‘good’ coordinates are called the Kruskal coordinates. To obtain the Kruskal
coordinates, first introduce the ‘tortoise coordinate’

r∗ = r + 2GM log

(
r − 2GM

2GM

)
. (5.17)

In the (r∗, t) coordinates, the metric is conformally flat, i.e., flat up to rescaling

ds2 =
(

1 − 2GM

r

)(
−dt2 + dr∗2

)
. (5.18)

Near the horizon the coordinate r∗ is similar to the coordinate x in (5.11) and
hence u = t + r∗ and v = t − r∗ are like the Rindler (u, v) coordinates. This suggests
that we define U, V coordinates as in (5.8) with κ = 1/4GM. In these coordinates
the metric takes the form

ds2 = −e−(u−v)κdU dV = −2GM

r
e−r/2GMdU dV (5.19)

We now see that the Schwarzschild coordinates cover only a part of spacetime because
they cover only a part of the range of the Kruskal coordinates. To see the entire
spacetime, we must extend the Kruskal coordinates to run from −∞ to ∞. This
extension of the Schwarzschild solution is known as the Kruskal extension.

Note that now the metric is perfectly regular at r = 2GM which is the surface
UV = 0 and there is no singularity there. There is, however, a real singularity at
r = 0 which cannot be removed by a coordinate change because physical tidal forces
become infinite. Spacetime stops at r = 0 and at present we do not know how to
describe physics near this region.
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5.2.5 Event Horizon

We have seen that r = 2GM is not a real singularity but a mere coordinate singularity
which can be removed by a proper choice of coordinates. Thus, locally there is
nothing special about the surface r = 2GM. However, globally, in terms of the
causal structure of spacetime, it is a special surface and is called the ‘event horizon’.
An event horizon is a boundary of region in spacetime from behind which no causal
signals can reach the observers sitting far away at infinity.

To see the causal structure of the event horizon, note that in the metric (5.11) near
the horizon, the constant radius surfaces are determined by

ρ2 = 1

κ2 e2κx = 1

κ2 eκue−κv = −UV = constant (5.20)

These surfaces are thus hyperbolas. The Schwarzschild metric is such that at r 

2GM and observer who wants to remain at a fixed radial distance r = constant is
almost like an inertial, freely falling observers in flat space. Her trajectory is time-
like and is a straight line going upwards on a spacetime diagram. Near r = 2GM,
on the other hand, the constant r lines are hyperbolas which are the trajectories of
observers in uniform acceleration.

To understand the trajectories of observers at radius r > 2GM, note that to stay
at a fixed radial distance r from a black hole, the observer must boost the rockets to
overcome gravity. Far away, the required acceleration is negligible and the observers
are almost freely falling. But near r = 2GM the acceleration is substantial and the
observers are not freely falling. In fact at r = 2GM, these trajectories are light like.
This means that a fiducial observer who wishes to stay at r = 2GM has to move at
the speed of light with respect to the freely falling observer. This can be achieved
only with infinitely large acceleration. This unphysical acceleration is the origin of
the coordinate singularity of the Schwarzschild coordinate system.

In summary, the surface defined by r = contant is timelike for r > 2GM, space-
like for r < 2GM, and light-like or null at r = 2GM.

In Kruskal coordinates, at r = 2GM, we have UV = 0 which can be satisfied
in two ways. Either V = 0, which defines the ‘future event horizon’, or U = 0, which
defines the ‘past event horizon’. The future event horizon is a one-way surface that
signals can be sent into but cannot come out of. The region bounded by the event
horizon is then a black hole. It is literally a hole in spacetime which is black because
no light can come out of it. Heuristically, a black hole is black because even light
cannot escape its strong gravitation pull. Our analysis of the metric makes this notion
more precise. Once an observer falls inside the black hole she can never come out
because to do so she will have to travel faster than the speed of light.

As we have noted already r = 0 is a real singularity that is inside the event horizon.
Since it is a spacelike surface, once a observer falls insider the event horizon, she is
sure to meet the singularity at r = 0 sometime in future no matter how much she
boosts the rockets.

In our example of the Schwarzschild black hole, the event horizon is static because
it is defined as a hypersurface r = 2GM which does not change with time. More
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precisely, the time-like Killing vector ∂
∂t leaves it invariant. It is at the same time null

because grr vanishes at r = 2GM. In general, as for a spinning Kerr–Newman black
hole, the horizon is not static but only stationary and null. More precisely, a linear
combination of the time-like Killing vector and a space-like vector leaves it invariant
and moreover, the norm of this vector vanishes on the event horizon.

To summarize, an event horizon is a surface that is simultaneously stationary and
null. Such a surface causally separates the inside and the outside of a black hole.

5.2.6 Black Hole Parameters

From our discussion of the Schwarzschild black hole we are ready to abstract some
important general concepts that are useful in describing the physics of more general
black holes.

To begin with, a black hole is an asymptotically flat spacetime that contains
a region which is not in the backward lightcone of future timelike infinity. The
boundary of such a region is a stationary null surface call the event horizon. The
fixed t slice of the event horizon is a two sphere.

There are a number of important parameters of the black hole. We have intro-
duced these in the context of Schwarzschild black holes. For a general black holes
their actual values are different but for all black holes, these parameters govern the
thermodynamics of black holes.

1. The radius of the event horizon rH is the radius of the two sphere. For a Schwarz-
schild black hole, we have rH = 2GM.

2. The area of the event horizon AH is given by 4πr2
H . For a Schwarzschild black

hole, we have AH = 16πG2M2.

3. The surface gravity is the parameter κ that we encountered earlier. As we have
seen, for a Schwarzschild black hole, κ = 1/4GM.

5.2.7 Laws of Black Hole Mechanics

One of the remarkable properties of black holes is that one can derive a set of
laws of black hole mechanics which bear a very close resemblance to the laws of
thermodynamics. This is quite surprising because a priori there is no reason to expect
that the spacetime geometry of black holes has anything to do with thermal physics.

(0) Zeroth Law: In thermal physics, the zeroth law states that the temperature T of
a body at thermal equilibrium is constant throughout the body. Otherwise heat
will flow from hot spots to the cold spots. Correspondingly for stationary black
holes one can show that surface gravity κ is constant on the event horizon. This
is obvious for spherically symmetric horizons but is true also more generally for
non-spherical horizons of spinning black holes.
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Table 5.1 Laws of black hole mechanics

Laws of thermodynamics Laws of black hole mechanics

Temperature is constant throughout a body
at equilibrium. T = constant.

Surface gravity is constant on the event
horizon. κ = constant.

Energy is conserved.
dE = TdS + μdQ +ΩdJ.

Energy is conserved.
dM = κ

8π dA + μdQ +ΩdJ.
Entropy never decrease. ΔS ≥ 0. Area never decreases. ΔA ≥ 0.

(1) First Law: Energy is conserved, dE = TdS +μdQ +ΩdJ,where E is the energy,
Q is the charge with chemical potentialμ and J is the spin with chemical potential
Ω. Correspondingly for black holes, one has dM = κ

8πG dA + μdQ +ΩdJ. For
a Schwarzschild black hole we have μ = Ω = 0 because there is no charge or
spin.

(2) Second Law: In a physical process the total entropy S never decreases, ΔS ≥ 0.
Correspondingly for black holes one can prove the area theorem that the net area
in any process never decreases, ΔA ≥ 0. For example, two Schwarzschild black
holes with masses M1 and M2 can coalesce to form a bigger black hole of mass
M. This is consistent with the area theorem, since the area is proportional to the
square of the mass, and (M1 + M2)

2 ≥ M2
1 + M2

2 . The opposite process where a
bigger black hole fragments is however, disallowed by this law.

Thus the laws of black hole mechanics, crystallized by Bardeen, Carter, Hawking,
and other bears a striking resemblance with the three laws of thermodynamics for a
body in thermal equilibrium. We summarize these results below in Table 5.1 for a
black hole of mass M, spin J, and charge Q.

Here A is the area of the horizon, and κ is the surface gravity which can be thought
of roughly as the acceleration at the horizon, μ is the chemical potential conjugate
to Q, and Ω is the angular speed conjugate to J.

We will see that this formal analogy between the laws of black hole mechanics and
thermodynamics is actually much more than an analogy. Bekenstein and Hawking
discovered that there is a deep connection between black hole geometry, thermody-
namics and quantum mechanics. Quantum mechanically, a black hole is not quite
black.

5.2.8 Historical Aside

Apart from its physical significance, the entropy of a black hole makes for a fasci-
nating study in the history of science. It is one of the very rare examples where a scien-
tific idea has gestated and evolved over several decades into an important conceptual
and quantitative tool almost entirely on the strength of theoretical considerations.
That we can proceed so far with any confidence at all with very little guidance from
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experiment is indicative of the robustness of the basic tenets of physics. It is therefore
worthwhile to place black holes and their entropy in a broader context before coming
to the more recent results pertaining to the quantum aspects of black holes within
string theory.

A black hole is now so much a part of our vocabulary that it can be difficult to
appreciate the initial intellectual opposition to the idea of ‘gravitational collapse’ of
a star and of a ‘black hole’ of nothingness in spacetime by several leading physicists,
including Einstein himself.

To quote the relativist Werner Israel,

There is a curious parallel between the histories of black holes and continental drift. Evidence
for both was already non-ignorable by 1916, but both ideas were stopped in their tracks for
half a century by a resistance bordering on the irrational.

On January 16, 1916, barely two months after Einstein had published the final
form of his field equations for gravitation [10], he presented a paper to the Prussian
Academy on behalf of Karl Schwarzschild [11], who was then fighting a war on the
Russian front. Schwarzschild had found a spherically symmetric, static and exact
solution of the full nonlinear equations of Einstein without any matter present.

The Schwarzschild solution was immediately accepted as the correct description
within general relativity of the gravitational field outside a spherical mass. It would
be the correct approximate description of the field around a star such as our sun. But
something much more bizzare was implied by the solution. For an object of mass M,
the solution appeared to become singular at a radius R = 2GM/c2. For our sun, for
example, this radius, now known as the Schwarzschild radius, would be about 3 km.
Now, as long the physical radius of the sun is bigger than 3 km, the ‘Schwarzschild’s
singularity’ is of no concern because inside the sun the Schwarzschild solution is
not applicable as there is matter present. But what if the entire mass of the sun was
concentrated in a sphere of radius smaller than 3 km? One would then have to face
up to this singularity.

Einstein’s reaction to the ‘Schwarzschild singularity’ was to seek arguments that
would make such a singularity inadmissible. Clearly, he believed, a physical theory
could not tolerate such singularities. This drove his to write as late as 1939, in a
published paper,

The essential result of this investigation is a clear understanding as to why the ‘Schwarzschild
singularities’ do not exist in physical reality.

This conclusion was however, based on an incorrect argument. Einstein was not
alone in this rejection of the unpalatable idea of a total gravitational collapse of a
physical system. In the same year, in an astronomy conference in Paris, Eddington,
one of the leading astronomers of the time, rubbished the work of Chandrasekhar
who had concluded from his study of white dwarfs, a work that was to earn him the
Nobel prize later, that a large enough star could collapse.

It is interesting that Einstein’s paper on the inadmissibility of the Schwarzschild
singularity appeared only two months before Oppenheimer and Snyder published
their definitive work on stellar collapse with an abstract that read,
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When all thermonuclear sources of energy are exhausted, a sufficiently heavy star will
collapse.

Once a sufficiently big star ran out of its nuclear fuel, then there was nothing to
stop the inexorable inward pull of gravity. The possibility of stellar collapse meant
that a star could be compressed in a region smaller than its Schwarzschild radius
and the ‘Schwarzschild singularity’ could no longer be wished away as Einstein had
desired. Indeed it was essential to understand what it means to understand the final
state of the star.

It is thus useful to keep in mind what seems now like a mere change of coordinates
was at one point a matter of raging intellectual debate.

5.3 Semiclassical Black Holes

In the semiclassical treatment of a black hole, we treat the spacetime geometry of
the black hole classically but treat various fields such as the electromagnetic field in
this fixed spacetime background quantum mechanically. This semiclassical inclusion
of quantum effects already reveals a deep and unexpected connection between the
spacetime geometry of a black hole and thermodynamics.

5.3.1 Hawking Temperature

Bekenstein asked a simple-minded but incisive question. If nothing can come out of
a black hole, then a black hole will violate the second law of thermodynamics. If we
throw a bucket of hot water into a black hole then the net entropy of the world outside
would seem to decrease. Do we have to give up the second law of thermodynamics
in the presence of black holes?

Note that the energy of the bucket is also lost to the outside world but that does
not violate the first law of thermodynamics because the black hole carries mass
or equivalently energy. So when the bucket falls in, the mass of the black hole
goes up accordingly to conserve energy. This suggests that one can save the second
law of thermodynamics if somehow the black hole also has entropy. Following this
reasoning and noting the formal analogy between the area of the black hole and
entropy discussed in the previous section, Bekenstein proposed that a black hole
must have entropy proportional to its area [12].

This way of saving the second law is however, in contradiction with the classical
properties of a black hole because if a black hole has energy E and entropy S, then
it must also have temperature T given by

1

T
= ∂S

∂E
.
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For example, for a Schwarzschild black hole, the area and the entropy scales as
S ∼ M2. Therefore, one would expect inverse temperature that scales as M

1

T
= ∂S

∂M
∼ ∂M2

∂M
∼ M. (5.21)

Now, if the black hole has temperature then like any hot body, it must radiate. For a
classical black hole, by its very nature, this is impossible.

Hawking showed that after including quantum effects, however, it is possible for
a black hole to radiate [13]. In a quantum theory, particle-antiparticle are constantly
being created and annihilated even in vacuum. Near the horizon, an antiparticle can
fall in once in a while and the particle can escapes to infinity. In fact, Hawking’s
calculation showed that the spectrum emitted by the black hole is precisely thermal
with temperature T = �κ

2π = �

8πGM . With this precise relation between the temper-
ature and surface gravity the laws of black hole mechanics discussed in the earlier
section become identical to the laws of thermodynamics. Using the formula for the
Hawking temperature and the first law of thermodynamics

dM = TdS = κ�

8πG�
dA,

one can then deduce the precise relation between entropy and the area of the black
hole:

S = Ac3

4G�
.

Before discussing the entropy of a black hole, let us derive the Hawking tempera-
ture in a somewhat heuristic way using a Euclidean continuation of the near horizon
geometry. In quantum mechanics, for a system with Hamiltonian H, the thermal
partition function is

Z = Tre−βĤ , (5.22)

where β is the inverse temperature. This is related to the time evolution operator
e−itH/� by a Euclidean analytic continuation t = −iτ if we identify τ = β�. Let us
consider a single scalar degree of freedom Φ, then one can write the trace as

Tre−τ Ĥ/� =
∫

dφ〈φ|e−τEĤ/�|φ〉

and use the usual path integral representation for the propagator to find

Tre−τ Ĥ/� =
∫

dφ
∫

DΦe−SE [Φ].

Here SE[Φ] is the Euclidean action over periodic field configurations that satisfy the
boundary condition
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Φ(β�) = Φ(0) = φ.

This gives the relation between the periodicity in Euclidean time and the inverse
temperature,

β� = τ or T = �

τ
. (5.23)

Let us now look at the Euclidean Schwarzschild metric by substituting t = −itE .
Near the horizon the line element (5.11) looks like

ds2 = ρ2κ2dt2
E + dρ2.

If we now write κtE = θ, then this metric is just the flat two-dimensional Euclidean
metric written in polar coordinates provided the angular variable θ has the correct
periodicity 0 < θ < 2π. If the periodicity is different, then the geometry would have
a conical singularity at ρ = 0. This implies that Euclidean time tE has periodicity
τ = 2π

κ
. Note that far away from the black hole at asymptotic infinity the Euclidean

metric is flat and goes as ds2 = dτ 2
E + dr2. With periodically identified Euclidean

time, tE ∼ tE + τ, it looks like a cylinder. Near the horizon at ρ = 0 it is nonsingular
and looks like flat space in polar coordinates for this correct periodicity. The full
Euclidean geometry thus looks like a cigar. The tip of the cigar is at ρ = 0 and the
geometry is asymptotically cylindrical far away from the tip.

Using the relation between Euclidean periodicity and temperature, we then
conclude that Hawking temperature of the black hole is

T = �κ

2π
. (5.24)

5.3.2 Bekenstein–Hawking Entropy

Even though we have “derived” the temperature and the entropy in the context of
Schwarzschild black hole, this beautiful relation between area and entropy is true
quite generally essentially because the near horizon geometry is always Rindler-like.
For all black holes with charge, spin and in number of dimensions, the Hawking
temperature and the entropy are given in terms of the surface gravity and horizon
area by the formulae

TH = �κ

2π
, S = A

4G�
.

This is a remarkable relation between the thermodynamic properties of a black hole
on one hand and its geometric properties on the other.
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The fundamental significance of entropy stems from the fact that even though it is
a quantity defined in terms of gross thermodynamic properties, it contains nontrivial
information about the microscopic structure of the theory through Boltzmann relation

S = k log(d),

where d is the the degeneracy or the total number of microstates of the system of
for a given energy, and k is Boltzmann constant. Entropy is not a kinematic quantity
like energy or momentum but rather contains information about the total number
microscopic degrees of freedom of the system. Because of the Boltzmann relation,
one can learn a great deal about the microscopic properties of a system from its
thermodynamics properties.

The Bekenstein–Hawking entropy behaves in every other respect like the ordinary
thermodynamic entropy. It is therefore natural to ask what microstates might account
for it. Since the entropy formula is given by this beautiful, general form

S = Ac3

4G�
,

that involves all three fundamental dimensionful constants of nature, it is a valuable
piece of information about the degrees of freedom of a quantum theory of gravity.

5.3.3 Exercises

5.3.3.1 Reissner–Nordström (RN) Black Hole

The most general static, spherically symmetric, charged solution of the
Einstein–Maxwell theory (5.1) gives the Reissner–Nordström (RN) black hole. In
what follows we choose units so that G = � = 1. The line element is given by

ds2 = −
(

1 − 2M

r
+ Q2

r2

)
dt2 +

(
1 − 2M

r
+ Q2

r2

)−1

dr2 + r2dΩ2, (5.25)

and the electromagnetic field strength by

Ftr = Q/r2.

The parameter Q is the charge of the black hole and M is the mass. For Q = 0, this
reduces to the Schwarzschild black hole.

From the metric (5.25) we see that the event horizon for this solution is located
at where grr = 0, or

1 − 2M

r
+ Q2

r2 = 0.
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Since this is a quadratic equation in r,

r2 − 2QMr + Q2 = 0,

it has two solutions.

r± = M ±
√

M2 − Q2.

Thus, r+ defines the outer horizon of the black hole and r− defines the inner horizon
of the black hole. The area of the black hole is 4πr2+.

1. Identify the horizon for this metric and examine the near horizon geometry to
show that it has two-dimensional Rindler spacetime as a factor.

2. Using the relation to the Rindler geometry determine the surface gravity κ as for
the Schwarzschild black hole and thereby determine the temperature and entropy
of the black hole.

T = κ�

2π
=

√
M2 − Q2

2π(2M(M + √
M2 − Q2)− Q2)

S =πr2+ = π(M +
√

M2 − Q2)2.

Recover the formulae for Schwarzschild black hole in the limit Q=0.
3. Show that in the extremal limit M → Q the temperature vanishes but the entropy

has a nonzero limit. Show that for the extremal Reissner–Nordström black hole
the near horizon geometry is of the form AdS2 × S2.

5.3.4 Bekenstein–Hawking–Wald Entropy

In our discussion of Bekenstein–Hawking entropy of a black hole, the Hawking
temperature could be deduced from surface gravity or alternatively the periodicity
of the Euclidean time in the black hole solution. These are geometric asymptotic
properties of the black hole solution. However, to find the entropy we needed to
use the first law of black hole mechanics which was derived in the context of
Einstein–Hilbert action

1

16π

∫
R
√

gd4x.

Generically in string theory, we expect corrections (both in α′ and gs) to the
effective action that has higher derivative terms involving Riemann tensor and other
fields.

I = 1

16π

∫
(R + R2 + R4F4 + · · · ).
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How do the laws of black hole thermodynamics get modified?
Wald derived the first law of thermodynamics in the presence of higher derivative

terms in the action [14–16]. This generalization implies an elegant formal expression
for the entropy S given a general action I including higher derivatives

S = 2π
∫
ρ2

δI

δRμvαβ
εμαεvβ

√
hd2Ω,

where εμv is the binormal to the horizon, h the induced metric on the horizon, and
the variation of the action with respect to Rμvαβ is to be carried out regarding the
Riemann tensor as formally independent of the metric gμv.

As an example, let us consider the Schwarzschild solution of the Einstein Hilbert
action. In this case, the event horizon is S2 which has two normal directions along r
and t. We can construct an antisymmetric 2-tensor εμv along these directions so that
εrt = εtr = −1.

L = 1

16π
Rμvαβgvαgμβ,

∂L

∂Rμvαβ
= 1

16π

1

2
(gμαgvβ − gvαgμβ)

Then the Wald entropy is given by

S = 1

8

∫
1

2
(gμαgvβ − gvαgμβ)(εμvεαβ)

√
hd2Ω

= 1

8

∫
gttgrr · 2 = 1

4

∫
S2

√
hd2Ω = AH

4
,

giving us the Bekenstein–Hawking formula as expected.

5.3.5 Extremal Black Holes

For a physically sensible definition of temperature and entropy in (5.26) the mass
must satisfy the bound M2 ≥ Q2. Something special happens when this bound is
saturated and M = |Q|. In this case r+ = r− = |Q| and the two horizons coincide.
We choose Q to be positive. The solution (5.25) then takes the form,

ds2 = −(1 − Q/r)2dt2 + dr2

(1 − Q/r)2
+ r2dΩ2, (5.26)

with a horizon at r = Q. In this extremal limit (5.26), we see that the temperature of
the black hole goes to zero and it stops radiating but nevertheless its entropy has a
finite limit given by S → πQ2.When the temperature goes to zero, thermodynamics
does not really make sense but we can use this limiting entropy as the definition of
the zero temperature entropy.

For extremal black holes it is sometimes more convenient to use isotropic coor-
dinates in which the line element takes the form
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ds2 = H−2(x)dt2 + H2(x)dx2

where dx2 is the flat Euclidean line element δijdxidxj and H(x) is a harmonic function
of the flat Laplacian

δij ∂

∂xi

∂

∂xj
.

The extremal Reissner–Nordström solution is obtained by choosing

H(x) =
(

1 + Q

ρ

)
,

and the field strength is given by F0i = ∂iH(x).
One can in fact write a multi-centered Reissner–Nordström solution by choosing

a more general harmonic function

H = 1 +
N∑

i=1

Qi

|x − xi| . (5.27)

The total mass M equals the total charge Q and is given additively

Q =
∑

Qi. (5.28)

The solution is static because the electrostatic repulsion between different centers
balances the gravitational attraction between them.

Note that the coordinate ρ in the isotropic coordinates should not be confused
with the coordinate r in the spherical coordinates. In the isotropic coordinates the
line-element is

ds2 = −
(

1 + Q

ρ

)2

dt2 + (1 + Q

ρ
)−2

(
dρ2 + ρ2dΩ2

)
,

and the horizon occurs at ρ = 0. Contrast this with the metric in the spherical
coordinates (5.26) that has the horizon at r = Q. The near horizon geometry is quite
different from that of the Schwarzschild black hole. The line element is

ds2 = − ρ2

Q2 dt2 + Q2

ρ2 (dρ
2 + ρ2dΩ2)

=
(

− ρ
2

Q2 dt2 + Q2

ρ2 dr2
)

+ (Q2dΩ2).

The geometry thus factorizes as for the Schwarzschild solution. One factor the 2-
sphere S2 of radius Q but the other (r, t) factor is now not Rindler any more but is
a two-dimensional Anti-de Sitter or AdS2. The geodesic radial distance in AdS2 is
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log r. As a result the geometry looks like an infinite throat near r = 0 and the radius
of the mouth of the throat has radius Q.

Extremal black holes are interesting because they are stable against Hawking
radiation and nevertheless have a large entropy. We now try to see if the entropy can
be explained by counting of microstates. In doing so, supersymmetry proves to be a
very useful tool.

5.3.6 Wald Entropy for Extremal Black Holes

The horizon of extremal black holes has additional symmetries. For non-spinning
black holes, the geometry is spherically symmetric. At extremality, the near horizon
geometry becomes AdS2 × S2 just as in the case of Reissner–Nordström black hole.
The formula for the Wald entropy can be simplified considerably by exploiting these
symmetries [17, 18].

The Reissner–Nordström metric is

ds2 = −(1 − r+/r)(1 − r−/r)dt2 + dr2

(1 − r+/r)(1 − r−/r)
+ r2(dθ2 + sin2 θdφ2).

(5.29)
Here (t, r, θ, φ) are the coordinates of space-time and r+ and r− are two parameters
labelling the positions of the outer and inner horizon of the black hole respectively
(r+ > r−). The extremal limit corresponds to r− → r+. We take this limit keeping
the coordinates θ, φ, and

σ := (2r − r+ − r−)
(r+ − r−)

, τ := (r+ − r−)t
2r2+

, (5.30)

fixed. In this limit the metric and the other fields take the form:

ds2 = r2+
(

−(σ 2 − 1)dτ 2 + dσ 2

σ 2 − 1

)
+ r2+

(
dθ2 + sin2(θ)dφ2

)
. (5.31)

This is the metric of AdS2×S2,with AdS2 parametrized by (σ, τ ) and S2 parametrized
by (θ, φ). Although in the original coordinate system the horizons coincide in the
extremal limit, in the (σ, τ ) coordinate system the two horizons are at σ = ±1. The
AdS2 space has SO(2, 1) ≡ SL(2,R) symmetry—the time translation symmetry is
enhanced to the larger SO(2, 1) symmetry. All known extremal black holes have this
property. Henceforth, we will take this as a definition of the near horizon geometry
of an extremal black hole. In four dimensions, we also have the S2 factor with SO(3)
isometries. Our objective will be to exploit the SO(2, 1)× SO(3) isometries of this
spacetime to considerably simply the formula for Wald entropy.

Consider an arbitrary theory of gravity in four spacetime dimensions with metric
gμv coupled to a set of U(1) gauge fields A(i)μ (i = 1, . . . , r for a rank r gauge group)
and neutral scalar fields φs (s = 1, . . .N).Let xμ (μ = 0, . . . , 3 be local coordinates
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on spacetime and L be an arbitrary general coordinate invariant local lagrangian.
The action is then

I =
∫

d4x
√−det(g)L . (5.32)

For an extremal black hole solution of this action, the most general form of the near
horizon geometry and of all other fields consistent with SO(2, 1)× SO(3) isometry
is given by

ds2 = v1

(
−(σ 2 − 1)dτ 2 + dσ 2

σ 2 − 1

)
+ v2(dθ

2 + sin2(θ)dφ2), (5.33)

F(i)στ = ei, F(i)θφ = pi

4π
sin (θ), φs = us. (5.34)

We can think of ei and pi (i = 1, . . . , r) as the electric and magnetic fields respec-
tively near the black hole horizon. The constants va (a = 1, 2) and us(s = 1, . . . ,N)
are to be determined by solving the equations of motion. Let us define

f (u, v, e, p) :=
∫

dθdφ
√− det(g)L |horizon. (5.35)

Using the fact that
√− det(g) = sin(θ) on the horizon, we conclude

f (u, v, e, p) := 4πv1v2L |horizon (5.36)

Finally we define the entropy function

E (q, u, v, e, p) = 2π(eiqi − f (u, v, e, p)), (5.37)

where we have introduced the quantities

qi := ∂f

∂ei
(5.38)

which by definition can be identified with the electric charges carried by the black
hole. This function called the ‘entropy function’ is directly related to the Wald entropy
as we summarize below.

1. For a black hole with fixed electric charges {qi} and magnetic charges {pi}, all
near horizon parameters v, u, e are determined by extremizing E with respect to
the near horizon parameters:

∂E

∂ei
= 0 i = 1, . . . r; (5.39)

∂E

∂va
= 0, a = 1, 2; (5.40)
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∂E

∂us
= 0, s = 1, . . .N . (5.41)

Equation (5.39) is simply the definition of electric charge whereas the other two
equations (5.40) and (5.41) are the equations of motion for the near horizon
fields. This follows from the fact that the dependence of E on all the near horizon
parameters other than ei comes only through f (u, v, e, p) which from (5.36) is
proportional to the action near the horizon. Thus extremization of the near horizon
action is the same as the extremization of E .This determines the variables (u, v, e)
in terms of (q, p) and as a result the value of the entropy function at the extremum
E ∗ is a function only of the charges

E ∗(q, p) := E (q, u∗(q, p), v∗(q, p), e∗(q, p), p). (5.42)

2. Once we have determined the near horizon geometry, we can find the entropy
using Wald’s formula specialized to the case of extermal black holes:

Swald = −8π
∫

dθdφ
∂S

∂Rrtrt

√−grrgtt . (5.43)

With some algebra it is easy to see that the entropy is given by the value of the
entropy function at the extremum:

Swald(q, p) = E ∗(q, p). (5.44)

This ‘entropy function formalism’ described above allows one to compute the
entropy of various extremal black holes very efficiently by simply solving certain
algebraic equations (instead of partial differential equations). It also allows one to
incorporate effects of higher derivative corrections to the two-derivative action with
relative ease.

5.3.6.1 Wald Entropy for a Reissner–Nordström Black Hole

To illustrate the use of the entropy function formalism for concrete computa-
tions, consider the Einstein–Maxell theory given by the action (5.1) and a solution
given by

ds2 = v1

(
−(σ 2 − 1)dτ 2 + dσ 2

σ 2 − 1

)
+ v2

(
dθ2 + sin2(θ)dφ2

)

Fστ = e, Fθφ = p

4π
sin (θ)

(5.45)

Substituting into the action we obtain the entropy function

E (q, v, e, q, p) ≡ 2π (eiqi − f (v, e, p))

= 2π

[
eq − 4πv1v2

{
1

16π

(
− 2

v1
+ 2

v2

)
+ 1

2v2
1

e2 − 1

32π2v2
2

p2
}]
.

(5.46)
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The extremization equations

∂E

∂e
= 0,

∂E

∂v1
= 0,

∂E

∂v2
= 0 (5.47)

can be easily solved to obtain

v1 = v2 = q2 + p2

4π
, e = q

4π
(5.48)

and

Swald(q, p) = E ∗(q, p) = q2 + p2

4
. (5.49)

5.4 Elements of String Theory

5.4.1 BPS States in N = 4 String Compactifications

Superstring theories are naturally formulated in ten-dimensional Lorentzian space-
time M10. A ‘compactification’ to four-dimensions is obtained by taking M10 to be
a product manifold R

1,3 ×X6 where X6 is a compact Calabi-Yau threefold and R
1,3 is

the noncompact Minkowski spacetime. We will focus in these lectures on a compact-
ification of Type-II superstring theory when X6 is itself the product X6 = K3 × T2.

A highly nontrivial and surprising result from the 1990s is the statement that this
compactification is quantum equivalent or ‘dual’ to a compactification of heterotic
string theory on T4 ×T2 where T4 is a four-dimensional torus [19, 20]. One can thus
describe the theory either in the Type-II frame or the heterotic frame.

The four-dimensional theory in R
1,3 resulting from this compactification has

N = 4 supersymmetry.1 The massless fields in the theory consist of 22 vector
multiplets in addition to the supergravity multiplet. The massless moduli fields consist
of the S-modulus λ taking values in the coset

SL(2,Z)\SL(2; R)/O(2; R), (5.50)

and the T-moduli μ taking values in the coset

O(22, 6; Z)\O(22, 6; R)/O(22; R)× O(6; R). (5.51)

1 This supersymmetry is a super Lie algebra containing ISO(1, 3)× SU(4) as the bosonic subal-
gebra where ISO(1, 3) is the Poincaré symmetry of the R

1,3 spacetime and SU(4) is an internal
symmetry called R-symmetry in physics literature. The odd generators of the superalgebra are
called supercharges. With N = 4 supersymmetry, there are eight complex supercharges which
transform as a spinor of ISO(1,3) and a fundamental of SU(4).
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The group of discrete identifications SL(2,Z) is called S-duality group. In the
heterotic frame, it is the electro-magnetic duality group [21, 22] whereas in the
type-II frame, it is simply the group of area- preserving global diffeomorphisms of
the T2 factor. The group of discrete identifications O(22, 6; Z) is called the T-duality
group. Part of the T-duality group O(19, 3; Z) can be recognized as the group of
geometric identifications on the moduli space of K3; the other elements are stringy
in origin and have to do with mirror symmetry.

At each point in the moduli space of the internal manifold K3 × T2, one has a
distinct four- dimensional theory. One would like to know the spectrum of particle
states in this theory. Particle states are unitary irreducible representations, or super-
multiplets, of the N = 4 superalgebra. The supermultiplets are of three types which
have different dimensions in the rest frame. A long multiplet is 256-dimensional, an
intermediate multiplet is 64-dimensional, and a short multiplet is 16-dimensional. A
short multiplet preserves half of the eight supersymmetries (i.e. it is annihilated by
four supercharges) and is called a half-BPS state; an intermediate multiplet preserves
one quarter of the supersymmetry (i.e. it is annihilated by two supercharges), and
is called a quarter-BPS state; and a long multiplet does not preserve any supersym-
metry and is called a non-BPS state. One consequence of the BPS property is that
the spectrum of these states is ‘topological’ in that it does not change as the moduli
are varied, except for jumps at certain walls in the moduli space [23].

An important property of the BPS states that follows from the superalgebra is that
their mass is determined by the charges and the moduli [23]. Thus, to specify a BPS
state at a given point in the moduli space, it suffices to specify its charges. The charge
vector in this theory transforms in the vector representation of the T-duality group
O(22, 6; Z) and in the fundamental representation of the S-duality group SL(2,Z).
It is thus given by a vector Γ iα with integer entries

Γ iα =
(

Qi

Pi

)
where i = 1, 2, . . . 28; α = 1, 2 (5.52)

transforming in the (2, 28) representation of SL(2,Z)× O(22, 6; Z). The vectors Q
and P can be regarded as the quantized electric and magnetic charge vectors of the
state respectively. They both belong to an even, integral, self-dual lattice Π22,6. We
will assume in what follows that Γ = (Q,P) in (5.52) is primitive in that it cannot
be written as an integer multiple of (Q0,P0) for Q0 and P0 belonging to Π22,6. A
state is called purely electric if only Q is non-zero, purely magnetic if only P is non-
zero, and dyonic if both P and Q are non-zero.

To define S-duality transformations, it is convenient to represent the S-modulus as
a complex field S taking values in the upper half plane. An S-duality transformation

γ ≡
(

a b
c d

)
∈ SL(2; Z) (5.53)

acts simultaneously on the charges and the S-modulus by
(

Q
P

)
→

(
a b
c d

)(
Q
P

)
; S → aS + b

cS + d
(5.54)
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To define T-duality transformations, it is convenient to represent the T-moduli by
a 28 × 28 of matrix μA

I satisfying

μtLμ = L (5.55)

with the identification that μ ∼ kμ for every k ∈ O(22; R)× O(6; R). Here L is the
(28 × 28) matrix

LIJ =
⎛
⎝−C16 0 0

0 0 I6
0 I6 0

⎞
⎠ , (5.56)

with Is the s×s identity matrix and C16 is the Cartan matrix of E8×E8. The T-moduli
are then represented by the matrix

M = μtμ (5.57)

which satisifies

M t = M , M tLM = L (5.58)

In this basis, a T-duality transformation can then be represented by a (28×28)matrix
R with integer entries satisfying

RtLR = L, (5.59)

which acts simultaneously on the charges and the T-moduli by

Q → RQ; P → RP; μ → μR−1 (5.60)

Given the matrix μA
I , one obtains an embedding Λ22,6 ⊂ R

22,6 of Π22,6 which
allows us to define the moduli-dependent charge vectors Q and P by

QA = μA
I QI PA = μA

I PI . (5.61)

Note that while QI are integers QA are not. In what follows we will not always
write the indices explicitly assuming that it will be clear from the context. In any
case, the final answers will only depend on the T-duality invariants which are all
integers. The matrix L has a 22-dimensional eigensubspace with eigenvalue −1 and
a 6-dimensional eigensubspace with eigenvalue +1. Given Q and P, one can define
the ‘right-moving’ charges2 QR and PR as the projections of Q and P respectively
onto the subspace with eigenvalue +1. and the ‘left-moving’ charges as projections
onto the subspace with eigenvalue -1. These definitions can be compactly written as

2 The right-moving charges couple to the graviphoton vector fields associated with the right-
moving chiral currents in the conformal field theory of the dual heterotic string.
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QR,L = (1 ± L)

2
Q; PR,L = (1 ± L)

2
P (5.62)

The right-moving charges since for the heterotic string, QR are related to the right-
moving momenta. The central charges Z1 and Z2 of the N = 4 superalgebra can
then be defined in terms of the right-moving charges and moduli (For details of these
definitions and the superalgebra, see Sect. 5.8.1.2).

If the vectors Q and P are nonparallel, then the state is quarter-BPS. On the other
hand, if Q = pQ0 and P = qQ0 for some Q0 ∈ Π22,6 with p and q relatively prime
integers, then the state is half-BPS.

An important piece of nonperturbative information about the dynamics of the
theory is the exact spectrum of all possible dyonic BPS- states at all points in the
moduli space. More specifically, one would like to compute the number d(Γ )|λ,μ of
dyons of a given chargeΓ at a specific point (λ, μ) in the moduli space. Computation
of these numbers is of course a very complicated dynamical problem. In fact, for a
string compactification on a general Calabi-Yau threefold, the answer is not known.
One main reason for focusing on this particular compactification on K3×T2 is that in
this case the dynamical problem has been essentially solved and the exact spectrum of
dyons is now known. Furthermore, the results are easy to summarize and the numbers
d(Γ )|λ,μ are given in terms of Fourier coefficients of various modular forms.

In view of the duality symmetries, it is useful to classify the inequivalent duality
orbits labeled by various duality invariants. This leads to an interesting problem in
number theory of classification of inequivalent duality orbits of various duality groups
such as SL(2,Z)× O(22, 6; Z) in our case and more exotic groups like E7,7(Z) for
other choices of compactification manifold X6. It is important to remember though
that a duality transformation acts simultaneously on charges and the moduli. Thus,
it maps a state with charge Γ at a point in the moduli space (λ, μ) to a state with
charge Γ ′ but at some other point in the moduli space (λ′, μ′). In this respect, the
half-BPS and quarter-BPS dyons behave differently.

• For half-BPS states, the spectrum does not depend on the moduli. Hence
d(Γ )|λ′,μ′ = d(Γ )|λ,μ. Furthermore, by an S-duality transformation one can
choose a frame where the charges are purely electric with P = 0 and Q �= 0.
Single-particle states have Q primitive and the number of states depends only on
the T-duality invariant integer n ≡ Q2/2. We can thus denote the degeneracy of
half-BPS states d(Γ )|S′,μ′ simply by d(n).

• For quarter-BPS states, the spectrum does depend on the moduli, and d(Γ )|λ′,μ′ �=
d(Γ )|λ,μ. However, the partition function turns out to be independent of moduli
and hence it is enough to classify the inequivalent duality orbits to label the parti-
tion functions. For the specific duality group SL(2,Z)× O(22, 6; Z) the partition
functions are essentially labeled by a single discrete invariant [24–26].

I = gcd(Q ∧ P), (5.63)
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The degeneracies themselves are Fourier coefficients of the partition function.
For a given value of I, they depend only on3 the moduli and the three T-duality
invariants (m, n, �) ≡ (P2/2,Q2/2,Q · P). Integrality of (m, n, �) follows from
the fact that both Q and P belong to Π22,6. We can thus denote the degeneracy
of these quarter-BPS states d(Γ )|λ,μ simply by d(m, n, l)|λ,μ. For simplicity, we
consider only I = 1 in these lectures. Generalization for higher I can be found in
[27, 28].

5.4.2 Exercises

5.4.2.1 Elements of String Compactifications

The heterotic string theory in ten dimensions has 16 supersymmetries. The bosonic
massless fields consist of the metric gMN , a 2-form field B(2), 16 abelian 1-form
gauge fields A(r) r = 1, . . . 16, and a real scalar field φ called the dilaton. The Type-
IIB string theory in ten dimensions has 32 supersymmetries. The bosonic massless
fields consist of the metric gMN ; two 2-form fields C(2),B(2); a self-dual 4-form field
C(4); and a complex scalar field λ called the dilaton-axion field.

One of the remarkable strong-weak coupling dualities is the ‘string–string’ duality
between heterotic string compactified on T4 × T2 and Type-IIB string compactified
on K3 × T2. One piece of evidence for this duality is obtained by comparing the
massless spectrum for these compactifications and certain half-BPS states in the
spectrum.

Exercise 1 how that the heterotic string compactified on T4 × S1 × S̃1 leads a four
dimensional theory with N = 4 supersymmetry with 22 vector multiplets.

Exercise 2 Show that the Type-IIB string compactified on K3×S1 × S̃1 leads a four
dimensional theory with N = 4 supersymmetry with 22 vector multiplets.

Exercise 3 Show that the Kaluza–Klein monopole in Type-IIB string associated with
the circle S̃1 has the right structure of massless fluctuations to be identified with the
half-BPS perturbative heterotic string in the dual description.

5.4.3 String–String Duality

It will be useful to recall a few details of the string–string duality between heterotic
compactified on T4 × S1 × S̃1 and Type-IIB compactified on K3 × S1 × S̃1. Two
pieces of evidence for this duality will be relevant to our discussion.

3 There is an additional dependence on arithmetic T-duality invariants but the degeneracies for
states with nontrivial values of these T-duality invariants can be obtained from the degeneracies
discussed here by demanding S-duality invariance [26].
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Low energy effective action

Both these compactifications result in N = 4 supergravity in four dimensions.
With this supersymmetry, the two-derivative effective action for the massless fields
receives no quantum corrections. Hence, if the two theories are to be dual to each
other, they must have identical 2-derivative action.

This is indeed true. Even though the field content and the action are very different
for the two theories in ten spacetime dimensions, upon respective compactifications,
one obtains N = 4 supergravity with 22 vector multiplets coupled to the super-
gravity multiplet. This has been discussed briefly in one of the tutorials. For a given
number of vector multiplets, the two-derivative action is then completely fixed by
supersymmetry and hence is the same for the two theories. This was one of the prop-
erties that led to the conjecture of a strong–weak coupling duality between the two
theories.

For our purposes, we will be interested in the 2-derivative action for the bosonic
fields. This is a generalization of the Einstein–Hilbert–Maxwell action (5.1) which
couples the metric, the moduli fields and 28 abelian gauge fields:

I = 1

32π

∫
d4x

√−detGS[RG + 1

S2 Gμv(∂μS∂vS − 1

2
∂μa∂va)

+ 1

8
GμvTr(∂μML∂vML)− Gμμ

′
Gvv′

F(i)μv(LML)ijF
(j)
μ′v′

− a

S
Gμμ

′
Gvv′

F(i)μvLijF̃
(j)
μ′v′ ] i, j = 1, . . . , 28. (5.64)

In the heterotic string picture, the expectation value of the dilaton field S is related
to the four-dimensional string coupling g4

S ∼ 1

g2
4

, (5.65)

and a is the axion field. The metric Gμv is the metric in the string frame and is related
to the metric gμv in Einstein frame by the Weyl rescaling

gμv = SGμv (5.66)

BPS spectrum

Another requirement of duality is that the spectrum of BPS states should match
for the two dual theories. Perturbative states in one description will generically get
mapped to some non-perturbative states in the dual description. As a result, this
leads to highly nontrivial predictions about the nonpertubative spectrum in the dual
description given the perturbative spectrum in one description.

As an example, consider the perturbative BPS-states in heterotic string theory on
K3 × S1 × S̃1. A heterotic string wrapping w times on S1 and carrying momentum n
gets mapped in Type-IIA to the NS5-brane wrapping w times on K3×S1 and carrying
momentum n. One can go from Type-IIA to Type-IIB by a T-duality along the S̃1
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circle. Under this T-duality, the NS5-brane gets mapped to a KK-monopole with
monopole charge w associated with the circle S̃1 and carrying momentum n. This
thus leads to a prediction that the spectrum of KK-monopole carrying momentum in
Type-IIB should be the same as the spectrum of perturbative heterotic string discussed
earlier. We will verify this highly nontrivial prediction in the next subsection for the
case of w = 1.

5.4.4 Kaluza–Klein Monopole and the Heterotic String

The metric of the Kaluza–Klein monopole is given by the so-called Taub-NUT metric

ds2
TN =

(
1 + R0

r

)(
dr2 + r2(dθ2 + sin2 θdφ2)

)

+ R2
0

(
1 + R0

r

)−1

(2dψ + cos θdφ)2 (5.67)

with the identifications:

(θ, φ, ψ) ≡ (2π−θ, φ+π,ψ+π
2
) ≡ (θ, φ+2π,ψ+π) ≡ (θ, φ, ψ+2π). (5.68)

Here R0 is a constant determining the size of the Taub-NUT space MTN . This metric
satisfies the Einstein equations in four-dimensional Euclidean space. The metric
(5.67) admits a normalizable self-dual harmonic form ω, given by

ωKK = r

r + R0
dσ3 + R0

(r + R0)2
dr ∧ σ3, σ3 ≡

(
dψ + 1

2
cos θdφ

)
. (5.69)

We are interested in the Type-IIB string theory compactified on K3× S̃1×S1 in the
presence of a Kaluza–Klein monopole, with S̃1 identified with the asymptotic circle
of the Taub-NUT space labeled by the coordinateψ in (5.67). Thus, we want analyze
the massless fluctuations of Type-IIB string on K3 ×S1 ×MTN space. Let y and ỹ be
the coordinates of S1 and S̃1 respectively with y ∼ y +2πR and ỹ ∼ ỹ +2π R̃.When
the radius R of the S1 is large compared to the size of the K3 and the radius R̃ of
the S̃1 circle, we obtain an ‘effective string’ wrapping the S1 with massless spectrum
that agrees with the massless spectrum of a fundmental heterotic string wrapping S1.

These massless modes can be deduced as follows:

• The center-of-mass of the KK-monopole can be located anywhere in R
3 and its

position is specified by a vector a. Thus, we have

r := |x − a|, cos θ := x3 − a3

r
, tan φ := x1 − a1

x2 − a2 . (5.70)
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if (x1, x2, x3) are the coordinates of R
3. We can allow these coordinates to fluctuate

in the t and y directions and hence we will obtain three non-chiral massless ai(t, y)
scalar fields along the effective string associated with oscillations of the three
coordinates of the center-of-mass of the KK monopole.

• There are two additional non-chiral scalar fields b(t, y) and c(t, y) obtained by
reducing the two 2-form fields B(2) and C2 of Type-IIB along the harmonic
2-form (5.69):

B(2) = b(t, y) · ωKK C(2) = c(t, y) · ωKK (5.71)

• There are 3 right-moving ar
R(t + y), r = 1, 2, 3 and 19 left-moving scalars

as
L(t − y), s = 1, . . . , 19 obtained by reducing the self-dual 4-form field C(4)

of type IIB theory. This works as follows. The field C(4) can be reduced taking
it as a tensor product of the harmonic 2-form (5.69) and a harmonic 2-form ω

K3
α

for α = 1, . . . , 22 on K3. This gives rise to rise to a chiral scalar field on the
world-volume. The chirality of the scalar field is correlated with whether the corre-
sponding harmonic 2-form ω

K3
α is self-dual or anti-self-dual. Since K3 has three

self-dual ωK3+
r and nineteen anti-selfdual harmonic 2-forms ωK3−

s ,we get 3 right-
moving and 19 left-moving scalars:

C(4) =
3∑

r=1

as
R(t + y) · ωK3−

s ∧ ωKK +
19∑

s=1

as
L(t − y) · ωK3−

s ∧ ωKK . (5.72)

The KK-monopole background breaks 8 of the 16 supersymmetries of Type-II on
K3 × S1. Consequently, there are eight right-moving fermionic fields

Sa(t + y) a = 1, . . . , 8

which arise as the goldstinos of these eight broken supersymmetries. This is precisely
the field content of the 1+1 dimensional worldsheet theory of the heterotic string
wrapping S1 as we discussed in the tutorial (Sect. 5.5.1).

5.4.5 Supersymmetry and Extremality

Some of the special properties of external black holes can be understood better by
embedding them in supergravity. We will be interested in these lectures in string
compactifications with N = 4 supersymmetry in four spacetime dimensions. The
N = 4 supersymmetry algebra contains in addition to the usual Poincaré generators,
sixteen real supercharges which can be grouped into 8 complex charges Qa

α and their
complex conjugates. Here α = 1, 2 is the usual Weyl spinor index of 4d Lorentz
symmetry. and the internal index a = 1, . . . , 4 in the fundamental 4 representation
of an SU(4), the R-symmetry of the superalgebra. The relevant anticommutators for
our purpose are
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{Qa
α, Q̄β̇b} = − 2Pμσ

μ

αβ̇
δa

b

{Qa
α,Qb

β} = εαβZab {Q̄α̇a, Q̄β̇b} = Z̄abεα̇β̇

(5.73)

where σμ are (2 × 2) matrices with σ0 = −1 and σ ifor i = 1, 2, 3 are the usual
Pauli matrices. Here Pμ is the momentum operator and Q are the supersymmetry
generators and the complex number Zab is the central charge matrix.

Let us first look at the representations of this algebra when the central charge is
zero. In this case the massive and massless representation are qualitatively different.

1. Massive Representation, M > 0,Pμ = (M, 0, 0, 0)
In this case (5.73) becomes {Qa

α, Q̄β̇b} = 2Mδαβ̇δ
a
b and all other anti-commutators

vanish. Up to overall scaling, these are the commutation relations for eight
complex fermionic oscillators. Each oscillator has a two-state representation,
which is either filled or empty. These states together define a unitary irreducible
representation, called a supermultiplet, of the superalgebra. The total dimension
of the representation is 28 = 256 which is CPT self-conjugate.

2. Massless Representation M = 0,Pμ = (E, 0, 0,E)
In this case (5.73) becomes {Qa

1, Q̄1̇b} = 2Eδa
b and all other anti-commutators

vanish. Up to overall scaling, these are now the anti-commutation relations of
four fermionic oscillators and hence the total dimension of the representation is
24 = 16 which is also CPT-self-conjugate.

The important point is that for a massive representation, with M = ε > 0, no
matter how small ε, the supermultiplet is long and precisely at M = 0 it is short.
Thus the size of the supermultiplet has to change discontinuously if the state has
to acquire mass. Furthermore, the size of the supermultiplet is determined by the
number of supersymmetries that are broken because those have non-vanishing anti-
commutations and turn into fermionic oscillators.

Note that there is a bound on the mass M ≥ 0 which simply follows from the fact
the using (5.73) one can show that the mass operator on the right hand side of the
equation equals a positive operator, the absolute value square of the supercharge on
the left hand side. The massless representation saturates this bound and is ‘small’
whereas the massive representation is long.

There is an analog of this phenomenon also for nonzero Zab. As explained in the
appendix, the central charge matrix Zab can be brought to the standard form by an
U(4) rotation

Z̃ = UZUT , U ∈ U(4), Z̃ab =
(

Z1ε 0
0 Z2ε

)
, ε =

(
0 1

−1 0

)
. (5.74)

so we have two ‘central charges’ Z1 and Z2. Without loss of generality we can
assume |Z1| ≥ |Z2|.Using the supersymmetry algebra one can prove the BPS bound
M − |Z1| ≥ 0 by showing that this operator is equal to a positive operator (see
appendix for details). States that saturate this bound are the BPS states. There are
three types of representations:
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• If M = |Z1| = |Z2|, then eight of of the sixteen supersymmetries are preserved.
Such states are called half-BPS. The broken supersymmetries result in four
complex fermionic zero modes whose quantization furnishes a 24-dimensional
short multiplet.

• If M = |Z1| > |Z2|, then and four out of the sixteen supersymmetries are preserved.
Such states are called quarter-BPS. The broken supersymmetries result in six
complex fermionic zero modes whose quantization furnishes a
26-dimensional intermediate multiplet.

• If M > |Z1| > |Z2|, then no supersymmetries are preserved. Such states are called
non-BPS.The sixteen broken supersymmetries result in eight complex fermionic
zero modes whose quantization furnishes a 28-dimensional long multiplet.

The significance of BPS states in string theory and in gauge theory stems from
the classic argument of Witten and Olive which shows that under suitable condi-
tions, the spectrum of BPS states is stable under smooth changes of moduli and
coupling constants. The crux of the argument is that with sufficient supersymmetry,
for example N = 4, the coupling constant does not get renormalized. The central
charges Z1 and Z2 of the supersymmetry algebra depend on the quantized charges and
the coupling constant which therefore also does not get renormalized. This shows
that for BPS states, the mass also cannot get renormalized because if the quantum
corrections increase the mass, the states will have to belong a long representation .
Then, the number of states will have to jump discontinuously from, say from 16 to
256 which cannot happen under smooth variations of couplings unless there is some
kind of a ‘Higgs Mechanism’ or there is some kind of a phase transition. 4

As a result, one can compute the spectrum at weak coupling in the region of
moduli space where perturbative or semiclassical counting methods are available.
One can then analytically continue this spectrum to strong coupling. This allows us
to obtain invaluable non-perturbative information about the theory from essentially
perturbative commutations.

5.4.6 BPS Dyons in N = 4 Compactifications

The massless spectrum of the toroidally compactified heterotic string on T6 contains
28 different “photons” or U(1) gauge fields—one from each of the 22 vector multi-
plets and 6 from the supergravity multiplet.As a result, the electric charge of a state is

4 Such ‘phase transitions’ do occur and the degeneracies can jump upon crossing certain walls in
the moduli space. This phenomenon called ‘wall-crossing’ occurs not because of Higgs mechanism
but because at the walls, single particle states have the same mass as certain multi-particle states and
can thus mix with the multi-particle continuum states. The wall-crossing phenomenon complicates
the analytic continuation of the degeneracy from weak coupling from strong coupling since one
may encounter various walls along the way. However, in many cases, the jumps across these walls
can be taken into account systematically.



196 A. Dabholkar and S. Nampuri

specified by a 28-dimensional charge vector Q and the magnetic charge is specified
by a 28-dimensional charge vector P. Thus, a dyonic state is specified by the charge
vector

Γ =
(

Q
P

)
(5.75)

where Q and P are the electric and magnetic charge vectors respectively. Both Q
and P are elements of a self-dual integral lattice Π22,6 and can be represented as
28-dimensional column vectors in R

22,6 with integer entries, which transform in the
fundamental representation of O(22, 6; Z). We will be interested in BPS states.

• For half-BPS state the charge vectors Q and P must be parallel. These states are
dual to perturbative BPS states.

• For a quarter-BPS states the charge vectors Q and P are not parallel. There is no
duality frame in which these states are perturbative.

There are three invariants of O(22, 6; Z), quadratic in charges, and given by P2, Q2

and Q · P. These three T-duality invariants will be useful in later discussions.

5.5 Spectrum of Half-BPS Dyons

An instructive example of BPS of states is provided by an infinite tower of BPS states
that exists in perturbative string theory [29, 30].

5.5.1 Perturbative Half-BPS States

Consider a perturbative heterotic string state wrapping around S1 with winding
number w and quantized momentum n. Let the radius of the circle be R and α′ = 1,
then one can define left-moving and right-moving momenta as usual,

pL,R =
√

1

2

( n

R
± wR

)
. (5.76)

Recall that the heterotic strings consists of a right-moving superstring and a left-
moving bosonic string. In the NSR formalism in the light-cone gauge, the worldsheet
fields are:

• Right moving superstring Xi(σ−) ψ̃ i(σ−) i = 1 · · · 8
• Left-moving bosonic string Xi(σ+),XI (σ+) I = 1 · · · 16,

where Xi are the bosonic transverse spatial coordinates, ψ̃ i are the worldsheet
fermions, and XI are the coordinates of an internal E8 × E8 torus. A BPS state
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is obtained by keeping the right-movers in the ground state (that is, setting the right-
moving oscillator number Ñ = 1

2 in the NS sector and Ñ = 0 in the R sector).
The Virasoro constraints are then given by

L̃0 − M2

4
+ p2

R

2
= 0 (5.77)

L0 − M2

4
+ p2

L

2
= 0, (5.78)

where N and Ñ are the left-moving and right-moving oscillation numbers respec-
tively.

The left-moving oscillator number is then

L0 =
∞∑

n=1

(
8∑

i=1

nai−nai
n +

16∑
I=1

nβI−nβ
I−n

)
− 1 := N − 1, (5.79)

where ai are the left-moving Fourier modes of the fields Xi, and βI are the Fourier
modes of the fields XI . Note that the right-moving fermions satisfy anti-periodic
boundary condition in the NS sector and have half-integral moding, and satisfy
periodic boundary conditions in the R sector and have integral moding. The oscillator
number operator is then given by

L̃0 =
∞∑

n=1

8∑
i=1

(nãi−nãi
n + rψ̃ i−rψ̃

i
r − 1

2
) := Ñ − 1

2
, (5.80)

with r ≡ −(n − 1
2 ) in the NS sector and by

L̃0 =
∞∑

n=1

8∑
i=1

(nãi−nãi
n + rψ̃ i−rψ̃

i
r) (5.81)

with r ≡ (n − 1) in the R sector.
In the NS-sector then one then has Ñ = 1

2 and the states are given by

ψ̃ i
− 1

2
|0〉, (5.82)

that transform as the vector representation 8v of SO(8). In the R sector the ground
state is furnished by the representation of fermionic zero mode algebra {ψ i

0, ψ
j
0} = δij

which after GSO projection transforms as 8s of SO(8). Altogether the right-moving
ground state is thus 16-dimensional 8v ⊕ 8s. From the Virasoro constraint (5.77) we
see that a BPS state with Ñ = 0 saturates the BPS bound

M = √
2pR, (5.83)
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and thus
√

2pR can be identified with the central charge of the supersymmetry
algebra. The right-moving ground state after the usual GSO projection is indeed
16-dimensional as expected for a BPS-state in a theory with N = 4 supersymmetry.

We thus have a perturbative BPS state which looks pointlike in four dimensions
with two integral charges n and w that couple to two gauge fields g5μ and B5μ

respectively. It saturates a BPS bound M = √
2pR and belongs to a 16-dimensional

short representation. This point-like state is our ‘would-be’ black hole. Because it
has a large mass, as we increase the string coupling it would begin to gravitate and
eventually collapse to form a black hole.

Microscopically, there is a huge multiplicity of such states which arises from
the fact that even though the right-movers are in the ground state, the string can
carry arbitrary left-moving oscillations subject to the Virasoro constraint. Using
M = √

2pR in the Virasoro constraint for the left-movers gives us

N − 1 = 1

2
(p2

R − p2
L) := Q2/2 = nw. (5.84)

We would like to know the degeneracy of states for a given value of charges n and w
which is given by exciting arbitrary left-moving oscillations whose total worldsheet
oscillator excitation number adds up to N. Let us take w = 1 for simplicity and denote
the degeneracy by d(n) which we want to compute. As usual, it is more convenient
to evaluate the canonical partition function

Z(β) = Tr
(

e−βL0
)

(5.85)

≡
∞∑
−1

d(n)qn q := e−β. (5.86)

This is the canonical partition function of 24 left-moving massless bosons in 1+1
dimensions at temperature 1/β. The micro-canonical degeneracy d(N) is given then
given as usual by the inverse Laplace transform

d(N) = 1

2π i

∫
dβeβN Z(β). (5.87)

Using the expression (5.79) for the oscillator number s and the fact that

Tr(q−sα−nαn) = 1 + qs + q2s + q3s + · · · = 1

(1 − qs)
, (5.88)

the partition function can be readily evaluated to obtain

Z(β) = 1

q

∞∏
s=1

1

(1 − qs)24 . (5.89)
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It is convenient to introduce a variable τ by β := −2π iτ , so that q := e2π iτ .

The function

Δ(τ) = q
∞∏

s=1

(1 − qs)24, (5.90)

is the famous discriminant function. Under modular transformations

τ → aτ + b

cτ + d
a, b, c, d ∈ Z, with ad − bc = 1 (5.91)

it transforms as a modular form of weight 12:

Δ

(
aτ + b

cτ + d

)
= (cτ + d)12Δ(τ) . (5.92)

This remarkable property allows us to relate high temperature (β → 0) to low
temperature (β → ∞) and derive a simple explicit expression for the asymptotic
degeneracies d(n) for n very large.

5.5.2 Cardy Formula

The degeneracy d(N) can be obtained from the canonical partition function by the
inverse Laplace transform

d(N) = 1

2π i

∫
dβeβN Z(β). (5.93)

We would like to evaluate this integral (5.93) for large N which corresponds to large
worldsheet energy. Such an asymptotic expansion of d(N) for large N is given by the
‘Cardy formula’ which utilizes the modular properties of the partition function.

For large N, we expect that the integral receives most of its contributions from high
temperature or small β region of the integrand. To compute the large N asymptotics,
we then need to know the small β asymptotics of the partition function. Now, β → 0
corresponds to q → 1 and in this limit the asymptotics of Z(β) are very difficult to
read off from (5.89) because its a product of many quantities that are becoming very
large. It is more convenient to use the fact that Z(β) is the inverse of Δ(τ) which is
a modular form of weight 12 we can conclude

Z(β) = (β/2π)12Z(
4π2

β
). (5.94)

This allows us to relate the q → 1 or high temperature asymptotics to q → 0 or low

temperature asymptotics as follows. Now, Z(β̃) = Z
(

4π2

β

)
asymptotics are easy to

read off because as β → 0 we have β̃ → ∞ or e−β̃ = q̃ → 0. As q̃ → 0
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Z(β̃) = 1

q̃

∞∏
n=1

1

(1 − q̃n)24 ∼ 1

q̃
. (5.95)

This allows us to write

d(N) ∼ 1

2π i

∫ (
β

2π

)12

eβN+ 4π2
β dβ. (5.96)

This integral can be evaluated easily using saddle point approximation. The function
in the exponent is f (β) ≡ βN + 4π2

β
which has a maximum at

f ′(β) = 0 or N − 4π2

βc
= 0 or βc = 2π√

N
. (5.97)

The value of the integrand at the saddle point gives us the leading asymptotic expres-
sion for the number of states

d(N) ∼ exp (4π
√

N). (5.98)

This implies that the ensemble of such BPS states of a given charge vector Q has
nonzero statistical entropy that goes to leading order as

Sstat(Q) := log(d(Q)) = 4π
√

Q2/2. (5.99)

We would now like to identify the black hole solution corresponding to this state
and test if this microscopic entropy agrees with the macroscopic entropy of the black
hole.

The formula that we derived for the degeneracy d(N) is valid more generally
in any 1+1 CFT. In a general CFT, the partition function is a modular form of
weight −k

Z(β) ∼ Z

(
4π2

β

)
βk .

which allows us to determine high temperature asymptotics from low temperature
asymptotics for Z(β̃) once again because

β̃ ≡ 4π2

β
→ ∞ as β → 0. (5.100)

At low temperature only ground state contributes

Z(β̃) = Tr exp(−β̃(L0 − c/24))

∼ exp(−E0β̃) ∼ exp

(
β̃c

24

)
,
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where c is the central charge of the theory. Using the saddle point evaluation as above
we then find.

d(N) ∼ exp

(
2π

√
cN

6

)
. (5.101)

In our case, because we had 24 left-moving bosons, c = 24 , and then (5.101) reduces
to (5.98).

5.6 Spectrum of Quarter-BPS Dyons

In this section we consider the spectrum of quarter-BPS dyons in the simplest string
compactification with N = 4 in four spacetime dimensions. Surprisingly, the parti-
tion function for counting these dyons turns out to involve interesting mathematical
objects called Siegel modular forms which are a natural generalizations for the group
Sp(2,Z) of usual modular forms of the group Sp(1,Z) ∼ SL(2,Z). See Sect. 5.8.2.1
for a review of Siegel modular forms and related Jacobi modular forms.

5.6.1 Siegel Modular Forms and Dyons

Siegel forms occur naturally in the context of counting of quarter-BPS dyons. The
partition function for these dyons depends on three (complexified) chemical poten-
tials (σ, τ, z), conjugate to the three T-duality invariant integers

(P2/2,Q2/2,P · Q) := (m, n, �)

respectively and is given by

Z(Ω) = 1

Φ10(Ω)
. (5.102)

Note that this is very analogous to the case of half-BPS states discussed in the tutorials
where the partition function was

Z(τ ) = 1

Δ(τ)
. (5.103)

was the inverse of a modular form Δ(τ) of weight 12 of the group Sp(1,Z).
The product representation of the Igusa form is particularly useful for the physics

application because it is closely related to the generating function for the elliptic
genera of symmetric products of K3 introduced in the Appendix. This is a conse-
quence of the fact that the multiplicative lift of the Igusa form is obtained starting
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with the elliptic genus of a single copy K3 as the input. The generating function for
the elliptic genera of symmetric products of K3 is defined by

Ẑ(σ, τ, z) :=
∞∑

m=−1

χm+1(τ, z)pm (5.104)

where χm(τ, z) is the elliptic genus of Symm(K3) with χ0(τ, z) ≡ 1 and χ1(τ, z) ≡
χ(τ, z). A standard orbifold computation [31] gives

Ẑ(σ, τ, z) = 1

p

∏
s>0,t≥0,r

1

(1 − psqtyr)C0(4st−r2)
(5.105)

in terms of the Fourier coefficients C0 of the elliptic genus of a single copy of K3. As
we will explain in the next section, this partition function captures the degeneracies
of bound state of m D1-branes and a single D5-brane carrying momentum and spin.

Comparing the product representation for the Igusa form (5.234) with (5.105),
we get the relation:

Z(Ω) = 1

Φ10(σ, τ, z)
= Ẑ(σ, τ, z)

ψ(τ, z)
. (5.106)

This relation of the Igusa form to the elliptic genera of symmetric products of K3
and the degeneracies of D1–D5 bound states has a deeper physical significance and
allows for a microscopic derivation of the counting formula as we explain below.

The the logic of the derivation is as follows:

1. We derive the degeneracy for a special charge configuration in one corner of the
moduli space.

2. Using constraints from wall-crossing, we extend this answer for the same set of
charges to all over the moduli space.

3. Using duality symmetries, we extend this answer to all possible values of charges.

With this general strategy in mind, we turn to the derivation of the dyon partition
function for a special representative set of charges in a certain weakly coupled region
of the moduli space.

5.6.2 A Representative Charge Configuration

Consider four-dimensional BPS-states in Type IIB on K3×S1×S̃1 with the following
charge configuration:

• 1 KK-monopole associated with the circle S̃1.

• 1 D5-branes wrapping K3 × S1

• m D1-branes wrapping S1



5 Quantum Black Holes 203

• n units of momentum along the circle S1

• l units of momentum along the circle S̃1

We would like to compute d(m, n, l) which is the number of quantum states with
these quantum numbers counting bosons with +1 and fermions with −1 . Let F be
the spacetime fermion number then we could try to compute

Trm,n,l

[
(−1)F

]
. (5.107)

However, this vanishes. If a state breaks 2n supersymmetries, then it has 2n real
fermion zero modes which are the Goldstinoes of the broken symmetry. Quantization
of each pair leads to Bose–Fermi degeneracy so the trace above vanishes. This can
be remedied by inserting (2h)n where h is the ‘helicity’, that is, the third component
of angular momentum in the rest frame. For states paired by a complex fermion the
effect of this insertion is to ‘soak up’ the fermion zero mode since this mode has spin
half. Thus, we compute

d(m, n, l) = Trm,n,l

[
(−1)F(2h)6

]
(5.108)

since for a quarter-BPS state, out of the 16 supersymmetries 12 are broken. In practice,
this means we just ignore the 12 fermionic zero modes from broken supersymmetry
and evaluate simply Tr(−1)F over the remaining modes. The index thus defined
receives contribution only from the BPS states.

It turns out that we can relate these unknown degeneracies d(m, n, l) of 4d-states
to known degeneracies of the D1–D5-P configuration in five dimensions which
are much easier to compute. This is known as the 4–5d lift [32]. The main idea
is to use the fact that the geometry of the Kaluza–Klein monopole (5.67) in the
charge configuration above asymptotes to R

3 × S̃1 at asymptotic infinity r → ∞ but
reduces to flat Euclidean space R

4 near the core of the monopole at r → 0. Thus
at asymptotic infinity we have a KK-monopole in four-dimensional flat Minkowski
spacetime which near the core looks like a five-dimensional flat Minkowski space-
time. Our charge configuration then reduces essentially to the five-dimensional
Strominger–Vafa black hole [33] with angular momentum [34] discussed in the
previous subsection.

Our strategy will be to compute the grand canonical partition function introducing
chemical potentials (σ, τ, z) conjugate to the charges (m, n, l) and the ‘fugacities’

p := e2π iσ , q := e2π iτ , y := e2π iz. (5.109)

The partition function is then

Z(σ, τ, z) =
∑
m,n,l

pmqnyl(−1)ld(m, n, l). (5.110)

The factor of (−1)l is introduced for convenience which can be absorbed by
z → z + 1/2.
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Since d(m, n, l) is a topological quantity protected from quantum corrections, the
dyon partition function it does not depend on the coupling or the moduli such as the
radius R̃. We can focus on the region near the core by taking the radius of the circle
S̃1 goes to infinity so that in this limit we have a weakly coupled problem. In this
limit, the charge l corresponding to the momentum around this circle gets identified
with the angular momentum l in five dimensions. The total partition function at weak
coupling at large radius R̃ is thus a product of three factors

Z(Ω) = ZD1(p, q, y)ZKK (q)ZCM(q, y). (5.111)

The three factors arise as follows:

1. The factor ZD1(σ, τ, z) counts the bound states of the D1-brane bound to a single
D5-brane, carrying arbitrary momentum and angular momentum.

2. The factor ZKK (τ ) counts the bound states of momentum n with the Kaluza–
Klein monopole. The KK-monopole cannot carry any momentum along the S̃1

directions nor does it carry any D1-brane charge. Hence the partition function
depends only τ.

3. The factor ZCM(τ, z) counts the bound states of the center of mass motion of the
Strominger–Vafa black hole in the Kaluza–Klein geometry [35, 36]. It carries no
D1-brane charge and hence depends only τ and z.

At weak coupling, these three systems reduce to decoupled bosonic and fermionic
oscillators and our computation is reduced to something very similar to perturbative
calculation described in the previous section. Each oscillator carries certain quantum
numbers (s, t, r) which can contribute to the total charge (m, n, l) of our interest.
Each bosonic oscillator contributes

∞∑
k=0

e2π ik(sσ,tτ,rz) = (
1 − psqtyr)−1

. (5.112)

Each fermionic oscillator contributes

1∑
k=0

e2π ik(sσ,tτ,rz)(−1)k = (
1 − psqtyr) (5.113)

where the (−1)k is present because of (−1)F . The partition function will be thus of
the general form

Z(Ω) ∼
∏
s,t,r

1

(1 − psqtyr)f (s,t,r)
, (5.114)

where f (s, t, r) is the difference between the number of bosonic oscillators and
the number of fermionic oscillators for given charges (s, t, r). All physics is now
contained in these numbers. In the remaining subsections we discuss systematically
various contribution to the partition function to determine f (s, t, r) for our system.
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5.6.3 Bound States of D1-Branes and D5-Branes

As a warm up, let us first consider D1-brane (or fundamental Type-II string) in flat
space wrapped around a circle S1 or radius R with coordinate y ∼ y + 2πR. The
fluctuations of the D1-brane consists of 8 transverse bosons φi(t, y) as well as 8
left-chiral fermions Sa(t + y) and 8 right-chiral fermions S̃a(t − y) where t is the
time coordinate, i = 1, . . . , 8, and a = 1, . . . , 8. These constitute the field content
of the 1+1 D CFT living on S1. The fluctuations are of the form

φi(t, y) = φi
0 + pi

0t +
∑
n>0

φi
ne− n

R (t−y) +
∑
n>0

φ̃i
ne− n

R (t+y) + c.c. (5.115)

For the fermions we have similarly

Sa(t − y) =
∑
n>0

Sa
ne− n

R (t−y) + c.c. (5.116)

S̃a(t + y) =
∑
n>0

S̃a
ne− n

R (t+y) + c.c. (5.117)

We can quantize this system as usual. Then φi
n and φ̃i

n are bosonic oscillators with
frequencies n/R and occupation numbers Ni

n and Ñ i
n respectively. Similarly, Sa

n and
S̃a

n are fermionic oscillators with frequencies n/R and occupation numbers Mi
n and

M̃i
n respectively. The total left-moving momentum along S1 is

P = 1

R

8∑
i=1

∞∑
n=1

n(Ni
n − Ñ i

n)+ 1

R

8∑
a=1

∞∑
n=1

n(Ma
n − M̃a

n ) (5.118)

and the total energy is

E = 1

R

8∑
i=1

∞∑
n=1

n(Ni
n + Ñ i

n)+ 1

R

8∑
a=1

∞∑
n=1

n(Ma
n + M̃a

n ) (5.119)

To obtain a BPS state we want to minimize the energy given fixed momentum P.
This implies

Ñ i
n = 0, M̃i

n = 0 E = P. (5.120)

We would like to know how many BPS states there are for a given charge P. This
is a combinatorial problem of finding d(P) which is the number of ways to choose a
set of integers {Ni

n,Ma
n } satisfying the constraint

1

R

( ∞∑
n=1

(
8∑

i=1

nNi
n +

8∑
a=1

n(Ma
n

))
= P. (5.121)
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As usual it is easier to pass to the canonical ensemble. Computing

Z(τ ) :=
∑

{Ni
n,M

a
n }

qN ≡
∑

P

d(N)qN , q := e2π iτ , (5.122)

ignoring the constraint. Here we have use for convenience N = RP which is an integer
or equivalently can absorb R into τ. One can then obtain d(N) by inverse Laplace
transform using

Z(τ ) :=
∑

P

d(N)qN , d(N) =
∫ 1

0
e−2π iNτZ(τ )dτ. (5.123)

The partition function is readily evaluated and is given by

Z(τ ) =
∏∞

n=1(1 + qn)8∏∞
n=1(1 − qn)8

(5.124)

From this one can find that

d(N) ∼ e2π
√

2N , (5.125)

which follows also from the Cardy formula applied to the worldsheet CFT living on
the circle, using the fact that for 8 free bosons and 8 free fermions the central charge
is 12.

After this warm-up exercise, let us turn to the problem of motion of m D1-branes
bound to a single D5-brane. Now, a priori the D1-brane can again oscillate in all
8 transverse directions. However, if we switch on a 2-form field along 2-cycles
of K3, then open strings connecting D1-branes and D5-branes become tachyonic.
Condensation into ground state binds the D1-branes to the D5-branes and as a result
they can oscillate only along the directions along the K3.

We are interested in a configuration with m units of D1-brane charge n units of
momentum, and l units of angular momentum. If m is divisible by s then we have to
consider both the configuration with m D1-branes winding number 1 as well as the
configuration with m/s D1-branes with winding number s. Similarly, the momentum
and angular momentum can be shared among these m or m/s D1-branes. As usual,
it is more convenient to relax all constraints on the charges and compute instead the
(grand) canonical partition function. So, we introduce chemical (complexified) chem-
ical potentials σ, τ, z conjugate to the integers m, n, l and compute the unrestricted
sum by summing over all possible charges (r, s, t). The degeneracies dD1(m, n, l) can
then be extracted by an inverse Fourier transform.

Consider a D1-brane wound r times along the S1, carrying momentum s along
the S1 with angular momentum JL = t/2. Let

ZD1 = 1

p

∏
s>0,t≥0,r

1

(1 − psqtyr)c(s,t,r)
. (5.126)
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Now, a D1-brane wrapping s times around a circle R is like a D1-brane wrapping once
on a circle of effective radius Re = 2πRs. If we want it to carry physical momentum
t, then since

t

R
= ts

nR
= ts

Re
(5.127)

Because of conformal invariance, the partition function does not depend on the
overall scale R. We thus conclude that the partition function for winding s and phys-
ical momentum t is the same as the partition function for winding 1 and physical
momentum st. In other words,

c(s, t, r) = c0(st, r). (5.128)

These coefficients are nothing but the c0(n, l) defined in (5.232) of the elliptic genus
χ(τ, z) of a single copy of K3. Hence c(s, t, r) = c0(st, r) = C0(4st − r2) from
(5.233). Indeed, our computation of ZD1 is one way to derive the generating function
Ẑ for the elliptic genera of symmetric products of K3. In summary,

ZD1(σ, τ, z) = Ẑ(σ, τ, z). (5.129)

Comment: The problem of counting microstates of m D1-branes bound to a D5-
brane is the counting problem that arises in computing the microstates of the well-
known Strominger–Vafa black hole in five dimensions [33]. The microscopic config-
uration there consists of Q5 D5-branes wrapping K3 × S1, Q1 D1-branes wrapping
the S1,with total momentum n along the circle. We have chosen Q5 = 1 and Q1 = m
but more generally, we can simply replace m by Q1Q5.The bound states are described
by an effective string wrapping the circle carrying left-moving momentum n. The
central charge of the system can be computed at weak coupling and is given by 6m. In
this system, the leading order entropy at large charge can be computed by applying
the Cardy formula provided we operate in a certain regime in moduli and charge
space. We work in a region of moduli space where the K3 is small compared to the
S1. In such a situation, the dynamics of the D1–D5 system are encapsulated in a 1+1
D CFT living on S1. The D1–D5-P configuration can then be regarded as a state in
this CFT with the right moving oscillators fixed to their ground state and the left
moving excitation number or CFT temperature proportional to n. Then in the limit
of n 
 Q1Q5, the Cardy formula for the high temperature expansion of the CFT
can be used to compute the leading order degeneracy of the state. Applying Cardy’s
formula therefore, gives,

dm(n) = exp(2π
√

mn). (5.130)

This implies a microscopic entropy S = log d = 2π
√

Q1Q5n. The corresponding
BPS black hole solutions with three charges in five dimensions can be found in
supergravity and the resulting entropy matches precisely with the macroscopic
entropy [33].
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5.6.4 Dynamics of the KK-Monopole

In the previous subsection we have worked out the low-energy massless fluctuations
of the KK-monopole. If we excite only the left-movers then we have 24 bosons
carrying momentum t. The KK-monopole cannot support any momentum along the
S1 circle. Summing over all momenta gives rise to the partition function

ZKK (τ ) = 1

q

∞∏
t=1

1

(1 − qt)24 = 1

η24(τ )
(5.131)

The factor of 1/q comes because the ground state carries some ‘zero point’
momentum −1. Altogether, we recognize this as precisely the partition function
of the left-moving BPS oscillations of the heterotic string as expected from duality.

5.6.5 D1–D5 Center-of-Mass Oscillations

Now it remains for us to find the contribution to the partition function from the
oscillations of the center of mass of the D1–D5 system moving in the background
the KK-monopole. This is easy to evaluate using the fact that for large radius near
the center of the KK-monopole, the Taub-NUT space is essentially flat Euclidean
space R4. The partition function of four bosons and four fermions is simply

ZCM(τ, z) = η6(τ )

θ2
1 (τ, z)

. (5.132)

Putting this all together we find the desired result

Z(Ω) = Ẑ(σ, τ, z)

ψ(τ, z)
= 1

Φ10(Ω)
. (5.133)

5.6.6 Wall-Crossing and Contour Prescription

Given the partition function (5.103), one can extract the black hole degeneracies
from the Fourier coefficients. However, there is one complication that also turns
out to have interesting physical implications. The Igusa cusp form has double zeros
at z = 0 and its images. The partition function is therefore a meromorphic Siegel
form (5.225) of weight −10 with double poles at these divisors. As a result, different
Fourier contours would give different answers for the degeneracies and there appears
to be an ambiguity in the choice of the Fourier contour.

This ambiguity turns out to have a very nice physical interpretation. The spectrum
of quarter-BPS dyons actually has a moduli dependence. For a given charge vectorΓ,
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there are single-centered black hole solutions that exist everywhere in the moduli
space. However, in addition, there can be two-centered solutions such that one center
carries charge Γ1 and the other Γ2 with Γ = Γ1 + Γ2. A simple example is when
one charge center has charge (Q, 0) and the other has charge (0, P). The distance
between these two centers is fixed in terms of the charges and the moduli fields.

As one changes the moduli, the distance between the two centers can go to infinity
and the two-centered solution can decay at certain walls i.e. surfaces of co-dimension
one. Thus, on one side of the wall, we have only a single-centered black hole whereas
on the other side we have the single-centered black hole as well as the two-centered
black hole. Hence the degeneracy on one side of the wall is different from the degen-
eracy on the other side of the all. Upon crossing the wall, the degeneracy jumps.
This phenomenon is known as the ‘wall- crossing phenomenon’. The moduli space
is thus divided up into chambers separated by walls. The degeneracy is different from
chamber to chamber.

This dependence of the degeneracy on the chamber in the moduli space is nicely
captured by the dependence of the Fourier coefficients on the choice of the contour.
As we will explain below, the choice of the contour depends on the moduli in a
precise way. As the moduli are varied, the contour is deformed. The dependence of
the contour on the moduli is such that as the moduli hit a wall in the moduli space,
the contour hits a pole of the partition function. The poles are thus nicely correlated
with the walls. Crossing the wall in the moduli space corresponds to crossing a pole
in the contour space. The jump in the degeneracy upon crossing the wall is given by
the residue at the pole that is crossed by the contour.

To see this more precisely, note that the three quadratic T-duality invariants of a
given dyonic state can be organized as a 2 × 2 symmetric matrix

Λ =
(

Q · Q Q · P
Q · P P · P

)
=

(
2n �

� 2m

)
, (5.134)

where the dot products are defined using the O(22, 6; Z) invariant metric Λ. The
matrix Ω in (5.102) and (5.222) can be viewed as the matrix of complex chemical
potentials conjugate to the charge matrix Λ. The charge matrix Λ is manifestly
T-duality invariant. Under an S-duality transformation (5.53), it transforms as

Λ → γΛγ t (5.135)

There is a natural embedding of this physical S-duality group SL(2,Z) into Sp(2,Z):

(
A B
C D

)
=

(
(γ t)−1 0
0 γ

)
=

⎛
⎜⎜⎝

d −c 0 0
−b a 0 0

0 0 a b
0 0 c d

⎞
⎟⎟⎠ ∈ Sp(2,Z). (5.136)

The embedding is chosen so that Ω → (γ T )−1Ωγ−1 and Tr(Ω · Λ) in the
Fourier integral is invariant. This choice of the embedding ensures that the physical
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degeneracies extracted from the Fourier integral are S-duality invariant if we appro-
priately transform the moduli at the same time as we explain below.

To specify the contours, it is useful to define the following moduli-dependent
quantities. One can define the matrix of right-moving T-duality invariants

ΛR =
(

QR · QR QR · PR

QR · PR PR · PR

)
. (5.137)

which depends both on the integral charge vectors N, M as well as the T-moduli μ.
One can then define two matrices naturally associated to the S-moduli λ = λ1 + iλ2
and the T-moduli μ respectively by

S = 1

λ2

( |λ|2 λ1
λ1 1

)
, T = ΛR

| det(ΛR)| 1
2

. (5.138)

Both matrices are normalized to have unit determinant. In terms of them, we can
construct the moduli-dependent ‘central charge matrix’

Z = | det(ΛR)| 1
4
(
S + T

)
, (5.139)

whose determinant equals the BPS mass

MQ,P = | det Z |. (5.140)

We define

Ω̃ ≡
(
σ −z

−z τ

)
(5.141)

related to Ω by an SL(2,Z) transformation

Ω̃ = ŜΩ Ŝ−1 where Ŝ =
(

0 1
−1 0

)
(5.142)

so that, under a general S-duality transformation γ, we have the transformation
Ω̃ → γ Ω̃γ T as Ω → (γ T )−1Ωγ−1.

With these definitions, Λ,ΛR,Z and Ω̃ all transform as X → γXγ T under an
S-duality transformation (5.53) and are invariant under T-duality transformations.
The moduli-dependent Fourier contour can then be specified in a duality-invariant
fashion by [37]

C = {Im Ω̃ = ε−1Z ; 0 ≤ Re(τ ),Re(σ ),Re(z) < 1}, (5.143)

where ε → 0+. For a given set of charges, the contour depends on the moduli
λ,μ through the definition of the central charge vector (5.139). The degeneracies
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d(m, n, l)|λ,μ of states with the T-duality invariants (m, n, l), at a given point (λ, μ)
in the moduli space are then given by5

d(m, n, l)|λ,μ =
∫
C

e−iπTr(Ω·Λ)Z(Ω)d3Ω. (5.144)

This contour prescription thus specifies how to extract the degeneracies from the
partition function for a given set of charges and in any given region of the moduli
space. In particular, it also completely summarizes all wall-crossings as one moves
around in the moduli space for a fixed set of charges. Even though the indexed
partition function has the same functional form throughout the moduli space, the
spectrum is moduli dependent because of the moduli dependence of the contours
of Fourier integration and the pole structure of the partition function. Since the
degeneracies depend on the moduli only through the dependence of the contour C ,
moving around in the moduli space corresponds to deforming the Fourier contour.

With this understanding of the wall crossing and the contour prescription, we have
completely specified how to extract dyon degeneracies from the Fourier coefficients
of the partition function. The partition function in turn is constructed explicitly in
terms of Fourier coefficients of known objects such as ψ or χ. We will not here
analyze wall-crossing in any further detail which can be found in [24, 37, 38].

5.6.7 Asymptotic Expansion

Given the exact formula for the degeneracies, one can try to extract the asymp-
totic degeneracies in the limit where m, n are both large and positive. Since the
Fourier integral now involves three variables, the calculation is more involved than
the Cardy formula that we encountered for modular forms of single variable. The
answer however, is simple. The statistical entropy log(d) is obtained by minimizing
the following function with respect to λ

EB(λ) = π

2λ2
|Q + λP|2 − 64π2φ(λ, λ̄)+ O(Q−2), (5.145)

where φ(λ, λ̄):

φ(λ, λ̄) = − 1

64π2

{
12 log

[−2i(λ− λ̄)
] + 24 log [η(λ)] + 24 log

[
η(λ̄)

]}
.

(5.146)
For a detailed description of the expansion, see [36, 39].

5 The physical degeneracies have an additional multiplicative factor of (−1)�+1 which we omit
here for simplicity of notation in later chapaters.
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5.7 Quantum Black Holes

Now we turn to the black holes in string theory that corresponds to the ensem-
bles of the BPS quantum microstates. Such dyonic BPS black holes are essentially
generalizations of the Reissner–Nordström black hole but now with both electric and
magnetic charges under several different U(1) gauge fields. They are solutions of the
effective action of string theory which contains many more terms compared to the
Einstein–Maxwell action (5.1).

To view a black hole as an ensemble of states, it is important to find full the
black hole solution of the effective action that connects the near horizon region
that we analyze below to an asymptotically flat spacetime. For the leading two-
derivative effective action of toroidally compactified heterotic string theory, such
exact interpolating solutions for dyonic BPS black holes are known [40, 41]. The
black hole geometry exhibits the attractor mechanism: the values of scalar fields
get ‘attracted’ to their atttactor values at the horizon that are determined entirely by
the charges of the black hole and independent of their values at asymptotic infinity
[42–44]. Incorporating the effect higher-derivative terms in the effective action for
the interpolating solutions is in general much more complicated and can be found in
[45–48].

For our purposes, we are only interested in the near-horizon properties of the
black hole such as its entropy and the attractor values of various scalar fields at
the horizon. This can be analyzed much more simply using the entropy function
formalism developed in Sect. 5.3.6.

In Sect. 5.7.1 we discuss the near horizon solution and the entropy for the leading
two-derivative effective action and consider the correction to the Wald entropy to
the next subleading order in Sect. 5.7.2. They compare beautifully with statistical
entropy given by the logarithm of the microscopic degeneracies computed in the
Sect. 5.6.

The case of black holes corresponding to the half-BPS states is in some ways
more interesting which we discuss in Sect. 5.7.3. In this case, the entropy is actually
zero to leading order because the geometry has a null singularity instead of a smooth
horizon. The area of the event horizon is thus zero to leading order. Subleading
quantum corrections modify the geometry so that the corrected geometry has a string
scale horizon. The Wald entropy associated with this horizon precisely matches with
the statistical entropy computed in Sect. 5.5.

5.7.1 Wald Entropy to Leading Order

For a state with electric charge vector q and magnetic charge vector p, the fields near
the horizon take the form6

6 For an extensive description of this computation see [49].
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ds2 = v1

16

(
−(σ 2 − 1)dτ 2 + dσ 2

σ 2 − 1

)
+ v2

16

(
dθ2 + sin2 θdφ2

)

F(i)στ =1

4
ei, F(i)θφ = 1

16π
pi, Mij = uij, S = us, a = ua.

(5.147)

Substituting into the action (5.64) we get

f (uS, ua, uM , v, e,p) ≡
∫

dθdφ
√− det GL

= 1

8
v1v2uS

[
− 2

v1
+ 2

v2
+ 2

v2
1

ei(LuML)ijej

− 1

8π2v2
2

pi(LuML)ijpj + ua

πuSv1v2
eiLijpj

]
. (5.148)

Hence the entropy function becomes

E (q, uS, ua, uM , v, e, p) := 2π (eiqi − f (uS, ua, uM , v, e, p))

= 2π

[
eiqi − 1

8
v1v2uS

{
− 2

v1
+ 2

v2
+ 2

v2
1

ei(LuML)ijej

− 1

8π2v2
2

pi(LuML)ijpj + ua

πuSv1v2
eiLijpj

}]
.

(5.149)
Eliminating ei from (5.46) using the equation ∂E /∂ei = 0 we get:

E (q, uS, ua, uM , v, e(u, v, q, p), p)

= 2π

[
uS

4
(v2 − v1)+ v1

v2uS
qT uMq + v1

64π2v2uS
(u2

S + u2
a)p

T LuMLp

− v1

4πv2uS
uaqT uMLp

]
.

We can simplify the formulæ by defining new charge vectors:

Qi = 2qi, Pi = 1

4π
Lijpj, (5.150)

which are normalized so that they are integral and satisfy the Dirac quantization
condition. In terms of Q and P the entropy function E is given by:

E = π

2

[
uS(v2 − v1)+ v1

v2uS

(
QT uMQ + (u2

S + u2
a)P

T uMP − 2uaQT uMP
) ]
.

(5.151)
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Substituting (5.159) into (5.151) and using (5.155, 5.156), we get:

E = π

2

[
uS(v2 − v1)+ v1

v2

{
Q2

uS
+ P2

uS
(u2

S + u2
a)− 2

ua

uS
Q · P

}]
. (5.152)

Note that we have expressed the right hand side of this equation in an T-duality
invariant form. Written in this manner, Eq. 5.152 is valid for general P, Q satisfying

P2 > 0, Q2 > 0, (Q · P)2 < Q2P2. (5.153)

We now need to find the extremum of E with respect to uS, ua, uMij, v1 and v2. In
general this leads to a complicated set of equations. We can simplify the analysis by
using the O(22, 6; R) symmetries (5.60) of the two-derivative action (5.64) which
induces the following transformations on the various parameters:

ei → Ωijej, pi → Ωijpj, uM → ΩuMΩ
T ,

qi → (ΩT )−1
ij qj, Qi → (ΩT )−1

ij Qj, Pi → (ΩT )−1
ij Pj.

(5.154)

The entropy function (5.151) is invariant under these transformations. Since at its
extremum with respect to uMij the entropy function depends only on P, Q, v1, v2, uS

and ua it must be a function of the O(22, 6) invariant combinations:

Q2 = QiLijQj, P2 = PiLijPj, Q · P = QiLijPj, (5.155)

besides v1, v2, uS and ua. Let us for definiteness take Q2 > 0, P2 > 0, and
(Q · P)2 < Q2P2. In that case with the help of an SO(22, 6) transformation we can
make

(Ir − L)ijQj = 0, (Ir − L)ijPj = 0, (5.156)

where Ir denotes the r × r identity matrix. This is most easily seen by diagonalizing
L to the form

(−I22 06
022 I6

)
. (5.157)

In this case Q and P satisfying (5.156) will have

Qi = 0, Pi = 0, for 1 ≤ i ≤ 22. (5.158)

Let us now see that for P and Q satisfying this condition, every term in (5.151) is
extremized with respect to uM for

uM = Ir . (5.159)

Clearly a variation δuMij with either i or j in the range [7, r] will give vanishing
contribution to each term in δE computed from (5.151). On the other hand due to the



5 Quantum Black Holes 215

constraint (5.58) on M, any variation δMij (and hence δuMij) with 1 ≤ i, j ≤ 6 must
vanish, since in this subspace satisfying (5.58) requires M to be both symmetric and
orthogonal. Thus each term in δE vanishes under all allowed variations of uM .

We should emphasize that (5.159) is not the only possible value of uM that extrem-
izes E . Any uM related to (5.159) by an O(22, 6) transformation that preserves the
vectors Q and P will extremize E . Thus there is a family of extrema representing flat
directions of E . However, as we have argued in Sect. 5.3.4, the value of the entropy
is independent of the choice of uM .

It remains to extremize E with respect to v1, v2, uS and ua. Extremization with
respect to v1 and v2 give:

v1 = v2 = u−2
S

(
Q2 + P2(u2

S + u2
a)− 2uaQ · P

)
. (5.160)

Substituting this into (5.152) gives:

E = π

2

1

uS

{
Q2 − 2uaQ · P + P2(u2

S + u2
a)

}
. (5.161)

It is convenient to write it in a manifestly SL(,Z) invariant way as

E = π

2

1

λ2
|Q + λP|2. (5.162)

if we write λ = ua + iuS := λ1 + iλ2.

Finally, extremizing with respect to ua, uS we get

uS =
√

Q2P2 − (Q · P)2

P2 , ua = Q · P

P2 , v1 = v2 = 2P2. (5.163)

The black hole entropy, given by the value of E for this configuration, is

SBH = π
√

Q2P2 − (Q · P)2. (5.164)

To get an idea about orders of magnitude let us take Q ·P = 0 for simplicity. Then
from (5.164) the radius rH of the horizon of the black hole scales as

r2
H ∼

√
Q2P2�2

4 (5.165)

where �4 four-dimensional planck length. The four dimensional string coupling g2
4

at the horizon can be read off from the attractor value of the dilaton in (5.163):

g2
4 = 1

uS
=

√
P2

Q2 . (5.166)

We see that string loop corrections are small if P2 � Q2. The string length �s is
related the Planck length by
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�4 = g4�s. (5.167)

Hence the α′ corrections are small if the radius curvature is large in string units,
that is, if

r2
H/�

2
s ∼ P2 
 1. (5.168)

Hence if we take Q2 
 P2 
 1, we can compute the Wald entropy in a systematic
expansion in 1/Q2 keeping both the α′ and string loop corrections small.

5.7.2 Subleading Corrections to the Wald Entropy

The asymptotic expansion in Sect. 5.6.7 is obtained in the regime when all charges
scale the same way and are much larger than one. In other words,

Q2 ∼ P2 
 1. (5.169)

We have already computed the leading order entropy for in section (5.7.1). We would
now like to see how to take the effects of higher order corrections. Let us suppose
the Lagrangian is of the form

L = L0 + εL1, (5.170)

where the term of order ε is a small correction from higher-derivative terms. The
entropy function defined using this Lagrangian will also be of the form

E = E0 + εE1. (5.171)

The solutions of the extremization equations will also have an expansion

e∗(q, p) = e∗
(0) + εe∗

(1) + . . . ;
u∗(q, p) = u∗

(0) + εu∗
(1) + . . . ; v∗(q, p) = v∗

(0) + εv∗
(1) + . . . .

(5.172)

To compute the entropy we have to compute the value of the entropy function E ∗ at
the extermum

E ∗(q, p) = E0(q, u∗, v∗, e∗, p)+ εE1(q, u∗, v∗, e∗, p). (5.173)

If we are interested in the first subleading correction to order ε we simply expand
these functions to obtain

E ∗(q, p) = E0(q, u∗
0, v∗

0, e∗
0, p)+ εE1(q, u∗

0, v∗
0, e∗

0, p)+ O(ε2). (5.174)
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The important point is that to O(ε) one could have had terms like

∂E0

∂e
,
∂E0

∂v
,
∂E0

∂u
, (5.175)

evaluated at the leading order extremum values u∗
0, v∗

0, e∗
0. However, these all vanish

because to the leading order, the extremum values of near horizon fields are found
precisely by setting all terms in (5.175) to zero. Hence, to find the first subleading
correction, it is not necessary to solve the extermization equations all over again. It
suffices to evaluate the correction to the entropy E1 at the extremum values found
using the zeroth order entropy function E0. This greatly simplify practical computa-
tions.

To illustrate these ideas, we apply them to the heterotic action for the dyonic
black holes of our interest. The heterotic supergravity action (5.64) is only the leading
2-derivative supergravity approximation to the full string effective action. The theory
has a 4-derivative correction to the effective action given by the lagrangian

ΔL = φ(λ, λ̄)
(
RμvαβRμvαβ − 4RμvRμv) , (5.176)

where φ(λ, λ̄) is a nontrivial function of axion-dilaton λ := a + iS:

φ(λ, λ̄) = − 1

64π2

[
12 log(S)+ 24 log (η(a − iS))+ 24 log (η(a + iS))

]
.

(5.177)
Note that this is exactly the same function φ(λ, λ̄) introduced in (5.146). It is easy
to check that addition of this term induces a correction to the entropy function of the
form

E1 = 64π2φ(λ, λ̄). (5.178)

Consequently, the Wald entropy corrected to this order is then given by

Swald = π

√
Q2P2 − (Q · P)2 + 64π2φ

(
a = Q · P

P2 , S =
√

Q2P2 − (Q · P)2

P2

)
+ . . .

(5.179)
As a result, the thermodynamic Wald entropy given by (5.179) matches beautifully

with the statistical entropy given by (5.145) not only to the leading order but also
the next subleading order. As mentioned in the preface, the subleading finite size
corrections have much more structure than the leading Bekenstein–Hawking entropy
and involve a rather nontrivial modular function φ.

We should emphasize that the origin of this function in the two computations is
of totally different. In the computation of the Wald entropy Swald(Q,P), it arises
from specific terms in the effective action of massless fields in string theory. In the
computation of the statistical entropy log(d(Q,P)), on the other hand, it arises from
the asymptotic expansion of the Fourier coefficients of the partition function for
quarter-BPS dyons which for some reason is related the Igusa cusp form. This thus
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points to a highly nontrivial internal consistency in the structure of string theory
and gives us some confidence that we may be on the right track in the search for a
quantum theory of gravity.

5.7.3 Wald Entropy of Small Black Holes

For half-BPS black holes, we can choose a duality frame in which they are purely
perturbative with electric charge vector Q and no magnetic charge, or P = 0. In this
case, it follows from (5.163) and (5.164) that the near horizon solution of the leading
order two derivative action is singular. In particular, the area of the horizon goes to
zero and the attractor value of the string coupling constant goes to zero. Thus, in
this case it is not sensible to study the effects of higher derivative terms as small
corrections to the leading order solution. Rather, one must consider the full entropy
function and find the near horizon geometry by extremizing it. It turns out that upon
the inclusion of α′ corrections, the near horizon geometry is no longer singular but
has a horizon with area of order one in string units. Such black holes with a small
string scale horizon have been termed ‘small’ black holes [50, 51]. Moreover, the
Wald entropy of this horizon precisely agrees with the statistical entropy [52, 53].
This is an interesting phenomenon which illustrates that quantum corrections within
string theory can modify classical geometry to generate a horizon whose properties
are in accordance with the microscopic theory.

To illustrate how this works out, let us analyze for simplicity the effect of the
following four-derivative term in the string effective action

ΔL = S

64π2

(
RμvαβRμvαβ − 4RμvRμv) , (5.180)

Now for the total entropy function, instead of (5.162), one obtains

E = π

2

(
Q2

uS
+ 8uS

)
. (5.181)

Extremizing with respect to uS, we obtain the attractor value of the dilaton field

u∗
S =

√
Q2/8, (5.182)

and hence the Wald entropy is given by

SW ald := E ∗(Q) := E (u∗
S(Q)) = 4π

√
Q2/2, (5.183)

which matches beautifully with the statistical entropy (5.99).
We should remember though that since the horizon area is of order one in string

units, all α′ corrections are of the same order and hence the effect of all higher-
derivative terms must be included at once. It turns out, however, that even upon
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including the effect of all supersymmetrized F-type terms [52, 53] one obtains the
same results.7

A general scaling argument [54] shows that up to an over all constant, the Wald
entropy must have the same form as (5.183) even after all α′ corrections are included
up to. Moreover, by viewing the four-dimensional small black hole as an excitation
of a five-dimensional black string it has been shown in [55, 56] the Wald entropy
is related to the coefficient of five-dimensional Chern-Simons terms. Since Chern-
Simons terms are topological in nature, their coefficient is not renormalized even
after including higher quantum correction. Together, these results strongly indicate
that Wald entropy of small black holes upon including stringy all α′ corrections will
agree with the statistical entropy.

The agreement above and also for the entropy of quarter-BPS dyons in Sect. 5.7.2
is obtained using only the F-type terms in the string effective action. This strongly
suggests a nonrenormalization theorem that other D-terms do not renormalize the
Wald entropy. For a subclass of D-type terms such a nonrenormalization theorem has
recently been proven [57]. It would be interesting to see how it can be generalized
to all possible D-terms in this context.

5.8 Mathematical Background

5.8.1 N = 4 Supersymmetry

We summarize here some facts about the representation of the N = 4 superalgebra.
For more details see for example [58].

5.8.1.1 Massless Supermultiplets

There are two massless representations that will be of interest to us.

1. Supergravity multiplet:
It contains the metric gμv, six vectors A(ab)

μ , and two gravitini ψa
μα.

2. Vector Multiplet:
It contains a vector Aμ, six scalar fields X(ab), and the gaugini χa

α.

The low energy massless spectrum of a supergravity theory consists of the super-
gravity multiplet and nv vector multiplets. Supersymmetry then completely fixes the
form of the two derivative action. The compactification of heterotic string theory on
T6 leads to a theory in four spacetime dimensions with N = 4 supersymmetry and
28 abelian gauge fields which corresponds to 28 − 6 = 22 vector multiplets.

7 F-type terms can be written as chiral integrals on superspace.
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5.8.1.2 General BPS Representations

In the rest frame of the dyon, the N = 4 supersymmetry algebra takes the form

{Qa
α,Q†b

β̇
} = Mδαβ̇δ

ab, {Qa
α,Qb

β} = εαβZab, {Q†a
α̇ ,Q†b

β̇
} = εα̇β̇ Z̄ab (5.184)

where a, b = 1, . . . 4 are SU(4) R-symmetry indices andα, β are Weyl spinor indices.
In a given charge sector, the central charge matrix encodes information about the
charges and the moduli. To write it explicitly, we first define a central charge vector
in C 6

Zm(Γ ) = 1√
τ2
(Qm

R − τPm
R ), m = 1, . . . 6, (5.185)

which transforms in the (complex) vector representation of Spin(6).Using the equiv-
alence Spin(6) = SU(4), we can relate it to the antisymmetric representation of Zab
by

Zab(Γ ) = 1√
τ2
(QR − τPR)

mλm
ab, m = 1, . . . 6 (5.186)

where λm
ab are the Clebsch–Gordon matrices. Since Z(Γ ) is antisymmetric, it can be

brought to a block-diagonal form by a U(4) rotation

Z̃ = UZUT , U ∈ U(4), Z̃ab =
(

Z1ε 0
0 Z2ε

)
, ε =

(
0 −1

−1 0

)
(5.187)

where Z1 and Z2 are non-negative real numbers. A U(2) rotation in the 12 plane and
another U(2) rotation in the 34 plane will not change the block diagonal form. Since
ε is the invariant tensor of SU(2), the U(2)× U(2) transformation can only change
independently the phases of Z1 and Z2. We will therefore treat more generally Z1
and Z2 as complex numbers.

We now split the SU(4) index as a = (r, i), where r, i = 1, 2 and i represents the
block number. Defining the following fermionic oscillators

A i
α = 1√

2
(Q1i

α +εαβQ†2i
β ), Bi

α = 1√
2
(Q1i

α −εαβQ†2i
β ), Qa = Ua

b Qb (5.188)

the supersymmetry algebra takes the form

{A i†
α̇ ,A

j
β} = (M + Zi)δα̇βδ

ij, {Bi†
α̇ ,B

j
β} = (M − Zi)δα̇βδ

ij (5.189)

with all other anti-commutators being zero.
Let us conclude by giving an explicit representation for λm

ab. An SU(4) rotation
which rotates the supercharges, Q′ = UQ, acts on the Clebsch–Gordon matrices as

UλmUT = Rm
n(U)λ

m (5.190)
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where Rm
n is an SO(6) rotation matrix. The Clebsch–Gordon matrices λm

ab are given
by the components (CΓ m)ab where Γ m are the Dirac matrices of Spin(5) in the
Weyl basis satisfying the Clifford algebra {Γ m, Γ n} = 2δmn, and C is the charge
conjugation matrix. The Gamma matrices are given explicitly in terms of Pauli
matrices by

Γ 1 = σ1 × σ1 × 1, Γ 4 = σ2 × 1 × σ1 (5.191)

Γ 2 = σ1 × σ2 × 1, Γ 5 = σ2 × 1 × σ2 (5.192)

Γ 3 = σ1 × σ3 × 1, Γ 6 = σ2 × 1 × σ3, (5.193)

where the charge conjugation matrix is defined by CΓ mC−1 = −Γ m∗

C = σ1 × σ2 × σ2, Γ = σ3 × 1 × 1, CΓ m =
(
λm

ab 0
0 λ̄m

ȧḃ

)
(5.194)

where the un-dotted indices transform in the spinor representation of Spin(6) or
the 4 of SU(4) whereas the the dotted indices transform in the conjugate spinor
representation of Spin(6) or the 4̄ of SU(4). The matrices λm

ab thus defined have the
required antisymmetry and transform properties as in (5.190).

5.8.2 Modular Cornucopia

We assemble here together some properties of modular forms, Jacobi forms,
and Siegel modular forms.

5.8.2.1 Modular Forms

Let H be the upper half plane, i.e., the set of complex numbers τ whose imaginary
part satisfies Im(τ ) > 0. Let SL(2,Z) be the group of matrices

(
a b
c d

)
(5.195)

with integer entries such that ad − bc = 1.
A modular form f (τ ) of weight k on SL(2,Z) is a holomorphic function on H ,

that transforms as

f

(
aτ + b

cτ + d

)
= (cτ + d)kf (τ ) ∀

(
a b
c d

)
∈ SL(2,Z), (5.196)

for an integer k (necessarily even if f (0) �= 0). It follows from the definition that
f (τ ) is periodic under τ → τ + 1 and can be written as a Fourier series
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f (τ ) =
∞∑

n=−∞
a(n)qn, q := e2π iτ , (5.197)

and is bounded as Im(τ ) → ∞. If a(0) = 0, then the modular form vanishes at
infinity and is called a cusp form. Conversely, one may weaken the growth condition at
∞ to f (τ ) = O(q−N ) rather than O(1) for some N ≥ 0; then the Fourier coefficients
of f have the behavior a(n) = 0 for n < −N . Such a function is called a weakly
holomorphic modular form.

The vector space over C of holomorphic modular forms of weight k is usually
denoted by Mk .Similarly, the space of cusp forms of weight k and the space of weakly
holomorphic modular forms of weight k are denoted by Sk and M !

k respectively. We
thus have the inclusion

Sk ⊂ Mk ⊂ M !
k . (5.198)

The growth properties of Fourier coefficients of modular forms are known:

1. f ∈ M !
k ⇒ an = O(eC

√
n) as n → ∞ for some C > 0;

2. f ∈ Mk ⇒ an = O(nk−1) as n → ∞;
3. f ∈ Sk ⇒ an = O(nk/2) as n → ∞.

Some important modular forms on SL(2,Z) are:

1. The Eisenstein series Ek ∈ Mk (k ≥ 4). The first two of these are

E4(τ ) = 1 + 240
∞∑

n=1

n3qn

1 − qn
= 1 + 240q + . . . , (5.199)

E6(τ ) = 1 − 504
∞∑

n=1

n5qn

1 − qn
= 1 − 504q + . . . . (5.200)

2. The discriminant function Δ. It is given by the product expansion

Δ(τ) = q
∞∏

n=1

(1 − qn)24 = q − 24q2 + 252q3 + ... (5.201)

or by the formula Δ = (
E3

4 − E2
6

)
/1728.

The two forms E4 and E6 generate the ring of modular forms, so that any modular
form of weight k can be written (uniquely) as a sum of monomials Eα4 Eβ6 with
4α + 6β = k. We also have Mk = C · Ek ⊕ Sk and Sk = Δ · Mk−12, so that any
f ∈ Mk also has a unique expansion as

∑
0≤n≤k/12

αnEk−12nΔ
n (with E0 = 1). From

either representation, we see that a modular form is uniquely determined by its weight
and first few Fourier coefficients.
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5.8.2.2 Jacobi Forms

Consider a holomorphic function ϕ(τ, z) from H × C to C which is “modular in τ
and elliptic in z” in the sense that it transforms under the modular group as

ϕ

(
aτ + b

cτ + d
,

z

cτ + d

)
= (cτ + d)ke

2π imcz2
cτ+d ϕ(τ, z), ∀

(
a b
c d

)
∈ SL(2; Z)

(5.202)
and under the translations of z by Zτ + Z as

ϕ(τ, z + λτ + μ) = e−2π im(λ2τ+2λz)ϕ(τ, z), ∀ λ,μ ∈ Z, (5.203)

where k is an integer and m is a positive integer.
These equations include the periodicities ϕ(τ +1, z) = ϕ(τ, z) and ϕ(τ, z +1) =

ϕ(τ, z), so ϕ has a Fourier expansion

ϕ(τ, z) =
∑
n,r

c(n, r)qnyr (q := e2π iτ , y := e2π iz). (5.204)

Equation (5.203) is then equivalent to the periodicity property

c(n, r) = C(4nm − r2; r) where C(d; r) depends only on r(mod 2m). (5.205)

The function ϕ(τ, z) is called a holomorphic Jacobi form (or simply a Jacobi
form) of weight k and index m if the coefficients C(d;r) vanish for d < 0, i.e. if

c(n, r) = 0 unless 4mn ≥ r2. (5.206)

It is called a Jacobi cusp form if it satisfies the stronger condition that C(d; r) vanishes
unless d is strictly positive, i.e.

c(n, r) = 0 unless 4mn > r2, (5.207)

and conversely, it is called a weak Jacobi form if it satisfies the weaker condition

c(n, r) = 0 unless n ≥ 0 (5.208)

rather than (5.206).

5.8.2.3 Theta Functions

In this section, we collect definitions and useful properties of theta function. The
Jacobi theta function is defined by

ϑ[a
b](v|τ) =

∑
n∈Z

q
1
2 (n−a)2 e2π i(v−b)(n−a), (5.209)
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where a, b are real and q = e2π iτ . It satisfies the modular properties

ϑ[a
b](v|τ + 1) = e−iπa(a−1)ϑ[a

a+b− 1
2
](v|τ) (5.210)

ϑ[a
b]

(
v

τ

∣∣∣− 1

τ

)
= e2iπab+iπ v2

τ ϑ[a
b](v|τ) (5.211)

The Jacobi–Erderlyi theta functions are the values at half periods,

ϑ1(z|τ) = ϑ[
1
2
1
2
](z|τ), ϑ2(z|τ) = ϑ[

1
2
0 ](z|τ), ϑ3(z|τ) = ϑ[0

0](z|τ),
ϑ4(z|τ) = ϑ[0

1
2
](z|τ) (5.212)

In particular,

ϑ1(v/τ,−1/τ) = i
√−iτeiπv2/τ ϑ1(v, τ ) (5.213)

The Dedekind η function is defined as

η(τ) = q
1
24

∞∏
n=1

(1 − qn). (5.214)

It satisfies the modular property

η

(
− 1

τ

)
= √−iτη(τ) (5.215)

It is related to the Jacobi–Erderlyi theta functions by the identities

∂

∂v
ϑ1(v)|v=0 = 2π η3(τ ) (5.216)

ϑ2(0|τ)ϑ3(0|τ)ϑ4(0|τ) = 2η3 (5.217)

The partition function of a single left-moving boson is given by

Zboson(τ ) := Tr(qL0) = 1

η(τ)
. (5.218)

5.8.2.4 Siegel Modular Forms

Let Sp(2,Z) be the group of (4×4)matrices g with integer entries satisfying gJgt = J
where
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J ≡
(

0 −I2
I2 0

)
(5.219)

is the symplectic form. We can write the element g in block form as(
A B
C D

)
, (5.220)

where A, B, C, D are all (2 × 2) matrices with integer entries. Then the condition
gJgt = J implies

ABt = BAt, CDt = DCt, ADt − BCt = 1, (5.221)

Let H2 be the (genus two) Siegel upper half plane, defined as the set of (2 × 2)
symmetric matrix Ω with complex entries

Ω =
(
τ z
z σ

)
(5.222)

satisfying

Im(τ ) > 0, Im(σ ) > 0, det(Im(Ω)) > 0. (5.223)

An element g ∈ Sp(2,Z) of the form (5.220) has a natural action on H2 under which
it is stable:

Ω → (AΩ + B)(CΩ + D)−1. (5.224)

The matrixΩ can be thought of as the period matrix of a genus two Riemann surface8

on which there is a natural symplectic action of Sp(2,Z).
A Siegel form F(Ω) of weight k is a holomorphic function H2 → C satisfying

F[(AΩ + B)(CΩ + D)−1] = {det (CΩ + D)}kF(Ω). (5.225)

A Siegel modular form can be written in terms of its Fourier series

F(Ω) =
∑

a(n, r,m)qnyrpm. (5.226)

The Siegel modular form which makes its appearance in the present physics
problem of counting N = 4 dyons is the Igusa formΦ10 which is the unique (cusp)
form9 of weight 10. This Siegel modular form is a very interesting mathematical
object and has a number of useful properties directly relevant for the present physical
application. In particular, it can be constructed very explicitly in two different ways
in terms of familiar modular forms and theta functions by using two different ‘lifts.’
These constructions are called lifts because they allow us to construct the Igusa cusp
form which is a function of three variables using the Fourier expansions of a weak
Jacobi forms which are functions of only two variables.

8 See [35, 59, 60] for a discussion of the connection with genus-two Riemann surfaces.
9 It is a ‘cusp’ form because it vanishes at ‘cusps’ which correspond to z = 0 and its images.
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• Additive lift
Consier the function ψ(τ, z)

ψ(τ, z) = η18(τ )ϑ2
1 (τ, z) , (5.227)

which is a weak Jacobi form of weight 1 and index 10 (see Sect. 5.8.2.2 for defin-
itions). It admits a Fourier expansion

ψ(τ, z) =
∑
n,r

c10(n, r)qnyr q := e2π iτ y := e2π iz. (5.228)

From the properties of weak Jacobi forms, it follows that the Fourier coeffi-
cients c10(n, r) depend only on the combination 4n − r2 and hence we can write
c10(n, r) = C10(4n − r2) for some function C10. The additive lift then gives the
Fourier expansion of the Igusa cusp form in terms of the Fourier coefficients of
ψ(τ, z) as

Φ10(Ω) =
∑
n,m,l

a(m, n, l)pmqnyl, p := e2π iσ , (5.229)

where a(m, n, l) are defined by

a(n, r,m) =
∑

d|(n,r,m)
d≥1

dk−1C10

(
4mn − r2

d2

)
. (5.230)

This lift is ‘additive’ in that it gives a sum representation of the Igusa form.
• Multiplicative lift

Consider the function χ(τ, z)

χ(τ, z) = 8

(
ϑ2(τ, z)2

ϑ2(τ )2
+ ϑ3(τ, z)2

ϑ3(τ )2
+ ϑ4(τ, z)2

ϑ4(τ )2

)
, (5.231)

which is a weak Jacobi form of weight 0 and index 1 with a Fourier expansion

χ(τ, z) =
∑
n,r

c0(n, l)qnyl q := e2π iτ , y := e2π iz. (5.232)

This function arises in physics applications as the elliptic genus of the K3 surface
(see Sect. 5.8.3 for details). Once again, c0(n, l) depend only on the combination
d := 4n − l2 and hence we can write

c0(n, l) = C0(4n − l2) (5.233)

which defines the function C0(d). The multiplicative lift gives a product represen-
tation of the Igusa cusp form in terms of C0(d):



5 Quantum Black Holes 227

Φ10(Ω) = pqy
∏

(s,t,r)>0

(1 − psqtyr)C0(4st−r2), (5.234)

in terms of C0 given by (5.231, 5.232). Here the notation (s, t, r) > 0 means that
either s > 0, t, r ∈ Z, or s = 0, t > 0, r ∈ Z, or s = t = 0, r < 0.
This lift is ‘multiplicative’ in that it gives a product representation of the Igusa
form.

5.8.3 A Few Facts About K3

5.8.3.1 K3 as an Orbifold

“Kummer’s third surface” or K3 has played an important role in many developments
concerning duality. Let us recall some of its properties. K3 is a four dimensional
manifold which has SU(2) holonomy. To understand what this means, consider a
generic 4d real manifold. If you take a vector in the tangent space at point P, parallel
transport it, and come back to point P, then, in general, it will be rotated by an SO(4)
matrix:

Vi(P) → Oij Vi(P) Oij ∈ SO(4). (5.235)

Such a manifold is then said to to have SO(4) holonomy. In the case of K3, the
holonomy is a subgroup of SO(4), namely SU(2). The smaller the holonomy group,
the more “symmetric” the space. For example, for a torus, the holonomy group
consists of just the identity because the space is flat and Riemann curvature is zero;
so, upon parallel transport along a closed loop, a vector comes back to itself. For
a K3, there is nonzero curvature but it is not completely arbitrary: the Riemann
tensor is non-vanishing but the Ricci tensor Rij vanishes. Therefore, K3 can alterna-
tively be defined as the manifold of compactification that solves the vacuum Einstein
equations.

Only other thing about K3 that we need to know is the topological information. A
surface can have nontrivial cycles which cannot be shrunk to a point. For example,
a torus has two nontrivial 1-cycles. The number of nontrivial k-cycles which cannot
be smoothly deformed into each other is given by the kth Betti number bk of the
surface. The number of non-trivial k-cycles is in one to one correspondence with the
number of harmonic k-forms on the surface given by the kth de-Rham cohomology
[5, 6]. A harmonic k-form Fk satisfies the Laplace equation, or equivalently satisfies
the equations

d∗Fk = 0, dFk = 0 (5.236)

A manifold always has a harmonic 0-form, viz., a constant, and a harmonic 4-form,
viz., the volume from, assuming we can integrate on it. K3 has no harmonic 1-forms
or 3-forms, but has 22 harmonic 2-forms. So, the Betti numbers for K3 are:
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b0 = 1, b1 = 0, b2 = 22, b3 = 0, b4 = 1. (5.237)

Out of the 22 2-forms, 19 are anti-self-dual, and 3 are self-dual. In other words,

bs
2 = 3, ba

2 = 19. (5.238)

This is all the information one needs to compute the massless spectrum of compact-
ifications on K3.

K3 has a simple description as a Z2 orbifold of a 4-torus. Let (x1, x2, x3, x4) be
the real coordinates of the torus T4. Let us further take the torus to be a product
T4 = T2 × T2. Let us introduce complex coordinates (z1, z2), z1 = x1 + ix2
and z2 = x3 + ix4. The 2-torus with coordinate z1 is defined by the identifications
z1 ∼ z1 + 1 ∼ z1 + i, and similarly for the other torus. The tangent space group
is Spin(4) ≡ SU(2)1 × SU(2)2, and the vector representation is 4v ≡ (2, 2). If we
take a subgroup SU(2)1 × U(1) of Spin(4), then the vector decomposes as

4v = 2+ ⊕ 2̄−. (5.239)

The coordinates (z1, z2) transform as the doublet 2+ and (z̄1, z̄2) as the 2̄−.
The Z2 = {1, I} is generated by

I : (z1, z2) → (−z1,−z2). (5.240)

This Z2 is a subgroup and in fact the center of SU(2)1.Consequently, as we shall see,
the resulting manifold has SU(2), indeed a Z2 holonomy. For a torus coordinatized
by z1, there are 4 fixed points of z1 → −z1 Altogether, on T4/Z2, there are 16 fixed
points.

Let us calculate the number of harmonic forms on this orbifold. To begin with,
we have on the torus T4, the following harmonic forms:

1 1

4 dxi

6 dxi ∧ dxj

4 dxi ∧ dxj ∧ dxl

1 dxi ∧ dxj ∧ dxk ∧ dxl. (5.241)

The first column gives the number of forms indicated in the second column where
the indices i, j, k, l take values 1, · · · 4. Under the reflection I, only the even forms
1, dxi ∧ dxj, and dxi ∧ dxj ∧ dxk ∧ dxl survive.

0 − form 1 1
1 4 0

2 6
1+I

2−→ 6
3 4 0
4 1 1

, (5.242)
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where the second column give the number of forms on the torus and the third column
the number of forms that survive the projection. Let us look at the 2-forms from the
torus that survive the Z2 projection. By taking the combinations

dxi ∧ dxj ± 1

2
εijkldxk ∧ dxl

we see that three of these 2-forms are self-dual and the remaining three are anti-self-
dual.

At the fixed point of the orbifold symmetry there is a curvature singularity. The
singularity can be repaired as follows. We cut out a ball of radius R around each
point, which has a boundary S3/Z2, replace it with a noncompact smooth manifold
that is also Ricci flat and has a boundary S3/Z2, and then take the limit R → 0. The
required noncompact Ricci-flat manifold with boundary S3/Z2 is known to exist and
is called the Eguchi–Hanson space. The Betti number of the Eguchi–Hanson space
are b0 = b4 = 1 and ba

2 = 1.Therefore, each fixed point contributes an anti-self-dual
2-form which corresponds to a nontrivial 2-cycle in the Eguchi–Hanson space that
would be stuck at the fixed point in the limit R → 0.

Altogether, we get b0 = 1, bs
2 = 3, ba

2 = 3 + 16 = 19, b4 = 1, and b1 = b3 = 0
giving us the cohomology of K3. It obviously has SU(2) holonomy. Away from the
fixed point, a parallel transported vector goes back to itself, because all the curvature
is concentrated at the fixed points. As we go around the fixed point a vector is returned
to its reflected image (for instance, (dz1, dz2) → −(dz1, dz2)), i.e., transformed by
an element of SU(2).

In string theory there is no need to repair the singularity by hand. We shall see
in Sects. 5.3 and 5.4 that the twisted states in the spectrum of Type-II string moving
on an orbifold automatically take care of the repairing. The twisted states somehow
know about the Eguchi–Hanson manifold that would be necessary to geometrically
repair the singularity.

5.8.3.2 Elliptic Genus of K3

Consider a two-dimensional superconformal field theories (SCFT) with (2, 2) or
more worldsheet supersymmetry.10 We denote the superconformal field theory by
σ(M ) when it corresponds to a sigma model with a target manifold M . Let H be
the Hamiltonian in the Ramond sector, and J be the left-moving U(1) R-charge. The
elliptic genus χ(τ, z;M ) is then defined [61–63] as a trace over the Hilbert space
HR in the Ramond sector

χ(τ, z;M ) = TrHR

(
qHyJ(−1)F

)
(5.243)

where F is the fermion number. An elliptic genus so defined satisfies the modular
transformation property (5.202) as a consequence of modular invariance of the

10 An SCFT with (r, s) supersymmetries has r left-moving and s right-moving supersymmetries.
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path integral. Similarly, it satisfies the elliptic transformation property (5.203) as
a consequence of spectral flow. Furthermore, in a unitary SCFT, the positivity of the
Hamiltonian implies that the elliptic genus is a weak Jacobi form.

A particularly useful example in the present context is σ(K3), which is a
(4, 4) SCFT whose target space is a K3 surface. The elliptic genus is a topolog-
ical invariant and is independent of the moduli of the K3. Hence, it can be computed
at some convenient point in the K3 moduli space, for example, at the orbifold point
where the K3 is the Kummer surface. At this point, the σ(K3) SCFT can be regarded
as a Z2 orbifold of the σ(T4) SCFT which is an SCFT with a torus T4 as the target
space. A simple computation using standard techniques of orbifold conformal field
theory yields [64] the formula for the elliptic genus we introduced earlier in (5.231):

χ(τ, z) = 8

(
ϑ2(τ, z)2

ϑ2(τ )2
+ ϑ3(τ, z)2

ϑ3(τ )2
+ ϑ4(τ, z)2

ϑ4(τ )2

)
. (5.244)

The first term can be seen to arise from the untwisted projected partition function,
the second from the twisted, unprojected partition function and the third from the
twisted, projected partition function.

Note that for z = 0, the trace (5.243) reduces to the Witten index of the SCFT and
correspondingly the elliptic genus reduces to the Euler character of the target space
manifold. In our case, one can readily verify from (5.231) that χ(τ, 0; K3) equals
24 which is the Euler character of K3.
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Chapter 6
Lectures on Topological String Theory

Hirosi Ooguri

6.1 Topological Sigma-Models

In string theory, one typically studies embeddings of the string worldsheetΣ (which is
a Riemann surface) into a 10-dimensional manifold of the form X : Σ → R

1,3 × M,
with M a compact 6-dimensional manifold. In the following, we will restrict our atten-
tion to the study of supersymmetric sigma models onto the 6 compact dimensions.
In particular, we will assume M to be a Calabi–Yau threefold so that the theory
possesses N = (2, 2) worldsheet superconformal symmetry.

Let us start by reviewing the N = 2 superconformal algebra (SCA). This is
generated by the following fields:

T (z) =
∑

n∈Z

Lnz−n−2, G±(z) =
∑

n∈Z

G±
n+az−(n±a)−3/2, J (z) =

∑

n∈Z

Jnz−n−1.

(6.1)
with the following set of OPE’s:

T (z)T (w) ∼ c/2

(z − w)4
+ 2T (w)

(z − w)2
+ ∂wT (w)

z − w
(6.2)

T (z)G±(w) ∼ 3/2

(z − w)2
G±(w)+ ∂wG±(w)

z − w
(6.3)

H. Ooguri (B)
California Institute of Technology,
452-48, Pasadena, CA 91125, USA
e-mail: ooguri@theory.caltech.edu

Institute for the Physics and Mathematics of the Universe,
Todai Institutes for Advanced Study, University of Tokyo,
5-1-5 Kashiwanoha, Kashiwa, Chiba 277-8583, Japan

M. Baumgartl et al. (eds.), Strings and Fundamental Physics, 233
Lecture Notes in Physics 851, DOI: 10.1007/978-3-642-25947-0_6,
© Springer-Verlag Berlin Heidelberg 2012



234 H. Ooguri

T (z)J (w) ∼ J (w)

(z − w)2
+ ∂w J (w)

z − w
(6.4)

G+(z)G−(w) ∼ 2c/3

(z − w)3
+ 2J (w)

(z − w)2
+ 2T (w)+ ∂w J (w)

z − w
(6.5)

J (z)G±(w) ∼ ±G±(w)
z − w

(6.6)

J (z)J (w) ∼ c/3

(z − w)2
(6.7)

which reveal that J and G are primary fields with conformal weights 1 and 3/2,
respectively, and that G± has U (1) charge ±1 under J0. In the following, we will
restrict ourselves to the Ramond sector (i.e. a = 0 in (6.1)).

The superconformal algebra possesses two distinguished vector space isomor-
phisms:

T (z) → T (z)+ 1

2
∂ J (z), J (z) → J (z), G±(z) → G±(z), (6.8)

and

T (z) → T (z)− 1

2
∂ J (z), J (z) → −J (z), G±(z) → G±(z). (6.9)

The above transformations are known as topological twists.
We shall now analyse the twist (6.8). The OPE’s in the new basis are:

T (z)T (w) ∼ 2T (w)

(z − w)2
+ ∂wT (w)

z − w
(6.10)

T (z)G−(w) ∼ 2G−(w)
(z − w)2

+ ∂wG−(w)
z − w

(6.11)

T (z)G+(w) ∼ G+(w)
(z − w)2

+ ∂wG+(w)
z − w

(6.12)

T (z)J (w) ∼ − ĉ

(z − w)3
+ J (w)

(z − w)2
+ ∂w J (w)

z − w
(6.13)

G+(z)G−(w) ∼ 2ĉ

(z − w)3
+ 2J (w)

(z − w)2
+ 2T (w)

z − w
(6.14)

J (z)G±(w) ∼ ±G±(w)
z − w

(6.15)

J (z)J (w) ∼ ĉ

(z − w)2
(6.16)
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where we introduced ĉ = c/3. The weights of the supercurrents G+ and G− with
respect to T undergo the following transformations:

G+ : 3/2 → 1, G− : 3/2 → 2. (6.17)

Therefore, the charge Q corresponding to G+:

Qγ =
∫

γ

G+ (6.18)

has weight 0. Here γ is one of the 2g generators of H1(Σg,Z). It is important to
notice that the commutator of Q with a local field onΣ is independent of the choice
of γ. The supercharge Q is to be thought of as a BRST operator. It is indeed nilpotent,
i.e., Q2 = 0. Moreover the modified T (z) satisfies the following identity:

T (z) = 1

2
{Q,G−(z)}. (6.19)

Now we can give meaning to the topological nature of the twists (6.8), (6.9), by
interpreting the modified T (z) as the energy momentum tensor of a 2-dimensional
N = 2 superconformal field theory. Then (6.19) is the statement that the energy
momentum tensor is BRST trivial. Topological invariance of the theory, i.e., the
independence of its correlation functions on the worldsheet metric η:

1√
η

δ

δη
〈O〉 = 〈T O〉 = 〈{Q,G−}O〉 = 0 (6.20)

is then achieved by restricting the space of observables O to [·, Q]-cohomology HQ,

the space of chiral primary fields. These in turn correspond to the highest weights of
positive energy representations of the N = 2 SCA.

In the process of redefining the energy momentum tensor, it is crucial to understand
that the action will undergo a non trivial transformation. Let S0 denote the action of
the superconformal field theory with energy momentum tensor T prior to the twist,
then S is related to S0 via:

S = S0 +
∫

Σ

Ā J, (6.21)

where A = (i/2)ω and ω is the spin connection on Σ. It is left as an exercise to the
reader to verify that this transformation is tantamount to the topological twist (6.8).

6.1.1 The Non-linear Sigma Model

We will now specialize our discussion to the class of N = (2, 2) superconformal
field theories with action:
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S =
∫

Σ(2|2)
d4θd2z K (Φ i , Φ ī ), (6.22)

whereΣ(2|2) is the supermanifold with bosonic part a closed Riemann surfaceΣ and
real spinorial representation S ⊕ S with S the irreducible spinorial representation of
U (1). The function K is the Kähler potential on the target manifold M, i.e., it locally
defines a Kähler metric on M by gi j̄ := ∂i∂ j̄ K . The Φ i ’s are chiral superfields of
the form

Φ i (y±, θ±) = Xi (y±)+ ψ i (y±)θ+ + ψ
i
(y±)θ− + Fi (y±)θ+θ−, (6.23)

where y+ = z − iθ+θ̄+ and y− = z̄ − iθ−θ̄−, and

X ∈ Γ (Σ,M) (6.24)

ψ ∈ Γ (Σ, X∗T M (1,0) ⊗ S) (6.25)

χ ∈ Γ (Σ, X∗T M (0,1) ⊗ S) (6.26)

F ∈ Γ (Σ, X∗T M (1,0) ⊗ S ⊗ S) (6.27)

(ψ ↔ ψ, χ ↔ χ, S ↔ S). (6.28)

In terms of the component fields, S assumes the following form:

S =
∫

Σ

d2z
[√
ηgi j̄η

μv∂μXi∂v X j̄ − igi j̄χ
j̄ Dzψ

i + igi j̄χ
j̄ Dz̄ψ

i

−1

2
Ri j̄kl̄ψ

iψ
k
χ j̄χ l̄ + gi j̄ (F

i − Γ i
jkψ

jψ
k
)(F j̄ − Γ

j̄
k̄l̄
χ k̄χ l̄)

]
.

(6.29)
The fields Fi and Fī are non-dynamical (auxiliary) and the last term in (6.29) can be
eliminated yielding a classically equivalent theory. Here Dz is covariant both with
respect toΣ and to the target M, i.e., Dz = ∇z + ι∂z XΓ, where ∇z is the connection
on the spin bundle X∗T M (1,0) ⊗ S → Σ.

The classical theory possesses a superconformal symmetry with Noether currents:

J = gi j̄ (ψ
iχ j̄ + ψ

i
χ j̄ ) (6.30)

G + = gi j̄ (ψ
i∂z X j̄ + ψ

i
∂z̄ X j̄ ) (6.31)

G − = gi j̄ (χ
j̄∂z Xi + χ j̄∂z̄ X i ) (6.32)

T = gi j̄ (∂z Xi∂z̄ X j̄ + iχ j̄∂zψ
i + iχ j̄∂z̄ψ

i
) (6.33)

which are clearly only conserved along the physical trajectories where they decom-
pose as T = T + T and similarly for G ± and J , i.e., as a sum of generators of
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the left and right classical superconformal algebra, respectively. For curved Riemann
surfaces Σ, G + and G − are not conserved, as their derivation hinges on the exis-
tence of a covariantly constant spinor, which in this case is absent. After twisting the
theory, two of the spinors become scalars, thus restoring half of the supersymmetry.

Upon quantizing the theory, the axialU (1)A together with the conformal symmetry
will generically become anomalous. In the following, we will provide a detailed
analysis of the U (1)A anomaly. For a thorough discussion of the conformal anomaly
we refer to [1].

6.1.1.1 The Axial Anomaly

Classically, U (1)A is generated by J (z) − J (z̄), in particular, the global U (1)A

transformations have the form:

ψ i → e−iαψ i , (ψ i ↔ χ ī , α ↔ −α), (6.34)

ψ
i → e+iαψ

i
, (ψ

i ↔ χ ī , α ↔ −α). (6.35)

Let us analyze the U (1)A transformation of the path integral measure:

D XDψDχDψDχei S . (6.36)

Given that the action S and X are invariant under U (1)A, the only potentially anom-
alous term is

DψDχDψDχ . (6.37)

In order to see the appearance of the anomaly explicitly, let us express theψ fields in
terms of the eigenfunctions of the hermitian operators D†

z̄ Dz̄ and D†
z Dz . The Hilbert

space in question is the completion of Γ (Σ, (X∗T M1,0 ⊕ X∗T M0,1) ⊗ (S ⊕ S̄))
with scalar product

(Ψ1, Ψ2) =
∫

Σ

d2z g(Ψ 1, Ψ2) =
∫

Σ

d2z gi j̄ (χ
j̄

1ψ
i
2 + χ

j̄
1ψ

i
2) , (6.38)

therefore D†
z = −Dz̄ . The free part of the action for the Ψ fields is then written as

S[Ψ ]free = i(Ψ, D/Ψ ). (6.39)

Therefore, Dz and Dz̄ have the following domains and ranges:

Dz̄ : Γ (Σ, E (1,0) ⊕ E
(0,1)

) → Γ (Σ, E
(1,0) ⊕ E0,1), (6.40)

Dz : Γ (Σ, E
(1,0) ⊕ E0,1) → Γ (Σ, E (1,0) ⊕ E

(0,1)
), (6.41)
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where we have denoted X∗T M (1,0)⊗ S̄ as E
(1,0)

, and similarly for the other subbun-

dles. The fields ψ, χ ∈ Γ (Σ, E
(1,0)⊕ E0,1) are decomposed in terms of eigenfunc-

tions of −Dz̄ Dz as:

ψ =
k∑

l=1

c0lφ
0l +

∞∑

n=1

cnφ
n
, (6.42)

χ =
k∑

l=1

c̃0lξ
0l +

∞∑

n=1

c̃nξ
n . (6.43)

On the other hand,ψ,χ ∈ Γ (Σ, E (1,0)⊕ E
(0,1)

) have the following spectral decom-
position with respect to −Dz Dz̄ :

ψ =
∞∑

n=1

b̃nφ
n, (6.44)

χ =
∞∑

n=1

bnξ
n
. (6.45)

Without loss of generality we take

k := dim KerDz̄ Dz − dim KerDz Dz̄ ≥ 0. (6.46)

Due to the general properties of Dirac operators, the left and right moving modes of
Dz̄ Dz and Dz Dz̄, respectively, have the same eigenvalues. Moreover, the eigenmodes
of Dz̄ Dz and Dz Dz̄ with non-zero eigenvalues are paired up: letψ be an eigenfunction
of Dz̄ Dz with non-zero eigenvalue, then Dzψ �= 0 and it is an eigenfunction of Dz Dz̄

to the same eigenvalue. It follows that

DΛ := DψDχDψDχ =
k∏

l=1

dc0ldc̃0l

∞∏

n=1

dbndcndb̃ndc̃n . (6.47)

In particular, an infinitesimal U (1)A transformation yields

d

dα
DΛ

∣∣∣∣
α=0

= 2k DΛ. (6.48)

Thus, we observe that unless k = 0, the U (1)A symmetry of the classical theory is
broken upon quantization. In order to give a geometric meaning to this statement,
we first notice that

k ≡ dim KerDz̄ Dz − dim KerDz Dz̄ = dim KerDz − dim KerDz̄ =: IndDz . (6.49)
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This follows by observing that D†
zψ ∈ KerD ⇐⇒ D†

zψ = 0, therefore
dim KerDz̄ Dz = dim KerDz . By the Atyiah-Singer Index theorem it then follows

k =
∫

Σ

c1(X
∗T M ⊗ (S ⊕ S̄)). (6.50)

This simplifies further by the property of the Chern character Ch(E1 ⊗ E2) =
Ch(E1)Ch(E2), to

k = rank(X∗T M)
∫

Σ

c1(S ⊕ S̄)+ rank(S ⊕ S̄)
∫

Σ

c1(X
∗T M) (6.51)

= dim(M)(2g − 2)+ 4
∫

X (Σ)
c1(T M), (6.52)

where g is the genus of Σ and in the last step we used Gauss–Bonnet and the
naturality property of characteristic classes. We require that for a given target M, the
sigma model should preseve N = (2, 2) supersymmetry on a genus g = 1 Riemann
surface Σ. We hence need

∫

X (Σ)
c1(T M) = 0 ∀X ∈ Γ (Σ,M) (6.53)

=⇒ c1(T M) = 0. (6.54)

That is, we require M to be a Calabi–Yau manifold.

6.1.1.2 Calabi–Yau Manifolds

Let us briefly recall the notion of a Calabi–Yau manifold. A Calabi–Yau manifold
M is defined as a Ricci flat Kähler manifold. The Ricci tensor of a Kähler manifold
with Kähler metric g can be expressed in the form

Ri j̄ = ∂i∂ j̄ log det g. (6.55)

The solution to Ri j̄ = 0, requiring the metric to be real, is

det g = e f (x)e f̄ (x̄), (6.56)

where f is a holomorphic function on M. It follows that e f (x)dx1 ∧ . . . ∧ dxn is a
nowhere vanishing holomorphic top-form, which is ensured by the non-degeneracy
of the metric. We have hence showed (M, g) Calabi–Yau =⇒ hn,0(M) = 1,
in particular, c1(T M) = 0. Yau’s Theorem asserts that also the converse to this
statement is true.

Theorem Let (M, J ) be a compact complex manifold admitting Kähler metrics,
with c1(T M) = 0. Then for each Kähler class [ω] ∈ H1,1(M,R), there is a unique
representative ω whose associated Kähler metric is Ricci-flat.
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6.1.2 The A-Twist

Consider the non-linear sigma model on a flat Riemann surface with a Calabi–Yau
target M, then the model is N = (2, 2) superconformally invariant. The A-twist
consists in applying (6.8) to both the left- and right-moving sectors of the N = (2, 2)
sigma model. Restricting to the left-moving part, the fermionic fields undergo the
following transformation of conformal weights:

ψ i : (1/2, 0) → (0, 0), (6.57)

χ ī : (1/2, 0) → (1, 0). (6.58)

Therefore we see that the fermions are not sections of the same bundles as in the
original sigma model, but rather

ψ ∈ Γ (Σ, X∗T M1,0), (6.59)

χ ∈ Γ (Σ, X∗T M0,1 ⊗Ω1,0(Σ)) , (6.60)

and similarly for the right-moving fields:

ψ ∈ Γ (Σ, X∗T M1,0 ⊗Ω0,1(Σ)), (6.61)

χ ∈ Γ (Σ, X∗T M0,1). (6.62)

The action has precisely the same form as (6.29) except that Dz and Dz̄ are now
covariant derivatives on Γ (Σ, X∗T M1,0). This is precisely the effect of (6.21) on
both the left and right moving sectors. The BRST operator is then the sum of the
left-moving and right-moving BRST operators:

QBRST =
∮

G+dz +
∮

G
+

dz̄ . (6.63)

Note that for genus g �= 1, the non-linear sigma model is no longer superconformally
invariant, nevertheless, we can replace the operation of twisting by redefining the
bundles as above, yielding a well defined QBRST .

We will now restrict attention to the large volume limit where the non-trivial
BRST transformations of the fields are:

δXi = εψ i δXī = εχ ī

δψ i = 0 δχ ī = ε∂Xī

δψ
i = ε∂̄Xi δχ ī = 0 .

(6.64)

We can now express the action of the A-twisted non-linear sigma model as:

S = i t δ

(∫

Σ

d2zV

)
+ t

∫

Σ

d2z X∗ω, (6.65)
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where V = gi j̄

(
ψ

j̄
z ∂z̄ X i + ∂z X j̄ψ

i
z̄

)
, and ω is the Kähler form on M. It is hence

clear that under a deformation of the complex structure of M, the action will be
mapped to itself plus a BRST trivial term. Along the same lines of the argument
in (6.20), one can then show that the correlation functions are independent of the
complex structure moduli. Another interesting feature of the model is that it localizes
on holomorphic maps. This can be shown as follows. Consider a general correlator
of fields Oi :

〈O1 · · ·On〉 =
∫

D XDΨ ei S O1 · · · On . (6.66)

The integral over X can be split as:
∫

D X =
∑

β∈H2(M)

∫

[X∗(Σ)]=β
D X. (6.67)

Using expression (6.65), we can then rewrite the correlator as:

〈O1 · · · On〉 =
∑

β∈H2(M)

eitω·β
∫

[X∗(Σ)]=β
D XDΨ e−tδ(

∫
Σ d2zV )O1 · · · On, (6.68)

where we have denoted ω · β := ∫
Σ

X∗ω. We now observe that the integral over
each class β is independent of t, in particular we can evaluate it in the limit t → ∞
(classical limit), where the only field configurations contributing to the integral are the
solutions to δ

(∫
Σ

d2zV = 0
)
.One can then show that those in turn are the solutions

to the equations of motion. In particular, the A-model localizes on maps satisfying
∂̄X = 0, i.e., holomorphic maps.

A general operator is given by a general combination of all the fields in the theory.
Physical operators are, however, in QBRST -cohomology. Let O denote a general
operator expressed as a sum of operators Oi ,with distinct conformal weights (ni ,mi ):

O =
k∑

i=1

Oi . (6.69)

Then, by degree reasons, if [Q,O] = 0, then [Q,O j ] = 0 for all j. Now let O j have
non-zero conformal weight, say n j �= 0, then

O j = 1

n j
[L0,O j ] = 1

n j
[[QBRST ,G−

−1],O j ] = 1

n j
[QBRST , [G−

−1,O j ]]. (6.70)

From the above argument we can restrict attention to operators of conformal weight
(0, 0). These are of the form

ω = ωi1,...,i p, j̄1,..., j̄q (X)ψ
i1 . . . ψ i pχ j̄1 . . . χ j̄q . (6.71)
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The action of the BRST differential is then

δω = ε(ψ i ∂ω

∂Xi
+ χ j̄ ∂ω

∂X j̄
). (6.72)

This indicates that we can identify δ with the de Rahm differential d = ∂ + ∂̄ of M
and

{space of (0, 0)-operators} = Ω•
d (M), (6.73)

therefore

{space of physical operators} = HQ B RST = H•
d (M) =

n⊕

p,q = 0

H p,q
d (M), (6.74)

where (p, q) are the (−J, J̄ ) charges. On the other hand, the unitarity constraints on
the highest weight states corresponding to the chiral primary fields impose:

HQBRST
∼=

ĉ⊕

p,q=0

Harmonicsp,q(M). (6.75)

This provides further evidence for the identity ĉ = dim(M), which can also be
derived by just analysing the field content of the theory.

6.1.3 The B-Twist

The B-twist consists in redefining the spinors as sections of the following vector
bundles:

ψ ∈ Γ (Σ, X∗T M1,0 ⊗Ω1,0(Σ)), (6.76)

χ ∈ Γ (Σ, X∗T M0,1), (6.77)

and similarly for the right moving spinors:

ψ ∈ Γ (Σ, X∗T M1,0 ⊗Ω0,1(Σ)), (6.78)

χ ∈ Γ (Σ, X∗T M0,1). (6.79)

The BRST operator is given by:

QBRST =
∮

G−dz +
∮

G
+

dz̄, (6.80)
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and in the large volume limit transforms the component fields as follows:

δXi = 0 δXī = ε(χ ī + χ ī )

δψ i = ε∂Xi δχ ī = 0

δψ
i = ε∂̄Xi δχ ī = 0 .

(6.81)

In terms of the BRST transformation δ, the action of the B-twisted non-linear sigma
model reads:

S = i t δ

(∫

Σ

V

)
+ t W, (6.82)

where V = gi j̄

(
ψ i

z∂z̄ X j̄ + ∂z X j̄ψ
i
z̄

)
, and

W =
∫

Σ

(
iθi

(
Dzψ

i
z̄ − Dz̄ψ

i
z

) + 1

2
Rl

i j̄k
ψ

i
z̄ψ

k
z η

j̄θl

)
, (6.83)

with the fields ηī and θi being defined as:

ηī := χ ī + χ ī , θi := gi j̄ (χ
j̄ − χ j̄ ) . (6.84)

It can be shown that W is invariant, up to a BRST-trivial term, under deformations of
the Kähler form of M. This then implies that the correlation functions are independent
of Kähler deformations. The B-model is particularly simple as it localizes on constant
maps, turning the path integral over maps X into an integral over the target manifold
M. This follows from the fact that V does not depend on θ, while W depends on it
linearly, allowing to absorb the factor of t in front of W by a redefinition of θ. More
precisely:

〈O1 · · · On〉 =
∫

D XDΨDηD(t−1θ)e−t δ(
∫
Σ V )+iW

∏

i

Oi

(
X, Ψ, η, t−1θ

)
.

(6.85)
Assuming the Oi fields are homogeneous in θ, we obtain:

〈O1 · · · On〉 = N (t)
∫

D XDΨDηDθe−t δ(
∫
Σ V )+iW

∏

i

Oi (X, Ψ, η, θ) . (6.86)

The above integral is independent of t, and we can thus choose to evaluate it in the
classical limit t → ∞, where the only field configurations contributing are the ones
solving the equation δ

∫
Σ

V = 0. In particular, the path integral over X localizes on
constant maps.

The general form of a conformal weight (0, 0) field is:

B = B
j1,··· , jq

ī1,··· ,ī p
ηī1 · · · ηī pθ j1 · · · θ jp . (6.87)
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We can now identify:

[QBRST , .] ↔ ∂̄ (6.88)

ηī ↔ d X̄ ī (6.89)

θ j ↔ ∂

∂X j
(6.90)

Hence, BRST-cohomology can be identified with the Dolbeault cohomology of the
target M:

HQBRST =
n⊕

p,q=0

H (0,p)
∂̄

(M,
q∧

T (1,0)M) (6.91)

6.1.4 Deformations

The non-linear sigma model can be deformed by marginal operators, i.e., operators
with left and right conformal weights equal to 1, and R-charge 0. Those correspond
to complex structure and Kähler deformations of the target space M. In the A-twist
of the model, the marginal operators implementing complex structure deformations
become trivial, while in the B-twist the ones implementing Kähler deformations.

6.1.4.1 A-Type Deformations

Deformations of the A-twisted model are provided by operators in BRST-cohomology
of R-charges (1,1), i.e., by operators of the form:

φa = ka
i j̄
ψ iχ j̄ , (6.92)

where ka ∈ H (1,1)(M,R). The associated marginal operator is then:

(φa)(1,1) = G−
−1G

−
−1φ

a = ka
i j̄
∂Xi ∂̄X j̄ + . . . (6.93)

Given a basis {ka}a=1,...,h1,1 of H (1,1)(M,R), we can deform the action as follows:

S �→ S +
⎛

⎝
h1,1∑

a=1

ta(φ
a)1,1 + h.c.

⎞

⎠ , (6.94)

where the ta’s are complex numbers called complexified Kähler moduli. The
hermitian conjugate term in the above expression has the form:
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h1,1∑

a=1

t̄ a
∫

Σ

G+
0 G

+
0 φ

a
. (6.95)

This is a BRST trivial term and thus does not contribute to the correlation functions.
It is convenient to express the deformation of the action as follows:

(ta+t̄a)
∫

Σ

ka
i j̄

(
∂Xi ∂̄X j̄ + ∂X j̄ ∂̄Xi

)
+(ta−t̄a)

∫

Σ

ka
i j̄

(
∂Xi ∂̄X j̄ − ∂X j̄ ∂̄Xi

)
+. . .

(6.96)
The term multiplying (ta + t̄a) implements the following deformation to the original
action:

g(·, ·) �→ g(·, ·)+ (ta + t̄a)k(I ·, ·), (6.97)

where I is the complex structure. The term multiplying (ta − t̄a) instead deforms the
imaginary part of the Kähler form, also known as the B-field.

Within this formalism, we can recover the statement that the A-model localizes
on holomorphic maps as follows. The triviality of the deformations parametrized by
t̄ allows us to evaluate correlation functions in the limit t̄ → ∞. The bosonic part
of the trivial deformation has the form

∫

Σ

ka
i j̄
∂X j̄ ∂̄Xi . (6.98)

Therefore, the only bosonic field configurations contributing to the correlation func-
tions satisfy ∂̄X = 0, i.e., are holomorphic maps.

6.1.4.2 B-Type Deformations

In direct analogy to the A-model, deformations of the B-model are provided by
physical fields of R-charges (1, 1), i.e., of the form:

φa = (ba)
j
ī
ηī θ j , (6.99)

where ba ∈ H (0,1)(M, T (1,0)M). The associated marginal operator is

(φa)(1,1) = G+
−1G

−
−1φ

a . (6.100)

6.1.5 The Chiral Anomaly Revisited

In (Sect. 6.1.1), we discovered that the non-linear sigma model possesses an anomaly
of the axial U (1) transformation after quantization. The twisted theories (A and
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B-models) can be viewed as possessing the same fields as the NLSM but having a
shifted action (6.21). The shift in the action is, however, invariant under axial U (1)
transformations, therefore we expect to obtain the same anomaly. If we wish to use the
natural fields in the formulation of the twisted theories, then, following the analysis
in (Sect. 6.1.1), we find that the axial anomaly is measured by the discrepancy in the
number of zero modes of the Dolbeault Laplacian operator on holomorphic X∗T M
valued one-forms and X∗T M valued zero forms. Indeed, expanding the one forms
and zero forms in the eigenbasis of the Dolbeault LaplacianΔ∂ := ∂∂†+∂†∂,we find
that the non-zero modes are paired up. Let’s denoteΓ (Σ, X∗T M0,1⊕Ω(1,0)) =: Ω1

and Γ (Σ, X∗T M0,1) =: Ω0. Let f ∈ Ω0 s.t. Δ∂ f = λ f with λ �= 0, then since
[Δ∂, ∂] = 0, Δ∂∂ f = λ∂ f.While for α ∈ Ω1 s.t.Δ∂α = λα with λ �= 0, it follows
(α is a top form) α = ∂( 1

λ
∂†α) and Δ∂(∂†α) = λ(∂†α). From this discussion,

plugging the expansions in the path integral measure one finds that the anomaly is
equal to:

k = 2(dim KerΔ|∂Ω1 − dim KerΔ|∂Ω0) (6.101)

= 2(h1(Σ, X∗T M)− h0(Σ, X∗T M)) = 2χ(X∗T M), (6.102)

where χ denotes the arithmetic genus. By the Hirzebruch-Riemann-Roch Theorem
this can be expressed as

k = 2
∫

Σ

ch(X∗T M)∧ td(TΣ) = 2β ∩ c1(T
∗M)+ 2dimC(M)(1 − g), (6.103)

where β = [X (Σ)] ∈ H2(M).

6.1.6 Topological D-Branes on Calabi–Yau Manifolds

So far, our discussion was restricted to field theories defined on closed Riemann
surfaces. In order to extend these theories to worldsheets with boundaries, we have to
study the possible boundary conditions that we can impose on the fields. The presence
of a boundary will, in general, break part of the symmetries of the original theory.
In particular, translational invariance in the direction normal to the boundary will
be broken, as a consequence of which we lose some, or all, of the supersymmetries
(since {Q, Q} ∼ P). The boundary conditions we will be interested in are the ones
that preserve half of the supercharges, namely Q A or Q B, so that the resulting theory
is compatible with the A-/B-twist. In the language of string theory, such boundary
conditions are called, correspondingly, A-type/B-type D-branes.

In this section we will focus on the description of D-branes in nonlinear sigma
models with a Calabi–Yau target. We will be working in the large volume region
of the Kähler moduli space, where the sigma model can be studied perturbatively,
and where notions of classical geometry apply. In this limit, the D-brane can be
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interpreted as specifying a certain submanifold L of the target space, on which the
open string has to end (i.e. X (∂Σ) ⊂ L). Of course, this picture will break down
in the non-geometric regime of the Kähler moduli space, and one has to look for a
more appropriate description of D-branes there.

Since the subject of the present section is rather involved, we shall only provide a
simplified account of the main results, leaving the various technical details to [1, 2],
and references therein.

6.1.6.1 Boundary Conditions for the N = 2 SCA

In order to preserve the A-/B-type BRST operators one has to impose an appropriate
boundary condition on the supercurrents. Recall that in the A-model, the BRST
operator is given by the supercharge Q A = ∫

G+dz + ∫
G

+
dz̄. For this to be

preserved, at z = z̄, the supercurrents have to satisfy:

G+ = ±G
+
, G− = ±G

−
, (6.104)

where the sign corresponds to the usual ambiguity associated with fermions. Simi-
larly, the BRST operator in the B-model, Q B = ∫

G+dz + ∫
G

−
dz̄, is preserved

under the boundary condition:

G+ = ±G
−
, G− = ±G

+
. (6.105)

Notice that both (6.104) and (6.105) preserve the N = 1 subalgebra:

T = T , G = ±G (6.106)

with G = G+ + G−.
In this section, it is convenient to choose a slightly different notation for the fermi-

onic fields: ψ I := (ψ i , χ ī ) and similarly for ψ
I
. In general, a boundary condition

relates the left-moving and right-moving sector as

∂X I = RI
J (X)∂̄X J , ψ I = RI

J (X)ψ
J
, (6.107)

for some matrix R, where the indices I, J run through both the holomorphic and
anti-holomorphic coordinates. It is easy to see that for (6.106) to be satisfied, R has
to fulfill:

gI J RI
K R J

L = gK L , (6.108)

i.e. R has to be an orthogonal matrix with respect to the Kähler metric.
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6.1.6.2 A-Branes

Let us now analyze what kind of submanifolds can an A-type D-brane define. Notice
first that consistency of (6.107) with the BRST transformations of the A-twist (6.64)
requires Ri

j = Rī
j̄
= 0. Let us now take an eigenvector v of R with eigenvalue +1.

In this direction we obtain a Neumann boundary condition, and hence, v is a vector
tangent to L. Since the complex structure J is diagonal in holomorphic coordinates:

J m
n = iδm

n , J m̄
n̄ = −iδm̄

n̄ , (6.109)

it is easy to see that the vector Jv has eigenvalue −1 with respect to R, and thus, it
defines a direction normal to L. But J 2v = −v,which means that tangent and normal
directions are paired, so L must be necessarily of middle dimension. Moreover, since
for any two tangent vectors v, w, the vector Jw is orthogonal to v, the Kähler form
vanishes on L, which makes it a Lagrangian submanifold.

In general, one can introduce a gauge field A on L, which can be included in the
action by adding the term:

S∂Σ = t
∫

∂Σ

φ∗(A). (6.110)

This is to be interpreted as coupling the gauge field to the open string endpoint.
Requiring BRST invariance of the action gives a constraint on A. Namely, the field
strength F = d A has to be vanishing, or in other words, the gauge bundle has to be
flat.

We have thus shown that A-branes correspond to Lagrangian submanifolds with
flat gauge bundles. Let us note that what we have described are, more precisely, topo-
logical A-branes, which are only required to preserve N = 2 worldsheet supersym-
metry. The physical (stable) D-branes, on the other hand, have to preserve spacetime
supersymmetry, and it turns out that this is achieved when the A-brane corresponds
to a special Lagrangian submanifold.

6.1.6.3 B-Branes

Let us now turn to the discussion of B-branes. Proceeding similarly as in the case of
A-branes, we find that the boundary condition (6.107) is consistent with the B-twist
only if Rī

j = Ri
j̄
= 0.The tangent and the normal bundle of L are now invariant under

the complex structure J, which means that L is a complex submanifold. Furthermore,
inclusion of a gauge field is possible only if the field strength is a (1,1)-form (again
by BRST invariance of the action). We thus arrive at the result that B-type D-branes
correspond to complex submanifolds with a holomorphic vector bundle.

It turns out that the description of B-branes in terms of vector bundles is, in
general, not adequate. One way to see this is to consider bound states of B-branes
of different dimensions. Such a configuration can no longer be represented by a
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vector bundle, and a more appropriate notion is that of a sheaf. Even more generally,
D-branes can be viewed as objects of a category, with the morphisms being the open
string stretching between them. B-branes are then objects of the derived category of
coherent sheaves, while A-branes live in the Fukaya category. We refer to [3, 4] for
a discussion of these topics.

6.2 Coupling to Gravity

We start this section with a brief reminder of the essential features involved in
coupling the bosonic string to gravity. The symmetry group that leaves the action
invariant is G := Diff × Weyl. The path integral measure consists in a measure on
the space of metrics times a measure on the space of maps from the Riemann surface
to the target divided by the action of G. Then one resorts to the Fadeev-Popov proce-
dure to express the path integral as an integral over the moduli space Mg of the
Riemann surface (of genus g) times the path integral of the “matter + ghost” system.
The “matter + ghost” system is an N = 2 superconformal theory where the BRST
operator is a combination of left and right supercharges and the energy momentum
tensor is BRST trivial.

Coming back to the A and B models, we define coupling to gravity in direct
analogy to the bosonic string, by viewing both models as a “matter + ghost” system.

6.2.1 The Measure on Mg

Mg is equivalent to the moduli space of complex structures on a Riemann surface
Σ of genus g. Infinitesimal variations of the complex structure are parametrized by
elements η ∈ H (1,0)(Σ, T (0,1)Σ) called Beltrami differentials. More precisely, these
are first order solutions to the Maurer–Cartan equation for the Dolbeault differential.
One way of computing the (complex) dimension h1(Σ, TΣ) of the space of Beltrami
differentials is via the now familiar Hirzebruch–Riemann–Roch formula:

h1(Σ, TΣ)− h0(Σ, TΣ) =
∫

Σ

ch(TΣ) ∧ td(TΣ) (6.111)

=
∫

Σ

c1(TΣ)+ dimC(Σ)(1 − g) (6.112)

= 3g − 3. (6.113)

In the case of genus 1, we can use the holomorphic top form to establish
H (0,0)(Σ, T (0,1)Σ) = H0,0(Σ) = C as the surface is compact, therefore
h1(Σ, TΣ) = 1.
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For genus g ≥ 2, h0(Σ, TΣ) = 0. In terms of the dimension of Mg, g = 0, 1
are special. For g = 1 we recover the familiar answer dim(M1) = 1,which is indeed
the dimension of the fundamental domain of the upper half plane H/SL(2,Z). For
genus g = 0 instead, dim(Mg) = h1(Σ, TΣ) = 0.

In direct analogy with the bosonic string, we now turn to defining the measure
on Mg. First we restrict attention to Riemann surfaces with genus g > 1. Let
η1, . . . , η3g−3 ∈ H (1,0)(Σ, T (0,1)Σ) be a basis of T Mg, and choose coordinates
m1, . . . ,m3g−3. In the case of the A-model we define the measure on Mg as:

ωg =
3g−3∧

i=1

dmi ∧ dmi

〈3g−3∏

i=1

G−, ηi

3g−3∏

i=1

(
G

−
, ηi

)〉
, (6.114)

where

(G−, ηi ) :=
∫

Σ

G−
zz (ηi )

z
z̄ dz ∧ dz̄, (6.115)

and G− is identified with b, the “b” ghost of the bosonic string. For central charge
ĉ = dimCM = 3, the insertion of G− and G

−
exactly cancels the U (1)A anomaly

(6.103). The genus g > 1 partition function of the A-model coupled to gravity is
then given by

Fg =
∫

Mg

ωg . (6.116)

In the case of the B-model one has to substitute G
−

with G
+
.

For g = 1 we again follow the analysis of the bosonic string, and it is natural to
express the answer in the operator formalism:

ω1 = 1

2
Tr

[
(−1)F FL FRq HL q̄ HR

]
, (6.117)

where FL(FR) and HL(HR) denote the left (right) fermion number and Hamiltonian
operators respectively, while q = eτ with τ parametrizing the complex structure of
the torus. Here the prefactor of 1/2 reflects the Z2 symmetry of the torus. Up to a
constant prefactor,ω1 is essentially the only index for N = (2, 2) theories, which for
sigma models amounts to the statement that it is invariant under trivial deformations
of the metric of the target Calabi–Yau manifold and is consequently well defined on
its moduli space. The measure on M1 is the one induced by the SL(2,R) invariant
measure on H. We thus obtain

F1 =
∫

M1

d2τ

Im(τ )
ω1. (6.118)

For g = 0 coupling to gravity is trivial, and the correlation functions are the ones
of the topological conformal field theory. The correlator is anomaly free only if the
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total left and right U (1) charge of the inserted local operators is equal to 3. If we
only allow local operators whose integrated descendants are marginal, then the only
well defined correlator is:

〈φi (0)φ j (1)φk(∞)〉 =: Ci jk . (6.119)

The Ci jk are called Yukawa couplings, as in the effective gauge theory description,
they correspond to the interaction vertices for the vector multiplets. We will now
analyse the 3-point correlation function for the A and B-model.

6.2.2 The Genus Zero Generating Function

6.2.2.1 A-Model

In the A-model, the path integral localizes on holomorphic maps. It is therefore
convenient to consider the moduli space M (β) of holomorphic maps X : Σ → M,
with [X (Σ)] = β ∈ H2(M,Z). By careful inspection of the path integral, after
integrating over non-zero modes Ψ, the 3-point correlator reduces to

Ci jk = 〈φi (0)φ j (1)φk(∞)〉 =
∑

β∈H2(M,Z)

eitω·β
∫

M (β)

ev∗
1(ω1)∧ ev∗

2(ω2)∧ ev∗
3(ω3)

(6.120)

Here evi denotes the evaluation map evi : M (β) → M at the point zi ∈ CP
1

(here zi ∈ {0, 1,∞}), and ωi ∈ H1,1(M) is the Kähler form corresponding to φi .

Although intuitive, it requires further effort to show that

Ci jk =
∫

M
ω1∧ω2 ∧ω3+

∑

0�=β∈H2(M,Z)

eitω·βNβ(ω1∩β)(ω1∩β)(ω1∩β), (6.121)

where Nβ is the number of primitive rational curves of class β, also known as
Gromov-Witten invariants. We define qi := e2π i ti and decomposeω andβ as follows:

ω =
h1,1∑

l=1

t l el , β =
h1,1∑

l=1

rl(e
l)∨. (6.122)

Recall that tω · β := t
∫
CP

1 X∗ω = kω ∩ β where k is the arbitrary degree of X.
Then we obtain:

Ci jk =
∫

M
ω1 ∧ ω2 ∧ ω3 +

∑

r

ri r j rk N0,r

∑

k≥1

qkr1 · · · qkrn (6.123)
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=
∫

M
ω1 ∧ ω2 ∧ ω3 +

∑

r

ri r j rk N0,r
qr1 · · · qrn

1 − qr1 · · · qrn
. (6.124)

Here n = h1,1, and we have chosen to denote Nβ by N0,r to emphasize that these
numbers count genus zero curves.

6.2.2.2 B-Model

In the B-model, the path integral localizes on constant maps, therefore the path
integral reduces to an integral over the Calabi–Yau target M. In particular, one can
show:

Ci jk = 〈φi (0)φ j (1)φk(∞)〉 =
∫

M
〈μi ∧ μ j ∧ μk,Ω〉 ∧Ω, (6.125)

where μi ∈ H (0,1)(M, X∗T (1,0)M) is the Beltrami differential associated to the
local operator φ j . Up to rescaling, Ω is the unique holomorphic top-form on
the Calabi–Yau. The above has the following geometric description. Let L denote
the line bundle of holomorphic top forms on the moduli space of complex structures
MI of M. L is endowed with the fiberwise metric:

g(Ω,Ω) =
∫

M
Ω ∧Ω = e−K . (6.126)

The above is actually not well defined on the line bundle, as under a change of gauge
Ω �→ fΩ,with f holomorphic, K �→ K − f − f̄ .K is however, the Kähler potential
for a Kähler metric on MI . Indeed

gab̄ = −∂a ∂̄b̄ K = −∂a

∫
M ∂̄b̄Ω ∧Ω
∫

M Ω ∧Ω (6.127)

= −
∫

M ∂̄b̄Ω ∧ ∂aΩ∫
M Ω ∧Ω +

∫
M ∂̄b̄Ω ∧Ω ∫

M Ω ∧ ∂aΩ

(
∫

M Ω ∧Ω)2 (6.128)

is well defined. The labels a and b̄ stand for holomorphic and anti-holomorphic
coordinates on MI yet to be defined. ∂aΩ corresponds to a first order deforma-
tion of the complex structure of M parametrized by Ω. A deformation of Ω arises
from a deformation of the holomorphic coordinate one form δdzi = 〈μa, dzi 〉,
where μa ∈ H (0,1)(M, X∗T (1,0)M). In particular, ∂aΩ ∈ H3,0(M)⊕ H2,1(M). g
therefore defines a metric on the Hodge bundle on MI . This has fiber H3,0(M) ⊕
H2,1(M)⊕ H1,2(M)⊕ H0,3(M). The Hodge bundle furnishes natural coordinates
on MI . These are defined as follows. Let {αI , β

I }I=1,...,1+h1,2 be a symplectic basis
of half dimensional cycles of M, i.e.

αI ∩ αJ = 0, αI ∩ β J = δ J
I . (6.129)
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Consider

X I :=
∫

αI

Ω, FJ :=
∫

β J
Ω. (6.130)

The F J ’s enjoy the following integrability property:

∂

∂X I
FJ = ∂

∂X J
FI . (6.131)

This implies the existence of a local potential F:

FJ = ∂

∂X J
F. (6.132)

As the FJ ’s are homogeneous of degree 1 in the X I ’s, we can choose F as

F = 1

2
X I FI . (6.133)

The X I ’s define holomorphic coordinates on MI . In terms of them we can express
K as:

K = X̄ I FI − X I F̄I . (6.134)

F therefore deserves the name prepotential. Let μI denote the Beltrami differential
corresponding to the deformation ∂

∂X I Ω, then

CIJK = ∂I ∂J ∂K F. (6.135)

6.2.3 Higher Genera Generating Functions

Contrary to the pre-potential F, the higher genus generating functions are not holo-
morphic, in particular the localization principle does not apply. Instead, the obstruc-
tion to this property is captured by the Holomorphic anomaly equation. Although
of conceptual importance, this equation also turns out useful in the computation
of Fg itself. Next we will consider the case of g ≥ 2. Applying ∂

∂ t̄ a to Fg results
in computing the expectation value of the conjugate to a marginal operator. The left
(right) trivial supercharge together with a left (right) b-ghost insertion pair up to yield
the product of a left and right energy momentum tensor. The latter acts as an exterior
differential on the moduli space Mg, as it implements infinitesimal variations of the
metric on the worldsheet. In summary, we obtain:

∂

∂ t̄ ā
Fg =

∫

Mg

∂∂̄ωi
g. (6.136)
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Since ∂∂̄ = d ∂̄, we have:

∂

∂ t̄ ā
Fg =

∫

∂Mg

∂̄ωi
g. (6.137)

The holomorphic anomaly therefore is partly due to the non-vanishing boundary of
Mg.A pictorial description of ∂Mg is as follows. Points of the boundary correspond
to degenerations of the Riemann surfaceΣg . In particular, these fall in two categories.
The first consists of surfaces where a cycle degenerates to divideΣg into (Σg−k, �)∪
(Σk, �), where � denotes a marked point. The second consists of surfaces where
a cycle degenerates to reduce Σg to (Σg−1, �1, �2). The process of degeneration
descends properly on BRST cohomology. Indeed, one can consider the degeneration
as the development of an infinitely long and thin cylinder carrying therefore a time
evolution for indefinite time. The only states surviving the evolution are the zero
modes. Those, however, are the harmonic representatives of the chiral ring. The
degeneration of the surfaces reflects the factorisation of the corresponding correlation
functions to yield:

∂

∂ t̄ ī
Fg = 1

2
e−2K C jl

ī

⎛

⎝
g−1∑

k=1

D j Fg−k Dl Fk + D j Dl Fg−1

⎞

⎠ . (6.138)

Note that in the above expression we have introduced covariant derivatives Di .These
are the appropriate operators inserting chiral primaries. The corresponding connec-
tion is Levi–Civita with respect to the Kähler metric on the relevant moduli space
of the Calabi–Yau. The details of such a construction are part of the well known t t∗
equations, which however, are beyond the scope of this lecture.

The formula (6.138) is recursive in g. This suggests the possibility of solving it
in perturbation theory. Indeed, at present this appears to be the most efficient way of
computing topological string amplitudes. There are of course boundary conditions
that (6.138) has to be supplemented with. Conceptually under control is the depen-
dence on the anti-holomorphic coordinates t̄ i . This is completely fixed by specifying
Fg at t̄ → ∞. Here the localization principle applies and one can derive explicit
expressions. We will encounter later a way of reproducing these expressions via large
N duality. Finally, one has to fix the holomorphic dependence of Fg. This, however,
is harder to deal with and to date one has to deal with meticulous case study.

6.2.4 Examples of Calabi–Yau Manifolds

In Sect. 6.1.1.2 we defined the notion of a Calabi–Yau manifold as a Kähler manifold
with vanishing first Chern class. We now provide some explicit examples of Calabi–
Yau manifolds in complex dimension 3 that will be of importance later in these
lectures.
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6.2.4.1 Local CP
2

The first example we will consider is the total space of the holomorphic line bundle
O(−3) → CP

2. This space admits a description as a quotient space

X =
(
C

4 \ {(z1, z2, z3) = 0}
)
/ ∼ (6.139)

where the equivalence relation is defined by:

(x, z1, z2, z3) → (λ−3x, λz1, λz2, λz3), λ ∈ C
∗ . (6.140)

It is easy to check that the first Chern class of this space is zero:

c1(X) = c1(CP
2)+ c1 (O(−3)) = 3 + (−3) = 0 , (6.141)

so that the Calabi–Yau condition is satisfied.
In fact, this is an example of a non-compact Calabi–Yau threefold with 2 compact

dimensions represented by the base CP
2 and 1 non-compact dimension corre-

sponding to the fibres of the line bundle. This non-compact space can, however, also
arise in the study of compact Calabi–Yau manifolds containing a CP

2, describing
the local geometry in the vicinity of the CP

2.

6.2.4.2 Local CP
1

Another simple example is provided by the total space of the vector bundle O(−1)⊕
O(−1) → CP

1. This can be again realized as a quotient space

X =
(
C

4 \ {(z1, z2) = 0}
)
/ ∼ (6.142)

with the equivalence relation being:

(x1, x2, z1, z2) ∼ (λ−1x1, λ
−1x2, λz1, λz2), λ ∈ C

∗ . (6.143)

The computation of the first Chern class

c1(X) = c1(CP
1)+ c1 (O(−1)⊕ O(−1)) = 2 + (−2) = 0 (6.144)

reveals that this is again a Calabi–Yau threefold, this time with 1 compact and 2
non-compact dimensions.

6.2.4.3 Conifolds

Of crucial importance in our later discussion of geometric transitions will be the
so-called conifold geometry. This space is defined as the vanishing locus of the
polynomial

p = xy − uv (6.145)
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in C
4. In contrast to the previous examples, this space doesn’t correspond to a smooth

manifold. Indeed, one easily sees that the equations p = 0 and dp = 0 have a
common solution at the origin, and thus the geometry will be singular at this point.

One way to smooth out the singularity is to deform the defining equation as:

xy − uv = μ2 , (6.146)

with μ a real number, which can be naturally interpreted as a complex structure
modulus. The resulting geometry is called the deformed conifold. Let us discuss this
geometry in some more detail. In order to do this, it will be convenient to change
coordinates in the following way:

z1 = x + y

2
z2 = i

x − y

2
(6.147)

z3 = i
u + v

2
z4 = u − v

2
. (6.148)

In these new variables Eq. (6.146) becomes:

z2
1 + z2

2 + z2
3 + z2

4 = μ2 . (6.149)

Decomposing zi into a real and imaginary part, zi = qi + i pi , this equation yields:

q2 − p2 = μ2, q · p = 0 . (6.150)

To get a better picture of the geometry, let us study the slices q2 + p2 = r2 for
r ≥ 0. It is an easy exercise to show that each slice corresponds to an S2 of radius√
(r2 − μ2)/2 fibered over an S3 of radius

√
(r2 + μ2)/2 . Since any such fibration

is trivial, we obtain S3 × S2. Noting that for r = μ the size of the S2 shrinks to zero,
we can represent the geometry of the deformed conifold as in Fig. 6.1. Note also that
the minimal radius of the S3 is equal to μ, which means, in particular, that for the
singular conifold (μ = 0) both the S2 and S3 shrink to zero size at r = 0.

It is important to note that the deformed conifold is actually the total space of the
cotangent bundle T ∗S3. This can be seen by defining q′ = q/

√
μ2 + p2 in terms of

which (6.150) becomes:

q′2 = 1, q′ · p = 0 . (6.151)

This is precisely the equation for the total space of T ∗S3.

There is also another possibility to remove the conifold singularity, namely, by
replacing the singular point by the space CP

1.1 To be more precise, we consider the
space Z ⊂ C

4 × CP
1 defined by the equation:

(
x ′ u′
v′ y′

)(
ξ1
ξ2

)
= 0, (6.152)

1 In mathematical literature this is referred to as blowing-up the singularity.
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2

3
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3 3
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Fig. 6.1 From left to right: the deformed, singular, and resolved conifold

with (x ′, y′, u′, v′) ∈ C
4, and (ξ1, ξ2) ∈ CP

1. It is not difficult to show that this
space is isomorphic to the singular conifold for (x ′, y′, u′, v′) �= 0 �= (x, y, u, v).
At the point (x ′, y′, u′, v′) = 0, we can have (ξ1, ξ2) arbitrary. In effect, we thus
replace the singularity at the origin by a CP

1 ∼= S2. The resulting geometry, called
the resolved conifold, can be represented as in Fig. 6.1. Note that the size of the CP

1

gives rise to a Kähler modulus t, and the singular conifold is recovered in the limit
t = 0.

Let us finally note that the geometry of the resolved conifold is precisely that
of local CP

1, which we discussed earlier. To see this, we decompose Z into two
patches, U1 = {ξ1 �= 0} and U2 = {ξ2 �= 0}.Using (6.152) we obtain the coordinates
(s, u′, y′)with s = ξ2/ξ1 on U1, and (t, x ′, v′)with t = ξ1/ξ2 on U2.On the overlap
we have u′ = −s−1x ′ and y′ = −t−1v′,which are precisely the transformation rules
for O(−1)⊕ O(−1).

6.2.4.4 Toric Calabi–Yau Threefolds

A large class of Calabi–Yau threefolds can be constructed with the methods of toric
geometry. Instead of giving a thorough introduction into this subject (which can be
found, e.g., in [1, 5]), we provide only a simplified account which shall be sufficient
for our purposes.

Our starting point will be the space C
N+3\{0} which we divide by the action of the

group U (1)N . In order to do this, we have to assign U (1) charges Qa
i , a = 1, . . . N

to the variables zi , in terms of which the U (1)N action is defined as:

zi → ei
∑

i Qa
i θ

a
zi , (6.153)

with θa ∈ [0, 2π ]. Furthermore, we impose the following constraint on the variables:

∑

i

Qa
i |zi |2 = ta . (6.154)

This condition can be thought of as an analogue of the Gauss law constraint in gauge
theory. Roughly speaking, we are fixing the phase and the modulus of N of the N +3
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complex variables, so, in general, we expect to arrive at a complex three-dimensional
manifold. It turns out that in order to obtain a Calabi–Yau manifold, one has to impose
an additional condition on the charges:

∑

i

Qa
i = 0 . (6.155)

Let us note that this construction is similar to the way we defined the geometries of
local CP

2 and local CP
1, except that in that case, we were dividing by the group

(C∗)N . However, it is a standard fact in the theory of symplectic reduction that the
two constructions yield the same result. Let us also note that the parameters ta in
(6.154) have an interpretation as Kähler moduli of the manifold.

We will now explain how the toric construction can be used to obtain a conve-
nient representation of the geometries in terms of so-called toric diagrams. We
illustrate this on the example of local CP

2. Let us thus consider the four complex
coordinates (z0, z1, z2, z3), and divide by the group U (1) with Q0 = −3, and
Qi = 1, i = 1, 2, 3, that is, we identify:

(z0, z1, z2, z3) ∼ (e−3iθ z0, eiθ z1, eiθ z2, eiθ z3) . (6.156)

The constraint (6.154) takes on the following form:

−3|z0|2 + |z1|2 + |z2|2 + |z3|2 = r . (6.157)

Writing zi = √
pi eiφi with pi ≥ 0, and φi ∈ [0, 2π ], we obtain from (6.154),

(6.156):

(φ0, φ1, φ2, φ3) ∼ (φ0 − 3θ, φ1 + θ, φ2 + θ, φ3 + θ) , (6.158)

−3p0 + p1 + p2 + p3 = r . (6.159)

These two relations can now be used to eliminate one of the phases and one of the
pi , for example, φ0 and p0. We are thus left with six independent (real) variables
(φ1, φ2, φ3), and (p1, p2, p3). The pi still have to satisfy:

pi ≥ 0, (6.160)

p1 + p2 + p3 ≥ r, (6.161)

where the second inequality comes from (6.159) and p0 ≥ 0.One can thus visualize
the geometry of local CP

2 as a T 3 fibration (corresponding to φ1, φ2, φ3) over the
region V in R

3 defined by (6.160–6.161). Note that at the points where one of the
pi = 0, the corresponding S1 degenerates. The toric diagram (6.2a) then represents
the region V, with each plane corresponding to a locus where one of the S1 degenerates
(at the lines of intersection, we obtain higher degeneracy). It is also not difficult to
see that the triangular region in the diagram corresponds to the base CP

2.

The toric diagrams for other geometries can be obtained in a similar way. It is left
as an easy exercise for the reader to show that the toric diagram for local CP

1 has
the form as shown in Fig. 6.2b.
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Fig. 6.2 The toric diagrams
for: a local CP

2, b local CP
1

(b)(a)

6.2.5 Geometric Transition and Large N Dualities

The aim of this section is to illustrate the power of large N dualities for the compu-
tation of topological string amplitudes. The basic notion, still widely conjectural, is
the equivalence of pure open string theory and the closed string theory that governs
the back reaction of the open string fields on the background. In [6] it was shown that
open string field theory is governed by a formal Chern–Simons theory. By formal is
meant that, given the Hilbert space of open string fields Ψ, the theory is specified by
a skew-symmetric pairing 〈 , 〉, a differential Q, and an associative product �, with
respect to which Q is a derivation as

SC S = 1

2
〈Ψ, QΨ 〉 + 1

3
〈Ψ,Ψ � Ψ 〉. (6.162)

Q is really the BRST operator and � the operator product of vertex operators. The
correlation functions of the string field theory, with the restrictions that the “in” and
“out” states are in Q-cohomology, are the correlation functions of open string theory.

In the case of topological string theory, the corresponding string field theory is
often manageable. In fact, in the case of the B-model, the Chern–Simons theory is an
ordinary quantum field theory. Indeed, consider the example of a space-filling brane.
This is specified by a holomorphic vector bundle E over M, the Hilbert space of string
fieldsψ is H = Ω0,•(E∗ ⊗ E), � = ∧ and Q = ∂̄, the Dolbeault differential on E.
Finally, the action is given by:

SB =
∫

M
Ω ∧ trE (

1

2
ψ ∧ ∂̄ψ + 1

3
ψ ∧ ψ ∧ ψ). (6.163)

This is the so-called holomorphic Chern–Simons theory. While in the case of the
A-model, if there are no compact 2-cycles, or in the large volume limit, the open
string field theory corresponding to a single brane, is the ordinary Chern–Simons
theory on a Lagrangian submanifold with complex vector bundle E:

SA =
∫

L
trE

(
1

2
ψ ∧ dψ + 1

3
ψ ∧ ψ ∧ ψ

)
. (6.164)

We now turn to illustrate the very basics of these models in the simplest non-trivial
examples. These are the deformed conifold for the A-model and the resolved conifold
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for the B-model. Let us pause to sketch the strategy. In the case of the A-model, a
brane has support on a Lagrangian cycle. Its charge can be measured by linking L
with a trivial 2-dimensional cycle S = ∂C, that is C ∩ L = 1. The charge is then
given by

c = ω ∩ S, (6.165)

whereω is the Kähler flux generated by the brane. Now one might wonder whetherω
can be interpreted as a chiral primary (with marginal operator as integrated descen-
dant) for a purely closed topological A-model on a background where the volume
of S is equal to c, in the spirit of the AdS/CFT correspondence. In the case of the
B-model, a brane has support on a holomorphic cycle, therefore it can have varying
dimension. However, the only one that has a non trivial back-reaction in terms of
the closed B-model, is one that is 2-dimensional so that it can link with a trivial
3-dimensional cycle α. In that case the charge of the brane is given by

c = η ∩ α. (6.166)

This open/closed duality conjecture was explored in great detail and confirmed for
toric Calabi–Yau manifolds. We will sketch the results in what follows. We start with
the open A-model on the deformed conifold.

6.2.5.1 Open A-Model on the Deformed Conifold

Recall that the deformed conifold is a variety in C
4 defined via xy − uv = μ. It

can be viewed as T ∗S3, which can be interpreted as the phase space of a point
particle on S3. Indeed S3 is a Lagrangian submanifold with respect to the Kähler
metric induced by C

4. This is the simplest example to test open-closed duality, as it
has a single Lagrangian cycle and no compact 2-cycle. In [7] the following setting
was analysed. Consider wrapping N branes on S3 each of charge λ. The open string
partition function is defined by

ZC S(S
3) = exp

(
−

∑

g,n

Fg,nλ
2g−2+n N n

)
, (6.167)

where Fg,n is the generating function of connected Riemann surfaces of genus g
with n boundary circles ending on S3. If this theory were to have an A-model closed
string description we would need to have a trivial S3, so that no branes are present
and a non-trivial S2 with volume t = Nλ. The natural guess is therefore the resolved
conifold. In [7] it was shown that indeed, for

λ = 2π

k + N
, (6.168)

where k is the level of the Chern–Simons theory, Fg(t) defined by:
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S3

Fig. 6.3 The geometric transition from the deformed conifold (left) to the resolved conifold (right).
The figure in the center represents the singular conifold

Fg(t) =
∑

n

Fg,ntn (6.169)

coincides with the genus g generating function of the A-model on the resolved
conifold for N → ∞. This was achieved by explicit inspection of:

ZC S(S
3) = ei π8 (N−1)N

(k + N )N/2

√
k + N

N

N−1∏

s=1

[
2sin

(
sπ

k + N

)]N−s

(6.170)

The transition from the deformed to the resolved conifold is called a geometric
transition. It turns out to be very convenient to depict the transition using toric
diagrams as in Fig. 6.3. The skew lines hide an S3. Indeed on each line a distinct
S1 of T 2 degenerates, therefore a line segment connecting the two lines is a T 2

fibration equivalent to the Hopf fibration therefore equal to an S3. This transition
can be reversed to describe open-closed duality for the B-model. There we start with
the B-model open theory with N branes of charge λ each, wrapped on the S2 of
the resolved conifold. As was shown in [8] the associated open string field theory
reduces to a gauged gaussian Matrix Model:

Z = 1

vol(U (N ))

∫
d Me− 1

2λ tr M2
(6.171)

where the integral is over N × N matrices M.

6.2.5.2 The Topological Vertex

The conifold transition can be employed to describe geometric transitions involving
general toric threefolds. In fact the general case is essentially captured by the example
involving the closed A-model on local CP

2 [9] that we will briefly sketch. Consider
the toric diagram (6.2a). The three semi-lines represent three S2’s of infinite volume.
The trick is to modify (6.2a) by replacing these semi-lines with three segments
representing spheres of finite moduli t1, t2 and t3 respectively, and adjoining two
half-lines at each end. In this way we recover the original geometry in the limit
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t1, t2, t3 → ∞. The crucial observation is that the modified diagram is alternatively
obtained by gluing together three toric diagrams, each representing a copy of the
resolved conifold with respective Kähler modulus, so as to form a triangle in the
centre. For each resolved conifold we can then perform a geometric transition so as
to obtain a geometry with no Kähler deformations and three non-vanishing lagrangian
S3’s. We then expect to recover the closed A-model on the local CP

2 as the large N
dual of the open theory on this geometry with stacks of N1, N2, N3 branes wrapped
on each lagrangian S3 respectively. The situation in the present case is however,
more involved than in the simple case of the conifold transition. In particular the
string field theory in question is not simply the sum of three Chern Simons theories,
one for each lagrangian brane. Instead there are interaction terms due to open-string
instantons stretching between each pair of brane stacks. In particular the action is
given by [10]:

S =
3∑

i=1

S(i)C S +
3∑

i< j

∑

βi j

e−ω·βi j tr UKi (βi j )tr UK j (βi j ) (6.172)

The second summation above is over holomorphic curves βi j with ∂βi j = Ci � C j

where Ci is an embedded circle (knot) in the ith lagrangian sphere. The matrix UKi (β)

is the holonomy matrix or Wilson loop:

UKi (βi j ) := Pe
iki

∫
Ci

A(i)
(6.173)

with A(i) the connection one-form taking values in the adjoint representation of
U (Ni ). A careful study reveals that these instantons are (multicovers) of cylin-
ders. Moreover two instantons starting from different branes and ending on the
same brane will form a Hopf link on that brane. Let Ci denote a knot of degree 1,
i.e. corresponding to a primitive instanton. The holonomy matrices corresponding
to multicovers of such primitive instantons are powers of the primitive ones. The
Frobenius formula allows to express the former as a linear combination of the latter
holonomies in different representations R of the gauge group. The final formula for
the open-string partition function is then:

Z =
∑

R1 R2 R3

e−t1|R1|SR1 R2 e−t2|R2|SR2 R3 e−t3|R3|SR3 R1 (6.174)

where SR1 R2 is the expectation value of the Hopf link with representation R1 on the
first unknot and representation R2 on the other, while |R| denotes the number of
boxes of the Young diagram associated to R.

The reasoning just used to employ the conifold transition for the case of local CP
2

is clearly generalizable to other toric varieties, however, it comes with the unpleasant
realization, that the large N limit has to be taken at the very end of the computation.
A more general and conceptually sounder method is provided by the topological
vertex developed in [11]. The basic idea behind it is that the toric diagrams of toric
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threefolds can be constructed by glueing copies of that of C
3 viewed as the geometry

underlying the open string A-model. In particular one has to keep track of three
lagrangian submanifolds in C

3 (and corresponding framing), one at every vertex of
the corresponding toric diagram. Then the open string partition function on C

3 in
the large N limit, is expressed as

Z =
∑

R1,R2,R3

CR1 R2 R3

3∏

i=1

trRi Vi (6.175)

where Vi denote degree one unknots in the ith lagrangian submanifold. Through
this expression we have thus defined the amplitudes CR1 R2 R3 . These are collectively
called topological vertex and were originally derived by comparing the above expres-
sion for Z with one resulting from the geometric transition applied to one lagrangian
submanifold of C

3. This concludes the program of computing closed partition func-
tions for general toric manifolds.
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Chapter 7
Doubled Field Theory, T-Duality
and Courant-Brackets

Barton Zwiebach

7.1 Introduction

These lecture notes are based on three lectures, each ninety minutes long, given by
the author during the “International School on Strings and Fundamental Physics”
which took place in Garching/Munich from July 25 to August 6, 2010. Aimed at
graduate students, they require only a basic knowledge of string theory and give
a simple introduction to double field theory. These notes were prepared by Marco
Baumgartl and Nicolas Moeller.

We focus on making T-duality explicit in field theory Lagrangians. The ‘T’ in
T-duality stands for ‘toroidal’. T-duality is an old and still fascinating topic in string
theory. We will develop some Lagrangians for T-dual field theories that are quite
intriguing and may have interesting applications. The material covered here is based
on joint work with Chris Hull and Olaf Hohm [1–4]. Earlier work in double field
theory includes that of Siegel [5, 6] and Tseytlin [7]. These notes are informal and
do not attempt to be comprehensive nor to provide complete references. They deal
with the basics of the subject and do not describe any of the recent developments.

Theories implementing T-duality bring up mathematical constructions such as
the Courant-brackets as well as elements of generalized geometry. There is plenty of
mathematical work on these topics, much of it in the context of first-quantized string
theory. In our double field theory context, Courant-brackets and ideas of generalized
geometry appear in a very natural way and help construct the Lagrangians.

Courant-brackets are natural generalizations of the Lie brackets that govern
general relativity. Courant-brackets should be relevant to the effective field theory
of strings and we are beginning to see this. Before entering this fascinating topic
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we will first talk about strings in toroidal backgrounds and some of their important
properties.

7.2 String Theory in Toroidal Backgrounds

Consider a closed string living in a spacetime with a compactified coordinates.
It is well known that upon quantization there will be momentum modes and winding
modes for each compact direction. Let us denote the compact coordinates by xa and
the non-compact coordinates by xμ, with xi = (xa, xμ). The compact coordinates
xa give rise to string momentum excitations pa . Since strings are extended objects,
there are also winding quantum numbers wa . These should in fact be associated to
some new coordinates x̃a . If one attempts to write down the complete field theory
of closed strings in coordinate space it will include the xa as well as the x̃a . Thus,
the arguments of all fields in such a theory will be doubled and we call it a double
field theory (DFT). The doubled fields φ(xa, x̃a, xμ) are said to be functions of
momentum and winding.

Since the field arguments are doubled, actions must include a suitable integration
over the additional dual coordinates:

S =
∫

dxadx̃adxμL (xa, x̃a, xμ). (7.1)

It is clear from the basic ideas of closed string field theory that the full string theory
is described by a Lagrangian of this form. With an infinite number of fields included,
however, it is very complicated. A simplification can be achieved by restricting to a
subset of fields only. The natural restriction is to consider only the massless sector,
which includes a dilaton φ, a metric gi j with Riemann curvature R(g), and a Kalb-
Ramond field bi j with field strength H = db.

The familiar low energy effective field theory of the bosonic closed string for
these massless fields is given by

S∗ =
∫

dx
√−ge−2φ

[
R + 4(∂φ)2 − 1

12
H2

]
+ . . . (7.2)

where the dots denote higher-derivative terms. In the light of the coordinate doubling
on tori, what will this action become?

There will be quite some obstacles in finding the correct action. One leading prin-
ciple which helps in its construction is generalized geometry. Generalized geometry
is in fact a very mild generalization of geometry. Let us look at its gauge symmetry
first. Its gauge symmetry parameters are vector fields ξ i ∈ T (M), which parametrize
diffeomorphisms and live in the tangent bundle of the manifold, together with one-
forms ξ̃i ∈ T ∗(M), which describe gauge transformations of bi j and live in the dual
tangent bundle. Both are combined naturally in the setup of generalized geometry,

ξ + ξ̃ ∈ T (M) ⊕ T ∗(M). (7.3)
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Generalized geometry does not double any coordinates. What it does achieve is to
treat vectors and one-forms on an equal footing, so that it makes sense to add them
to an object living in the sum of the tangent space and its dual.

In generalized geometry the Courant-bracket is the right extension of the Lie
bracket. We will see that it will play a prominent role in our construction. Also, in
generalized geometry and string theory the field Ei j = gi j + bi j appears repeatedly,
and one also has the generalized metric H M N . The generalized metric is a key
structure also in string theory. Up to now there were no actions written explicitly in
terms of these fields.

In the following we will write down double field theories that are T-duality
covariant versions of S∗. We will find that Courant-brackets, the field Eik, and the
generalized metric H M N will play an important role.

7.2.1 Sigma-Model Action

In order to construct a first-quantized action, we start with the usual sigma-model
action for strings propagating in a background. It is given by

S = − 1

4π

∫ 2π

0
dσ

∫ ∞

−∞
dτ

(
ηαβ∂α Xi∂β X j Gi j + εαβ∂α Xi∂β X j Bi j

)
, (7.4)

where

ηαβ = diag(−1, 1), ε01 = −1, ∂α = (∂τ , ∂σ ),

Xi = (Xa, Xμ) Xa ∼ Xa + 2π, i = 0, . . ., D − 1.
(7.5)

The Xa are periodic coordinates for the compact dimensions. The total number of
dimensions is D. The closed string background fields G and B are D × D matrices
and are taken to be constant with the following properties:

Gi j =
(

Ĝab 0
0 ημv

)
, Bi j =

(
B̂ab 0
0 0

)
, Gi j G jk = δi

k . (7.6)

Both G and B can be combined into the field E defined by

Ei j = Gi j + Bi j =
(

Êab 0
0 ημν

)
, with Êab = Ĝab + B̂ab. (7.7)

Exercise 1 By using the action (7.4), prove that the canonical momentum Pi is
given by

2π Pi = Gi j Ẋ j + Bi j X ′ j
, (7.8)

(dot for ∂τ , prime for ∂σ ) and that the Hamiltonian density H takes the form
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4π H = (X ′, 2π P) H (E)

(
X ′

2π P

)
, (7.9)

with the 2D × 2D matrix

H (E) =
(

G − BG−1 B BG−1

−G−1 B G−1

)
. (7.10)

The matrix H (E) is a 2D × 2D symmetric matrix constructed out of G and
B. It is called the ‘generalized metric’. More precisely we will identify it with an
object H M N with M, N = 1, . . ., 2D. It is convenient to write H and its inverse
in product form as

H =
(

G − BG−1 B BG−1

−G−1 B G−1

)
=

(
1 B
0 1

)(
G 0
0 G−1

) (
1 0
−B 1

)
,

H −1 =
(

G−1 −G−1 B
BG−1 G − BG−1 B

)
=

(
1 0
B 1

)(
G−1 0
0 G

) (
1 −B
0 1

)
.

(7.11)

H is non-degenerate because each of its factors is non-degenerate. It is useful to
define another metric η with constant off-diagonal entries

η =
(

0 1
1 0

)
. (7.12)

With the metric η we are able to relate H and its inverse, so that, as you can check,

ηH η = H −1. (7.13)

Such a constraint comes about because the generalized metric is a 2D × 2D matrix
symmetric matrix constructed from a single D × D matrix E = G + B. Thus is has
to be constrained. We can view the parameterization of H in terms of G and B as a
natural and general solution of the constraint.

Let us put indices on H like on a metric, so that we can identify

H ↔ H M N ,

H −1 ↔ HM N .
(7.14)

Then Eq. 7.13 becomes

ηP MH M N ηN Q = HP Q

H M N ηM PηN Q = HP Q,
(7.15)

so that lowering the indices of H with the metric η gives us the inverse H −1! The
capitalized indices M,N run over 2D values, and will be called O(D, D) indices.
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7.2.2 Oscillator Expansions

The string coordinate Xi = xi + wiσ + τGi j p j + . . . has an expansion in terms of
momenta, winding, and oscillators. The zero modes α0 and α̃0 are given by

αi
0 = 1√

2
Gi j (p j − E jkwk),

α̃i
0 = 1√

2
Gi j (p j + Ekj w

k).

(7.16)

Written with pi = 1
i

∂
∂xi and wi = 1

i
∂

∂ x̃i

α0i = − i√
2

(
∂

∂xi
− Eik

∂

∂ x̃k

)
≡ − i√

2
Di ,

α̃0i = − i√
2

(
∂

∂xi
+ Eki

∂

∂ x̃k

)
≡ − i√

2
D̄i .

(7.17)

We have thus defined derivatives that will play an important role later

Di = ∂i − Eik ∂̃
k, Di ≡ Gi j D j ,

D̄i = ∂i + Eki ∂̃
k, D̄i ≡ Gi j D̄ j .

(7.18)

It turns out that the Virasoro operators with zero mode number are given by

L0 = 1

2
αi

0Gi jα
j
0 + N − 1,

L̄0 = 1

2
ᾱi

0Gi j ᾱ
j
0 + N̄ − 1,

(7.19)

where N and N̄ are number operators counting the excitations. There is a constraint
in closed string theory which matches the levels of the right and the left moving
excitations in any state. It requires that L0 − L̄0 = 0. Using the derivatives defined
above we can express L0 − L̄0 as:

L0−L̄0 = N−N̄− 1

4
(Di Gi j D j −D̄i Gi j D̄ j ) = N−N̄− 1

4
(Di Di −D̄i D̄i ). (7.20)

Exercise 2 Show that

1

2
(Di Di − D̄i D̄i ) = −2∂i ∂̃

i . (7.21)

The constraint L0 − L̄0 = 0 can now be expressed as a constraint on the number
operators in the following way:

N − N̄ = −∂i ∂̃
i ≡ −∂ · ∂̃ . (7.22)
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The familiar massless fields with N = N̄ = 0 have the form
∑
p,w

ei j (p, w)αi−1ᾱ
j
−1c1c̄1|p, w〉,

∑
p,w

d(p, w)(c1c−1 − c̄1c̄−1)|p, w〉,
(7.23)

with momentum space wavefunctions ei j (p, w) and d(p, w). Here the matter and
ghost oscillators act on a vacuum |p, w〉 with momentum p and winding w. On
account of (7.22) we must require that the fields ei j (x, x̃) and d(x, x̃) satisfy the
constraint

∂ · ∂̃ ei j (x, x̃) = ∂ · ∂̃ d(x, x̃) = 0. (7.24)

This constraint is a very important ingredient which any string theory and any double
field theory has to satisfy.

7.2.3 O(D, D) Transformations

It is important to understand the invariance of the physics under background transfor-
mations. In particular, O(D, D) transformations play a prominent role in our case.
In order to study them we start with the Hamiltonian, which can be constructed from
the Hamiltonian density H in (7.9). One can show that

H =
∫ 2π

0
dσ H = 1

2
ZtH (E)Z + N + N̄ + . . . (7.25)

where the dots indicate terms irrelevant to the discussion and

Z =
(

wi

pi

)
,

is a 2D column vector consisting of integer winding and momentum quantum
numbers. The L0 − L̄0 = 0 condition (7.22) on the spectrum gives N − N̄ = pi wi,

or equivalently,

N − N̄ = 1

2
ZtηZ , (7.26)

where η is the matrix defined in (7.12). Consider now a reshuffling of the quantum
numbers

Z = ht Z ′,

with some 2D × 2D invertible matrix h with integer entries (h−1 should also have
integer entries). Under such a transformation the physics should not change, and in
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particular the constraint (7.26) should be unchanged. For this it is then necessary that

Z ′tηZ ′ = ZtηZ = Z ′t hηht Z ′, (7.27)

which requires
hηht = η. (7.28)

Exercise 3 Show that (7.28) implies

htηh = η, (7.29)

The h matrices generate the O(D, D) group. We write

h =
(

a b
c d

)
∈ O(D, D), (7.30)

where a,b,c and d are D × D-matrices. The conditions on a, b, c, and d following
from (7.29) are

at c + ct a = bt d + dt b = 0, at d + ct b = 1. (7.31)

The conditions that follow from (7.28) are not independent but they are useful
to have

abt + bat = cdt + dct = 0, adt + bct = 1. (7.32)

Exercise 4 Show that

h−1 =
(

dt bt

ct at

)
. (7.33)

More is still needed in order to ensure the invariance of the spectrum. The energy,
or Hamiltonian must not change. This requires a change of the background field E:
the shuffled quantum numbers are associated to a background field E ′. From (7.25)
we demand

ZtH (E)Z = Z ′tH (E ′)Z ′. (7.34)

We thus have

Z ′t hH (E)ht Z ′ = Z ′tH (E ′)Z ′. (7.35)

We therefore learn that

H (E ′) = hH (E)ht . (7.36)
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Using the indices introduced in (7.14) we associate with h the transformation of
coordinates

X ′M = hM
N X N , X ≡

(
x̃
x

)
. (7.37)

and then (7.36) becomes

H MN (E ′) = hM
P hN

QH P Q(E). (7.38)

Given that H is a rather complicated function of the metric G and the field B
associated with E = G + B, it is not obvious that there is a transformation of E that
induces the covariant transformation (7.36) (or (7.38)) of H . The transformation of
E in fact exists and is given by:

E ′ = h(E) = (aE + b)(cE + d)−1 ≡
(

a b
c d

)
E . (7.39)

This is actually a well known transformation which appears often in string theory.
It looks like a modular transformation. The fields G and B in E have much more
complicated transformation laws. This is an indication that E is a good variable to
formulate our theories.

Exercise 5 Show that

E ′t =
(

a −b
−c d

)
Et . (7.40)

In order to show that (7.36) holds, we first consider the possibility that E is created
from the identity background I by the action of h. Is it possible to create any such
background from the identity? If so, then this would be a very convenient insight.
Let us assume it is true for the moment and assign a transformation hE to any E,
so that

E = hE (I ). (7.41)

To see that hE ∈ O(D, D) really does exist we re-write the field G in E = G + B.

Since G is symmetric it can be written as G = AAt , where A appears like a vielbein.
Using now A and B in the explicit expression for hE we find that

hE =
(

A B(At )−1

0 (At )−1

)
. (7.42)

It is easy to check that hE is indeed an element of O(D, D). In order to see that it
satisfies (7.41) we compute

hE (I ) = (AI + B(At )−1)(0 · I + (At )−1)−1 = (A + B(At )−1)At = AAt + B = E .

(7.43)



7 Doubled Field Theory, T-Duality and Courant-Brackets 273

This indeed shows that any background E can be created from the identity background
by the transformation that we have explicitly constructed.

The transformation hE is ambiguous since it is always possible to replace hE by
hE · g where g(I ) = I. These g are elements of O(D, D), and in fact they form a
subgroup.

Exercise 6 Show that the elements g that satisfy g(I ) = I form an O(D) × O(D)

subgroup of O(D, D) and gt g = ggt = I.

With these preparations we can now focus again on (7.36) and show that H
transforms in the right way. For the construction of hE we have split the metric G
into a product of A and At , so that only A entered in hE . In order to find a matrix
with G it is natural to consider the product hE ht

E which does not have the ambiguity
of exercise 6. This can be calculated in a straightforward manner:

hE ht
E =

(
A B(At )−1

0 (At )−1

) (
At 0
−A−1 B A−1

)
=

(
G − BG−1 B BG−1

−G−1 B G−1

)
= H (E).

(7.44)

Suppose now E ′ is a transformation of E by h, i.e. E ′ = h(E) = hhE (I ). We also
have E ′ = hE ′(I ). We thus see that hE ′ = hhE g, up to the ambiguous O(D, D)

subgroup formed by g. Now we can put all this together to compute

H (E ′) = hE ′ht
E ′ = hhE g(hhE g)t = hhE ht

E ht = hH (E)ht . (7.45)

This proves (7.36).
Our aim is to show that it is natural to replace the standard notation in string

theory based on G and B by E and H , and in fact we will later re-write the Einstein
action completely in terms of H . In order to arrive there we still need a little more
formalism.

First we need to understand how G and G ′ are related. This relation is not imme-
diately visible. We claim that

(d + cE)t G ′(d + cE) = G. (7.46)

This expression involves E but neither a nor b (from h) enter. It looks like a trans-
formation law for tensors, but it is in fact a bit more complicated, since we have
E-dependent matrices. In the end this will lead to a new kind of indices which are
characterized by the fact that they transform like (7.46).

The metric G has the peculiar property that in addition it also satisfies

(d − cEt )t G ′(d − cEt ) = G. (7.47)

This has some deeper meaning, as we will see.

Exercise 7 Prove that

(d + cE)t G ′(d + cE) = G,

(d − cEt )t G ′(d − cEt ) = G.
(7.48)
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Hint: Write G ′ = 1
2 (E ′ + E ′t ) and use (7.39) for the first line. Write G ′ = 1

2 ((E ′)t +
(E ′t )t ) and use (7.40) for the second line.

In order to sharpen notation let us introduce the matrices

M ≡ (d − cEt )t ,

M̄ ≡ (d + cE)t .
(7.49)

With this abbreviation (7.48) becomes

G = M̄G ′M̄t ,

G = MG ′Mt .
(7.50)

It is instructive to write these equations in index notation. These are in fact examples
of O(D, D) “tensors”, which transform in the following way:

Gī j̄ = M̄ī
p̄ M̄ j̄

q̄ G ′
p̄q̄ ,

Gi j = Mi
p M j

q G ′
pq .

(7.51)

Note that we have used two kinds of indices for the same object G. It is possible to
describe G either with barred indices Gī j̄ or with unbarred indices Gi j . Each type
of indices comes with a different transformation law, but still they describe the same
transformation.

Previously we found indices M, N that are used for O(D, D) tensors. Now we
found other indices for which O(D, D) transformations are generated by matrices M
and M̄ . Thus we want to understand how these two index manipulations are related
to each other. Consider some object with components

ΘM =
(

θ̃i

θ i

)
.

We call such an object a “fundamental of O(D, D)” if Θ ′ = hΘ, or in components
(

θ̃ ′
θ ′

)
=

(
a b
c d

) (
θ̃

θ

)
, (7.52)

and we say it transforms in the fundamental representation of O(D, D). Now let us
define two more objects

Yi ≡ −θ̃i + Ei jθ
j ,

Ȳi ≡ θ̃i + E jiθ
j ,

(7.53)

using the θ ’s and the E. These objects will not transform just with h, since they now
depend on E. Still, they have a simple transformation law, involving the M’s:

Yi = Mi
j Y ′

j ,

Ȳī = M̄ j̄
ī

Ȳ ′̄
j
.

(7.54)
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Thus the above construction tells us how to move from an object Θ which transforms
with h to an object Y which transforms with M.

Exercise 8 Prove the first line of (7.54). For this use, and prove, the identity

bt − Eat = −M E ′. (7.55)

This has a useful application. Consider a fundamental object

X M =
(

x̃i

x i

)
.

The associated partial derivative is

∂M =
(

∂̃ i

∂i

)
→ ∂ M ≡ ηM N ∂N =

(
∂i

∂̃ i

)
. (7.56)

The derivative ∂ M is also in the fundamental representation. From this it is now
possible to calculate

∂M∂M = 2∂i ∂̃
i = 0. (7.57)

This is recognized as the constraint (7.22). In the same way as we have constructed
the objects Y and Ȳ in (7.53) above, we can construct derivatives transforming under
the action of M. When we do that we find that the natural objects to write are

−∂i + Ei j ∂̃
j = −Di ,

∂i + E ji ∂̃
j = D̄i ,

(7.58)

which are exactly the derivatives in (7.18). So we see, those derivatives we find
in string theory are in fact O(D, D)-derivatives and transform covariantly under
O(D, D) :

Di = Mi
j D′

j ,

D̄i = M̄ j
i D̄′

j .
(7.59)

The last object whose transformation properties we have to understand better is
that for the variation δE of the background field. We know already that E ′ = h(E),

which is a complicated expression when written out. While E does not transform as
a tensor, its variation does. We find

E ′ + δE ′ = h(E + δE)

= (a(E + δE) + b)(c(E + δE) + d)−1

= (aE + b + aδE)(cE + d + cδE)−1

= E ′ + aδE(cE + d)−1 − E ′cδE(cE + d)−1, (7.60)
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where we used (A + ε)−1 = A−1 − A−1εA−1 + O(ε2) in the last step. From this
we get

δE ′ = (a − E ′c)δE(cE + d)−1 = (a − E ′c)δE(M̄t )−1. (7.61)

The last hurdle is a bit of manipulation.

Exercise 9 Prove that a − E ′c = M−1. For this check that M(a − E ′c) = 1 by
explicit multiplication, using the results of Exercise 8.

From (7.61) and the result of the above exercise one reads off the transformation
law

δE = MδE ′M̄t . (7.62)

We see that E has one unbarred index and one barred index:

δEi j̄ = Mi
p M̄ q̄

j̄
δE ′

pq̄ . (7.63)

We have set up a consistent formalism and have understood the transformation
laws of the fundamental objects in our theory. We can use this in order to construct
actions.

7.3 Double Field Theory Actions

For the construction of actions using the previously developed formalism we start
with a background field Ei j̄ and small fluctuations ei j̄ (x, x̃). This should be thought
of as a background configuration which contains a gravitational background as well
as a background Kalb-Ramond field. In addition we include a dilaton d(x, x̃).

7.3.1 The Quadratic Action

First we focus on the quadratic part of the action, given by

S(2) =
∫

dxdx̃

[
1

4
ei j̄�ei j̄ + 1

4
(D̄ j̄ ei j̄ )

2 + 1

4
(Di ei j̄ )

2 − 2d Di D̄ j̄ ei j̄ − 4d�d

]
,

(7.64)

where indices are raised by the background metric Gi j (or Gī j̄ ) and the box
operator is given by � = Di Di = D̄ī D̄ī with constraint D2 − D̄2 = 0. This
constraint is equivalent to ∂ · ∂̃ = 0 and must be satisfied by all fields and gauge
parameters.



7 Doubled Field Theory, T-Duality and Courant-Brackets 277

Under O(D, D)-transformations the objects under the integral will transform
with M or M̄ . Note that M and M̄ depend on the background field E and not on the
fluctuations ei j̄ . This implies that derivatives will not act on M or M̄ . So this action
is manifestly O(D, D)-invariant.

This action must have gauge symmetries, which must include those found in
general relativity. In fact gauge symmetry fixes the relative values of the coefficients
of the terms in the action.

Exercise 10 Prove that the following are gauge invariances of S(2) :
δei j̄ = D̄ j̄λi , δei j̄ = Di λ̄ j̄ ,

δd = −1

4
Diλi , δd = −1

4
D̄ī λ̄ī .

(7.65)

In order to get a better feeling for this action we write it out more explicitly,
simplifying it by setting the background Kalb–Ramond field Bi j to zero, keeping
only the fluctuations ei j̄ = hi j + bi j around the metric Gi j . The action becomes

S(2) =
∫

dxdx̃

[
1

4
hi j∂2hi j + 1

2
(∂ i hi j )

2 − 2d∂ i∂ j hi j − 4d∂2d

+ 1

4
hi j ∂̃2hi j + 1

2
(∂̃hi j )

2 + 2d ∂̃ i ∂̃ j hi j − 4d ∂̃2d

+ 1

4
bi j∂2bi j + 1

2
(∂ j bi j )

2

+ 1

4
bi j ∂̃2bi j + 1

2
(∂̃ j bi j )

2

+ (∂khik)(∂̃ j bi j ) + (∂̃khik)(∂ j b
i j ) − 4d∂ i ∂̃ j bi j

]
. (7.66)

The first line contains the graviton and dilaton in the same way as one would get
from the standard action. The second line is almost identical to the first line but
contains dual derivatives. This is to be expected since the whole action should be
O(D, D)-invariant. The third line contains the contributions of the Kalb–Ramond
field strength, while the fourth line again complements it with terms involving dual
derivatives. The last line contains terms with mixed derivatives. These terms have no
counterpart in conventional field theory actions.

The symmetries of this action are conveniently described in terms of redefined
gauge parameters

εi = 1

2
(λi + λ̄i ) ε̃i = 1

2
(λi − λ̄i ). (7.67)

Using these the gauge symmetries (7.65) are found to be
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δhi j = ∂iε j + ∂ jεi δ̃hi j = ∂̃i ε̃ j + ∂̃ j ε̃i

δbi j = −(∂̃iε j − ∂̃ jεi ) δ̃bi j = −(∂i ε̃ j − ∂ j ε̃i )

δd = −1

2
∂ · ε δ̃d = 1

2
∂̃ · ε̃.

(7.68)

To appreciate the novel aspects of the above, consider the familiar linearized gauge
symmetries of the low energy (non-double) action (7.2):

δhi j = ∂iε j + ∂ jεi δ̃hi j = 0,

δbi j = 0, δ̃bi j = −(∂i ε̃ j − ∂ j ε̃i )

δd = −1

2
∂ · ε δ̃d = 0.

(7.69)

In (7.69) we have two columns. The left one corresponds to the symmetry of diffeo-
morphisms, with gauge parameter εi . The gravity fluctuation transforms, the b field
does not, and the dilaton d transforms as a scalar density. The conventional scalar
dilaton Φ is given by Φ ≡ d + 1

4 hi
i and is gauge invariant. In the double field theory

case (7.68) the b field transforms using the tilde derivatives to form the required
antisymmetric right-hand side.

In the second column of (7.69) the gauge parameter ε̃i generates the b field trans-
formations. No other field transforms under it. But in the corresponding column of
(7.68) we see h transforming under what we could call dual diffeomorphisms and d
transfoming as a dual density. The combination Φ̃ ≡ d − 1

4 hi
i is invariant under the

ε̃ symmetry. Since Φ̃ is not invariant under the ε transformation nor is Φ invariant
under ε̃ transformations there is no dilaton that is a scalar under both diffeomorphisms
and dual diffeomorphisms.

7.3.2 The Cubic Action

For going beyond the free theory cubic terms should be added to the action. Indeed
there are cubic terms which are O(D, D)-invariant and can be added consistently to
the action. This results in fact in a nonlinear extension of the gauge invariance.

For simplicity we focus only on a few possible terms in the cubic part S(3) of the
action and refer to the literature for complete details:

S(3) =
∫

dxdx̃
1

4
ei j

(
(Di ekl)(D̄ j ekl) − Di ekl D̄lek j − Dkeil D̄ j ekl

)

+ de2 terms + d2e terms + d3 terms. (7.70)

The nonlinear extension of the gauge symmetry can be seen from the variation of e,
which is given by

δλei j̄ = D̄ j̄λi + 1

2

[
(Diλ

k)ek j̄ − (Dkλi )ekl̄ + λk Dkei j̄

]
. (7.71)
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While the construction up to cubic order has been completed, higher orders may be
very nontrivial. It may even happen that higher orders do not exist as long as one
restricts oneself to a formulation involving only the massless fields ei j and d.

We have stressed that all fields and gauge parameters must satisfy the constraint
that they are annihilated by ∂ · ∂̃ . This was enough for the quadratic action and in
fact for the cubic action. But even for the gauge transformations (7.71) there is an
important subtlety. It is not true that ∂ · ∂̃ annihilates a product of two fields, even
if each field is annihilated individually. Thus the terms in brackets in (7.71) do not
satisfy the contraint; they should since they represent a variation of the constrained
field ei j̄ . Thus one must include for those terms in brackets a projector to the space
of functions that satisfy the constraint. Such projectors are not needed in the cubic
action (the integration does the projection automatically) but they complicate matters
considerably when trying to construct the quartic terms of the action.

To be able to proceed more simply we impose a stronger constraint. We simply
demand that the operator ∂ · ∂̃ annihilates all fields and all products of fields.

Let Ai (x, x̃) be fields or gauge parameters which are annihilated by ∂M∂ M . When
we require now that all products Ai A j be also killed by ∂M∂ M this leads to the
condition

∂M Ai∂
M A j = 0, ∀i, j. (7.72)

We may call this the “strong” O(D, D) constraint.
In fact this is a very strong constraint, and while it makes the calculations easier it

makes us lose much physics. It turns out that this strong constraint makes the theory
independent of the dual coordinates in the following sense:

Theorem 1 For a set of fields Ai (x, x̃) that satisfies (7.72) there is a duality frame
(x̃ ′

i , x ′i ) in which the fields do not depend on x̃ ′
i .

Even if it is always possible to find such a frame, we need not specify it explicitly,
i.e. we need not break O(D, D) invariance. The constraint (7.72) is indeed O(D, D)

invariant. Hence we are in a situation where we can formulate a theory using dual
coordinates in the action, keeping the full O(D, D) invariance, while physically only
half of the coordinates matter.

7.4 Courant Brackets

In a theory with a metric gi j (x) and a Kalb–Ramond field bi j (x) the diffeomor-
phisms are generated by vector fields V i (x) and Kalb–Ramond gauge transforma-
tions are generated by one-forms ξi (x). These are formally added and thus written as
V + ξ ∈ T (M) ⊕ T ∗(M), where V ∈ T (M) and ξ ∈ T ∗(M) are elements of the
tangent bundle and the cotangent bundle, respectively. We can formulate the gauge
transformations in a geometric language
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δV +ξ
g = LV g,

δV +ξ
b = LV b + dξ,

(7.73)

where LV is the Lie derivative along the vector field V. Recall that when acting on
forms the Lie derivative is

LV = ιV d + d ιV , (7.74)

where ιV is contraction with V. It follows that the Lie derivative and the exterior
derivative commute,

LV d = dLV . (7.75)

Acting on the metric the Lie derivatives gives

(LV g)i j = (∂i V k)gkj + ∂ j V k gik + V k∂k gi j . (7.76)

Lie derivatives satisfy interesting algebraic relations:

[LX ,LY ] = L[X,Y ],
[LX , ιY ] = ι[X,Y ].

(7.77)

The left hand sides are commutators of operators and on the right-hand side we find
brackets of vector fields, defined as [V1, V2]k = V p

1 ∂pV k
2 − (1 ↔ 2).

7.4.1 Motivating the Courant Bracket

Suppose one has a theory of a metric and an antisymmetric tensor field and one has
derived the transformation laws (7.73), how can one determine the gauge algebra?
First we compute the algebra of gauge transformations on the metric g by evaluating
the bracket

[δV2+ξ2 , δV1+ξ1 ]g = LV1LV2 g − (1 ↔ 2) = L[V1,V2]g. (7.78 )

On the Kalb–Ramond field b the computation is a little less trivial. We find

[δV2+ξ2 , δV1+ξ1 ]b = LV1(LV2 b + dξ2) − (1 ↔ 2) = L[V1,V2]b + d(LV1ξ2 − LV2ξ1).

(7.79)
When we compare this with (7.73) we conclude that acting on the fields

[δV2+ξ2 , δV1+ξ1 ] = δ[V1,V2]+LV1 ξ2−LV2 ξ1 . (7.80)

This last expression defines a “bracket” on T (M) ⊕ T ∗(M):
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[V1 + ξ1, V2 + ξ2] = [V1, V2] + LV1ξ2 − LV2ξ1. (7.81)

The first term on the right-hand side is a vector field, the last two give a one-form.
One may ask now if this bracket is a Lie bracket. It is because it is antisymmetric
and the Jacobi identity is satisfied (as a calculation shows).

There is, however, an ambiguity in the one-form because this one-form appears
in the gauge transformation acted by the exterior derivative. Indeed,

δV +ξ b = LV b + dξ = LV +(ξ+dσ)b.

Thus the one-form ξ is ambiguous up to an exact term dσ. This ambiguity also is
present in (7.81). To see this we calculate the exterior derivative of the form on the
right-hand side

d(LV1ξ2 − LV2ξ1) = d(d ιV1ξ2 + ιV1 dξ2 − (1 ↔ 2)) (7.82)

The underlined term is killed by the action of d, so without loss of generality we may
change the coefficient in front of it. We will do so by replacing it with 1 − β

2 :

d(LV1ξ2 − LV2ξ1) = d

(
LV1ξ2 − LV2ξ1 − 1

2
βd(ιV1ξ2 − ιV2ξ1)

)
. (7.83)

This ambiguity should be reflected in our definition of the bracket. So we replace
(7.81) by

[V1 + ξ1, V2 + ξ2]β = [V1, V2] + LV1ξ2 − LV2ξ1 − 1

2
βd(ιV1ξ2 − ιV2ξ1). (7.84)

One complication with this bracket is that is does not satisfy a Jacobi identity as long
β does not vanish. Does it make sense to consider brackets with β �= 0 at all ? Yes it
does! One can show that, with Zi = Vi + ξi , i = 1, 2, 3, the “Jacobiator” takes the
form

[Z1, [Z2, Z3]] + cyclic = d N (Z1, Z2, Z3). (7.85)

The right hand side is not zero but an exact 1-form. Since exact one-forms do not
generate gauge transformations, the failure of the Jacobi identity does not cause
inconsistency.

This bracket is not a new invention, but it has been considered before by T.
Courant in 1990. He had reasons to fix β = 1 and therefore defined a bracket called
the Courant bracket as

[V1 + ξ1, V2 + ξ2]β=1 = [V1, V2] + LV1ξ2 − LV2ξ1 − 1

2
d(ιV1ξ2 − ιV2ξ1). (7.86)

In fact for β = 1 there is an extra automorphism of the bracket, called
B-transformation. This is what makes it interesting from a mathematical point of
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view. Given a closed 2-form B with d B = 0, the B-transformation acts on a pair
(X, ξ) of gauge parameters as follows,

B-transformation: X + ξ �→ X + (ξ + ιX B). (7.87)

So this map has the effect that it changes the 1-form. If B-transformations are an
automorphism of the bracket one must have:

[X + ξ + ιX B, Y + η + ιY B] = [X + ξ, Y + η] + ι[X,Y ] B. (7.88)

Exercise 11 Show that the existence of this automorphism selects β = 1 in (7.84),
thus giving (7.86).

The reason why automorphisms like the B-transformation are interesting for us
is that they tell us something about the symmetries of a theory. Consider a manifold
with some metric g. We say that some vector field V is an isometry (and therefore
generates a symmetry of the metric) if the Lie derivative LV g vanishes. If we have
an anti-symmetric field b on a manifold, one is tempted to demand that symmetries
correspond to vector fields for which the Lie derivative of b vanishes. In fact this is
too restrictive. Instead it is reasonable to demand that LV b vanishes up to some exact
form, since any such change of b can be undone by a b-field gauge transformation.
Therefore, V + ξ ∈ T M ⊕ T ∗M is a symmetry of b if

LV b = dξ. (7.89)

Consider a 2-form B with d B = 0. Imagine changing b by adding B to it. What are
the symmetries of the new b + B field? We claim that the B-transform of V + ξ is a
symmetry of b + B,

LV (b + B) = d(ξ + ιV B). (7.90)

It is straightforward to verify this by explicit calculation. From this we see that
B-transformations of b do not change the symmetries of the theory. Thus it is reason-
able to promote B-transformations to automorphisms of the bracket, thus selecting
the Courant-bracket.

7.4.2 Algebra of Gauge Transformations: From Courant
Brackets to C Brackets

In order to determine the algebra of gauge transformations we switch to a more
uniform notation in which we mark all one-forms by tildes while vectors stay undec-
orated. Hence we consider objects

ξ M =
(

ξ̃i

ξ i

)
,
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denoting gauge parameters in the sum of tangent and cotangent space of the manifold.
In an abuse of notation we sometimes write this as

ξ M = (ξ + ξ̃ )M .

The gauge algebra is governed by a C-bracket [·, ·]C , which is closely related to
the Courant-bracket but applies to doubled fields! The Courant bracket does not, of
course. Consider the M th component of such a bracket:

([ξ1, ξ2]C )M = ξ P[1∂Pξ M
2] − 1

2
ηM N ηP Qξ P[1∂N ξ

Q
2]

= ξ[1 · ∂ξ M
2] − 1

2
ξP[1∂ Mξ P

2] , (7.91)

where the brackets on indices indicate anti-symmetrization. Because of the consistent
use of our capitalized indices M, N , . . . , this bracket is O(D, D) covariant. Note
that the second term on the right-hand side involves a contraction of indices and
therefore contains the metric η. In a conventional theory it would be unthinkable
to include a metric-dependent term in a bracket. In our case the use of the constant
metric η causes no complications.

Evaluating this bracket between ξ1 + ξ̃1 and ξ2 + ξ̃2 displays the appearance of
some unusual terms:

[
ξ1 + ξ̃1, ξ2 + ξ̃2

]
C = [ξ1, ξ2] + Lξ̃1

ξ2 − Lξ̃2
ξ1 − 1

2
d̃(ι̃̃ξ1

ξ2 − ι̃̃
ξ2

ξ1)

+ [ξ̃1, ξ̃2] + Lξ1 ξ̃2 − Lξ2 ξ̃1 − 1

2
d(ιξ1 ξ̃2 − ιξ2 ξ̃1), (7.92)

where the dual exterior derivatives acting on functions give objects with a vector
(upper) index: (d̃ f )i ≡ ∂̃ i f. It is unusual to see Lξ̃2

ξ1, since Lie derivatives are
taken with respect to vector fields and not one-forms. In our case this alternative is
allowed since we have (dual) derivatives with upper indices, so that a contraction
with a one-form is possible. In the same way it is no surprise to see a bracket of
one-forms giving a one-form (an object with a lower index): [ξ̃1, ξ̃2] j ≡ ξ̃[1i ∂̃

i ˜ξ2] j .

If we drop the x̃-dependence of the C-bracket this will set Lξ̃ → 0, d̃ → 0 and

[ξ̃ , ξ̃ ] → 0. The C bracket reduces to

[ξ1 + ξ̃1, ξ2 + ξ̃2]C
∣∣
x̃≡0 = [ξ1, ξ2] + Lξ1 ξ̃2 − Lξ2 ξ̃1 − 1

2
d(ιξ1 ξ̃2 − ιξ2 ξ̃1). (7.93)

We recognize the right-hand side as the Courant-bracket (7.86). Therefore we can
view the C-bracket as O(D, D) covariant, double field theory generalization of the
Courant-bracket. It can be shown that the β-parameter cannot be incorporated into
the C bracket while preserving O(D, D) covariance.
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7.4.3 B-Transformations

Having identified the algebraic basis of our theory, we now want to understand what
are the B-transformations in our setup. Take an element of O(D, D),

h =
(

1 b
0 1

)
, (7.94)

where b is antisymmetric and constant. Acting with this map on E it is easy to
compute the transformation

E �→ E ′ = h(E) = (E + b)(1)−1 = E + b. (7.95)

From this one can read off that the transformation h has the effect of leaving G
untouched while B is mapped to B + b. So indeed h is a B-transformation. Now it is
straightforward to see the action of this map on the gauge parameters ξ M . Explicit
evaluation shows that

(
ξ̃

ξ

)
�→

(
1 b
0 1

) (
ξ̃

ξ

)
=

(
ξ̃ + bξ

ξ

)
, (7.96)

so that in components the B-transformation is given by

ξ i �→ ξ i , ξ̃i �→ ξ̃i + bi jξ
j , ∂̃ i �→ ∂̃ i . (7.97)

Note that invariance of the dual derivatives implies that B-transformations leave the
constraint ∂

∂ x̃ φ = 0 appropriate for the Courant bracket unchanged. One sees that
(7.97) implies

ξ + ξ̃ → ξ + ξ̃ + ιξ b,

which is exactly the expected result.
We see now how nicely the parts fit together to form a larger picture: from the

physics point of view we have arrived at this formulation because we took T-duality
seriously and considered it as basic component of our field theory. From the mathe-
matics point of view the B-transformations play a fundamental role as automorphisms
of the Courant-bracket, and in fact now we see that they are just the counterpart of
certain T-duality transformations that must be incorporated in an O(D, D) invariant
formulation.

7.5 Background Independent Action

We now want to put the various parts together and come to a formulation of a
doubled action. We have written down before the perturbative action for a double
field theory in terms of a background Ei j and fields ei j (x, x̃), depending on both
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the usual coordinates x and their duals x̃ . We made an explicit distinction between
the background field and its fluctuation, very similar to the splitting gi j = ηi j + hi j

in linearized gravity. In the end, however, one is looking for a manifest background
independent version of the action which does not rely on this distinction.

7.5.1 Background Independent Formulation

To stress the point of background independence we introduce the field

Ei j (X) = Ei j + ei j (x, x̃) + O(e2), (7.98)

which at the linearized level is the sum of E and e. We have seen how E and e behave
under T-duality, and there is also a natural way to transform E . Since X ′ = h X
(recall (7.37)) we expect that E transforms like

E ′(X ′) = (aE (X) + b) (cE (X) + d)−1 . (7.99)

The dilaton d is expected to be O(D, D) invariant, so its transformation law
should be

d ′(X ′) = d(X). (7.100)

This is the analogue of the scalar field Lorentz transformation in conventional field
theory.

All the identities and constructions presented in previous sections above did not
make use of any X-independence of E. Therefore they can be immediately generalized
by replacing E with E , keeping the formal expressions unchanged. For example the
derivatives Di in (7.18) can be generalized to curly Di , and similarly for the D̄i ’s;
but now they are defined with the full metric E ,

Di = ∂i − Eik ∂̃
k −→ D ≡ ∂i − Eik(X)∂̃k,

D̄i = ∂i + Eki ∂̃
k −→ D̄ ≡ ∂i + Eki (X)∂̃k .

(7.101)

These derivatives will now transform with generalized M matrices, that now depend
on E (X) as

M = (
d − cEt)t −→ M(X) = (

d − cE t)t
,

M̄ = (
d + cEt)t −→ M̄(X) = (

d + cE t)t
.

(7.102)

Indeed, any object will now transform correctly with M ( X ) and M̄(X) exactly in the
way as they transformed with M and M̄ before. This is because the transformations
come from (7.99), and one needs no derivatives to derive them. We will also write



286 B. Zwiebach

E = g + b without any reference to a background field, and the generalized metric
in (7.10) becomes

H (E ) =
(

g − bg−1b bg−1

−g−1b g−1

)
. (7.103)

In particular, the metric g(X) itself is an O(D, D) tensor, so from (7.50) we have

g(X) = M̄(X)g′(X ′)M̄t (X),

g(X) = M(X)g′(X ′)Mt (X).
(7.104)

Moreover, the transformation of the Hamiltonian in Eq. (7.36) becomes

H (E ′(X ′)) = hH (E (X))ht . (7.105)

We can repeat all the steps that gave the transformation law (7.62) for the variation
of E , this time finding

δE (X) = M(X)δE ′(X ′)M̄t (X). (7.106)

This relation applies to any derivative of E , thus, for example,

∂iE = M(X)∂iE
′M̄t (X), ∂̃ iE = M(X)∂̃ iE ′M̄t (X). (7.107)

This also means that the same transformations apply to the calligraphic
derivatives of E :

DiE = M(X)DiE
′M̄t (X), D̄ jE = M(X)D̄iE

′M̄t (X). (7.108)

The derivatives above can also be transformed, if desired (see (7.111) below). Finally,
the transformation of the dilaton under gauge transformation is given by

δd = −1

2
∂Mξ M + ξ M∂M d. (7.109)

This implies that

δe−2d = ∂M

[
ξ M e−2d

]
, (7.110)

which tells us that e−2d is a density. Therefore it is identified as
√−ge−2φ = e−2d .

There is one small complication which appears when one takes multiple deriva-
tives. To understand this, we observe that the derivatives (7.101) transform
covariantly

Di = M j
i (X)D ′

j ,

D̄i = M̄ j
i (X)D̄ ′

j .
(7.111)

Since M is not a constant anymore, multiple derivatives would not transform correctly.
We handle this problem simply by not using higher derivatives in the formulation of
our action. We can define O(D, D) covariant derivatives, but they will not be needed
here.
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7.5.2 The O(D, D) Action

After these preparations we can now present the full background independent
O(D, D) action for the fields E and d. The action is given by

SE ,d =
∫

dxdx̃e−2d
[

− 1

4
gik g j�D pEk�DpEi j

+ 1

4
gk�

(
D jEikD

iE j� + D̄ jEki D̄
iE�j

)

+
(
D i dD̄ jEi j + D̄ i dD jE j i

)
+ 4D i dDi d

]
. (7.112)

Each term is independently O(D, D) invariant, and so is the whole action. This also
means, though, that the action is not completely determined by O(D, D) invari-
ance, since the numerical factor in front of each term is arbitrary. What finally fixes
the action is diffeomorphism and Kalb-Ramond gauge invariance. There is a partic-
ular combination of the coefficients, so that the theory is consistent and exhibits
these expected gauge invariances. Also, one can expand this action and recover to
quadratic and cubic part of the action exactly as in (7.64) and (7.70). Moreover, taking
∂̃ = 0, SE ,d reduces to an action that is identical to the standard Einstein action plus
antisymmetric field plus dilaton, when

√−ge−2φ = e−2d . So all this is consistent
and fixes the action uniquely.

This action is invariant under the following gauge transformations

δξEi j = ∂i ξ̃ j − ∂ j ξ̃i + LξEi j + Lξ̃Ei j − Eik

(
∂̃kξ� − ∂̃�ξ k

)
E�j . (7.113)

This is in fact quite a natural expression. The first three terms are the standard
terms including the Kalb-Ramond gauge transformation and the usual Lie derivative.
The last three terms are zero in a situation where the theory does not depend on the
dual coordinate x̃ . They are the counterparts to the first three terms which make
the transformation compatible with O(D, D). The field E appears additionally in
the last terms in order to get the right index structure. Hence, all the terms that appear
here are expected and natural. However, proving the gauge invariance directly is hard.

7.5.3 Formulation Using the Generalized Metric

As next step we want to arrive at an even better formulation of the action without
explicit reference to the metric g. Ideally we want to express everything in terms of
the generalized metric only, in a form that resembles the Einstein-Hilbert action as
far as possible.

For example, for the dilaton we previously found the O(D, D) invariant term

4D i dDi d.
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This is actually a complicated term since the E is contained in the derivatives D . We
can also try to formulate a dilaton term with usual partial derivatives only, but then
we must be careful how to contract the indices. Certainly a contraction with η is not
reasonable, since then the constraint ∂M A∂M B = 0 would kill this term. The only
other possibility is to contract the indices with H , yielding a term

4H M N ∂M d∂N d.

It takes only little calculation to see that this terms is identical to the dilaton term used
above. The advantage of this formulation is that we got rid of the explicit appearance
of E and introduced H instead.

This does not only work for the dilaton term, but also all other terms in this action
can be rephrased in this way. Doing so one finds the action

SH =
∫

dxdx̃e−2d
(

1

8
H M N ∂MH K L∂N HK L − 1

2
H M N ∂N H K L∂LHM K

− 2∂M d∂N H M N + 4H M N ∂M d∂N d

)
. (7.114)

This action is O(D, D)-invariant since all indices are correctly contracted. This
action is identical to the action in (7.112) although this takes some computation to
verify. Finally, by dropping the x̃-dependence it reduces to the expected low-energy
action (7.2).

7.5.4 Generalized Lie Derivative

The action (7.114) also comes with a gauge symmetry, and this is quite surprising
and rather elegant. In a conventional setting the Lie derivatives appearing in such a
theory are

Lξ AM = ξ P∂P AM + ∂Mξ P AP , (7.115)

Lξ B N = ξ P∂P B N − ∂Pξ N B P . (7.116)

In our setting here we cannot use these; there is a very basic reason why the normal
Lie derivative is not applicable. Since we include the Kalb-Ramond field in our
theory, there are redundant gauge transformations where the one-form gauge para-
meter is d-exact. In double field theory the vector field gauge parameter can also be
trivial. Indeed, consider the gauge parameter ξ M to be the derivative of some χ, in
components

ξ M =
(

ξ̃i

ξ i

)
=

(
∂iχ

∂̃ iχ

)
= ∂Mχ. (7.117)
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The one-form ξ̃i is trivial because it is a derivative and so is the vector ξ i being a
dual derivative. Hence ξ M is a trivial gauge parameter and it should generate no Lie
derivative. We see, however, that

Lξ=∂χ AM = ∂ Pχ∂P AM + ∂M

(
∂ Pχ

)
AP �= 0. (7.118)

The first term is zero because of the constraint, but the second term is not zero. Since
the Lie derivative does not vanish we should modify its definition. In fact there is a
natural way to do so. Using the metric ηM N it is possible to define a generalized Lie
derivative by

L̂ξ AM ≡ ξ P∂P AM +
(
∂Mξ P − ∂ PξM

)
AP ,

L̂ξ B N ≡ ξ P∂P B N −
(
∂Pξ N − ∂ N ξP

)
B P .

(7.119)

The underlined terms are new and writing them uses the metric twice: once to raise the
derivative index and once to lower the gauge parameter index. The conventional Lie
derivative distinguishes very much between covariant and contravariant indices. The
generalized Lie derivative is more democratic and treats covariant and contravariant
indices in a more symmetric way. It is now easy to verify that the generalized Lie
derivative along a trivial field vanishes:

L̂ξ = ∂χ AM = ∂ Pχ∂P AM +
(
∂M∂ Pχ − ∂ P∂Mχ

)
AP = 0. (7.120)

L̂ is the correct Lie derivative to use in our theory. Generalized tensors are objects
with O(D, D) indices M, N , · · · , up or down, for which the (generalized) Lie deriv-
ative takes the form implied by (7.119).

With the new generalized Lie derivative at hand we can now write the gauge
transformations. The gauge transformations of the generalized metric are given by

δH M N = L̂ξH
M N . (7.121)

For the dilaton we have

δe−2d = ∂M

[
ξ M e−2d

]
. (7.122)

Both transformations vanish for ξ M = ∂ Mχ.

The commutator of two generalized Lie derivatives gives a very elegant expression

[
L̂ξ1 , L̂ξ2

] = −L̂[ξ1,ξ2]C . (7.123)

The commutator is itself a generalized Lie derivative with parameter obtained by the
C-bracket. This shows that the C-bracket determines the algebra of symmetries of
this theory.

Exercise 12 Use (7.119) to prove that (7.123) holds when acting on AM .
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7.5.5 Generalized Einstein–Hilbert Action

We have constructed two Lagrangians LE ,d and LH which look very different since
they are formulated in different variables, but are in fact equal. Both are T-duality
invariant, and they use field variables that reflect the doubling of coordinates. The
second one, LH , is perhaps most novel because it completely relies on the use
of the generalized metric, which is some kind of metric for a space with doubled
coordinates.

Although the Lagrangian LH is already written in a reasonably nice form, one
can try to take this construction even further. One may ask if there is such a thing as
a generalized Ricci curvature or a generalized scalar curvature. In fact, the answer
is positive and both objects can be constructed out of the generalized metric and
the dilaton. Curiously, it seems that there is no “generalized” Riemann curvature,
although this has not been established for certain. We do not need the Riemann
curvature for writing down a generalized Einstein–Hilbert action, so we will leave
this question aside.

The generalized scalar curvature R is given by the expression

R = 4H M N ∂M∂N d − ∂M∂N H M N − 4H M N ∂M d∂N d + 4∂MH M N ∂N d

+ 1

8
H M N ∂MH K L∂N HK L − 1

2
H M N ∂MH K L∂K HN L . (7.124)

It does contain second derivatives, which is indeed expected since just like in gravity
one cannot construct a scalar curvature with just one derivative. Note that the deriva-
tives appearing here are ∂ and not D, so this imposes no problem since they transform
with constant h. Each term in (7.124) is O(D, D) invariant, but only the full combi-
nation of terms is a generalized scalar.

A simple rearrangement of total derivatives in SH shows that

SH =
∫

dxdx̃e−2dR(H , d). (7.125)

We see that the action takes a very simple form in terms of the generalized scalar
curvature. It looks rather analogous to the conventional Einstein–Hilbert action.

In order to prove the gauge invariance of SH we can calculate δξR using δξH
and δξ d. A substantial calculation confirms that R is a generalized scalar:

δξR = ξ M∂MR. (7.126)

Since R is a generalized scalar and e−2d is a generalized density, the action is gauge
invariant. When the dependence on x̃ is ignored (that is, setting ∂̃ = 0) the generalized
scalar curvature reduces to

R|
∂̃=0 = R + 4

(
�φ − (∂φ)2

)
− 1

12
H2, (7.127)
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with H = d B and R being the conventional Ricci scalar. This shows that scalars in
general relativity do not necessarily correspond to generalized scalars in the double
field theory. In general relativity all three terms on the right-hand side of (7.127)
are scalars but are not separately O(D, D) invariant. In R all terms are O(D, D)

invariant, but separately are not generalized scalars.
In these lectures we have given a self-contained introduction to double field theory.

We have constructed Lagrangians that implement T-duality more explicitly than
before. We have seen the natural emergence of the Courant-bracket and how the
generalized metric provides a natural variable for the formulation of the theory. One
can view the Lagrangians built here as rewritings of the familiar theory that make
O(D, D) symmetry manifest. To obtain such Lagrangians we had to impose the
“strong” constraint, and it is not yet clear if this constraint may be relaxed. This also
means that the power of double field theory has not yet been fully unleashed.
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